Synthetic proof of Paul Yiu’'sexcirclestheorem / Darij Grinberg

I will present syntheticproof of oneof PaulYiu’s excircletheoremdrom [2] andanextension
from [4]. Hereis thetheorem

Let ABCheatriangle Denoteby B, the point of tangencyof the a-excirclewith CA, anddefine
similarly thepointsC,, Cp, Ap, Ac andBe.

Now constructthefollowing triangles(Fig. 1):

ThetriangleA'B'C’ with thevertices

A = A:Bc N CoAp; B’ = BaCan AcBg; C' = CpAp N BaCa.
ThetriangleA"B"C" with thevertices
A" = CaAcN AuBy; B" = ApBa N BcCh; C" = BcCp N CaA..
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Fig. 1

Then thetheoremstates

a) ThelinesAA, BB’ andCC' meetat onepoint, andthis pointis the orthocenteH of AABC
(seealsoFig. 2).

b) ThelinesAA’, BB" andCC" alsomeetatH.

Note: Thetheoremof parta), togethemwith thefactthatH is thecircumcentenf triangleA'B'C,
wereknownto J. Hadamard[4], Exercise379). Analytic proofsweregivenin [2], 3.1 and[3]. Part
b) wasonly mentionedn [4] andcanbealsoprovenwith barycentriccoordinates



Fig. 2
Pr oof

a) We startwith someheuristics How shouldwe attackthe problen? The theoremconsistsof
threesymmetricparts AA' goesthroughH; BB' goesthroughH; CC' goesthroughH. We will prove
only oneof theseparts andthe otherwill follow by analogy

We haveto provethattheline AA' passeshroughtheorthocenteH of triangleABC, i. e. that A/
lies onthe a-altitudeh, of AABC. But we knowthatA' lies on CpA, andA.B¢. Thus we mustprove
thatthelinesC,Ap, AcBc andh, concur

Thewell-known Steinertheoremgivesa conditionfor the concurrencef threeperpendiculars
We haveto interpretthelines C,Ab, AcBc andh, asperpendiculargor applyingthe Steinertheorem

Theline A:Bc joins the pointsof tangencyof the c-excirclewith BC andCA. By symmetry A:B.
Is thusorthogonalo theanglebisectorof C. Let O betheincenterof AABC; then AcB.: L CO.
Similarly, we getC,A, 1L BO. Finally, we knowh, 1+ BC. Thereforg AcBc, CphAp andh, arethe
perpendicularérom B¢, Cp andA to the sidelinesCO, BO andBC of thetriangleBCO. After the
Steinertheoremtheyconcurif andonly if

CA2—BA%2+BC, °~OCp °+OB; °~CB; ° = 0. (1)



Fig. 3
All we haveto do now s to prove(1). Obviously,

CA2-BA2+BC, -~ 0Cy °+ OB, °~CB, *
=b?-c?+(BC, “~CB: ) + (OB *-0G, *).
After thewell-knownlengthsBC, = sandCB. = s, wheres = >(a+b+c), wehave
CA2-BA2+BC, ~0OC, >+ OB, >~ CB °

=% -2+ (s>~ ") + (OB: -Gy *)

= b?-c?+ (0B *~0G, °). )
In orderto computetheseconobrackets(OBC 2 OGC 2), we denoteby B} the point of tangency
of theincircle with CA. In theright-angledtriangleB.B O, we have

BB, = AB: +AB] = (s-b)+(s-a)=c
and OB = p,

wherep is theinradiusof AABC. After the Pythagorasheorem
OB. ° = BB, °+ OB, * = ¢ + p?,
andanalogously
0Cp * = b? + p2.
Insertedn (2), we have

CA2_BA2+BC, °—0OC, °+OB. °~CB. °
= b?-c?+((c?+ p?) - (b?+ p?)) = b?—c? +(c?2—b?) = 0,

whatproves(l).



Fig. 4
Now, the Steinertheoremyieldsthatthe perpendicularrom B¢, C, andAto CO, BOandBC
concut i. e. thelinesAcBc, CbA, andh, concut Thus A’ liesonh, = AH. Analogously B’ lieson
BH andC' liesonCH, ged
b) This partcannotbe solvedaseasilyasa), butit canbereducedo a). A projectivetheoremby
FloorvanLamoen(projectivedual of the desmicconfiguratior) stateshat
If two trianglesABCandA’'B’'C’ areperspectivavith perspectoP = AA' N BB N CC/, and

A, = CA'NBC; Ac. = AB' N BC; Ca = B'C'NAB;
C, = CA'NAB; B. = AB'NCA Ba = B'C' N CA
thenthetriangleA”"B”C” enclosedy thelinesB.Cp, CaAc andApB,, i. €. thetriangleof
AH = AbBa N CaAc; B” = Bch N AbBa; C” = CaAc N Bch’

is perspectivavith trianglesABCandA’B’'C’ throughoneperspectari. e. thelinesAA’, BB’
andCC" alsomeetat P.
Appliedto our configuration we seethatAA’, BB” andCC’ meetatH, ged
Note Theprojectivetheoremwe haveusedis alsothe generalizedesarguesheoremandcanbe
derivenfrom the Desarguesheorem
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