
Synthetic proof of Paul Yiu’s excircles theorem / Darij Grinberg

I will presenta syntheticproofof oneof PaulYiu’sexcircletheoremsfrom [2] andanextension
from [4]. Hereis thetheorem:

Let ABCbea triangle. Denoteby Ba thepointof tangencyof thea-excirclewith CA, anddefine
similarly thepointsCa, Cb, Ab, Ac andBc.

Now constructthefollowing triangles(Fig. 1):
ThetriangleA

�
B

�
C

�
with thevertices

A
� �

AcBc
�

CbAb; B � � BaCa
�

AcBc; C � � CbAb
�

BaCa.

ThetriangleA � � B � � C � � with thevertices

A � � � CaAc
�

AbBa; B � � � AbBa
�

BcCb; C � � � BcCb
�

CaAc.

A

B

C

Cb

Ab

Ba

CaAc

Bc

A'

B'

C'

C''

A''

B''

H

Fig. 1
Then, thetheoremstates:
a) ThelinesAA� , BB� andCC� meetat onepoint, andthis point is theorthocenterH of � ABC

(seealsoFig. 2).
b) ThelinesAA� � , BB� � andCC� � alsomeetat H.
Note: Thetheoremof parta), togetherwith thefact thatH is thecircumcenterof triangleA � B � C � ,

wereknownto J. Hadamard([4], Exercise379). Analytic proofsweregivenin [2], 3.1 and[3]. Part
b) wasonly mentionedin [4] andcanbealsoprovenwith barycentriccoordinates.
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Proof

a) Westartwith someheuristics: How shouldweattacktheproblem? Thetheoremconsistsof
threesymmetricparts: AA� goesthroughH; BB� goesthroughH; CC� goesthroughH. Wewill prove
only oneof theseparts, andtheotherwill follow by analogy.

Wehaveto provethattheline AA� passesthroughtheorthocenterH of triangleABC, i. e. thatA �
lies on thea-altitudeha of 	 ABC. But weknowthatA � lies onCbAb andAcBc. Thus, wemustprove
thatthelinesCbAb, AcBc andha concur.

Thewell-knownSteinertheoremgivesa conditionfor theconcurrenceof threeperpendiculars.
Wehaveto interpretthelinesCbAb, AcBc andha asperpendicularsfor applyingtheSteinertheorem.

Theline AcBc joins thepointsof tangencyof thec-excirclewith BC andCA. By symmetry, AcBc

is thusorthogonalto theanglebisectorof C. Let O betheincenterof 	 ABC; then, AcBc 
 CO.
Similarly, wegetCbAb 
 BO. Finally, weknowha 
 BC. Therefore, AcBc, CbAb andha arethe
perpendicularsfrom Bc, Cb andA to thesidelinesCO, BOandBC of thetriangleBCO. After the
Steinertheorem, theyconcurif andonly if

CA2 � BA2 � BCb
2 


OCb
2 � OBc

2 

CBc

2 �
0.     (1)
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All wehaveto donow is to prove(1). Obviously,

CA2 � BA2 � BCb
2 � OCb

2 � OBc
2 � CBc

2

� b2 � c2 � BCb
2 � CBc

2 � OBc
2 � OCb

2
.

After thewell-knownlengthsBCb
� sandCBc

� s, wheres � 1
2

�
a � b � c � , wehave

CA2 � BA2 � BCb
2 � OCb

2 � OBc
2 � CBc

2

� b2 � c2 � � s2 � s2 � � OBc
2 � OCb

2

� b2 � c2 � OBc
2 � OCb

2
.     (2)

In orderto computethesecondbrackets OBc
2 � OCb

2
, wedenoteby B1� thepointof tangency

of theincircle with CA. In theright-angledtriangleBcB1� O, wehave

BcB1� � ABc
� AB1� � � s � b � � � s � a � � c

and OB1� � � ,

where� is theinradiusof � ABC. After thePythagorastheorem,

OBc
2 �

BcB1� 2 �
OB1� 2 �

c2 � � 2,

andanalogously,

OCb
2 �

b2 � � 2.

Insertedin (2), wehave

CA2 � BA2 �
BCb

2 � OCb
2 �

OBc
2 � CBc

2

�
b2 � c2 �   

c2 � � 2 ! �  
b2 � � 2 ! ! �

b2 � c2 �  
c2 � b2 ! �

0,

whatproves(1).
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Now, theSteinertheoremyieldsthattheperpendicularsfrom Bc, Cb andA to CO, BOandBC

concur, i. e. thelinesAcBc, CbAb andha concur. Thus, A " lies onha # AH. Analogously, B " lies on
BH andC " lies onCH, qed.

b) This partcannotbesolvedaseasilyasa), but it canbereducedto a). A projectivetheoremby
FloorvanLamoen(projectivedualof thedesmicconfiguration) statesthat
If two trianglesABCandA " B " C " areperspectivewith perspectorP # AA" $ BB" $ CC" , and

Ab # C " A " $ BC; Ac # A " B " $ BC; Ca # B " C " $ AB;

Cb # C " A " $ AB; Bc # A " B " $ CA; Ba # B " C " $ CA,

thenthetriangleA " " B " " C " " enclosedby thelinesBcCb, CaAc andAbBa, i. e. thetriangleof

A " " # AbBa $ CaAc; B " " # BcCb $ AbBa; C " " # CaAc $ BcCb,

is perspectivewith trianglesABCandA " B " C " throughoneperspector, i. e. thelinesAA" " , BB" "
andCC" " alsomeetat P.

Applied to ourconfiguration, weseethatAA" " , BB" " andCC" " meetat H, qed.
Note: Theprojectivetheoremwehaveusedis alsothegeneralizedDesarguestheoremandcanbe

derivenfrom theDesarguestheorem.
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