
Statistics Decision Tree
DATA DATA vs TIME DATA vs DATA

Look at Distribution Look at Trend versus Time One Input Variable Multiple Input Variables
Histogram Trend Chart

Stem-and-Leaf Compare Variability Compare Proportions
F-ratio test (two levels) Chi-Square Test

Describe Distribution-Moments Model Distribution vs Time Bartlett's test (multiple levels)
Mean Time Series Modeling Cochran's test (multiple levels) Screening Experiments

Standard Deviation/Variance Autocorrelation Full Factorial
Skewness Partial Autocorrelation Compare Means Fractional Factorial
Kurtosis Moving Average Student's T Test (two levels)

EWMA ANOVA (multiple levels) Analysis of Experiments
Determine Type of Distribution AR Nested ANOVA (multiple levels) ANOVA

Normal MA Multiple Linear Regression
Beta ARIMA Compare Medians

Gamma Mann-Whitney (two levels) Response Surface Modeling
Exponential Study Sources -Time Variation Kruskal-Wallis (multiple levels) Box-Behnken Designs
Log Normal Gauge Capability Central Composite Designs

General: Pearson Distributions Variance Components Analysis Study Source of Variation Multiple Linear Regression
Y vs X plot Stepwise Regression

Test - Type of Distribution Compare Trend to  Limits Correlation Coefficient Contour Plots
Normal Probability Plot Control Charts Linear Regression 3 D Mesh Plots

Correlation Test for Normality X-Bar
Chi Square Test for Distribution R, S Compare Proportions Model Response Distribution

Individuals Proportion Test Monte Carlo Simulation
Compare Distribution to Limits Moving R Chi-Square Test Generation of System Moments

Cp EWMA
Cpk Optimization

Variance from Target Optimization of Expected Value:
Linear Programming
Non Linear Programming
Yield Surface Modeling™



DATA

Look at Distribution
Histogram

Stem-and-Leaf

Describe Distribution-Moments
Mean 

Standard Deviation/Variance
Skewness
Kurtosis

Determine Type of Distribution
Normal
Beta

Gamma
Exponential
Log Normal

General: Pearson Distributions

Test - Type of Distribution
Normal Probability Plot

Correlation Test for Normality
Chi Square Test for Distribution

Compare Distribution to Limits
Cp
Cpk

Variance from Target 

BETA DISTRIBUTIONS FOR MOS I.C. YIELDS
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Section 1:  Data



M INITAB: D ATA E NTRY AND H IS TO G RAM S







Some helpful toolbar options:

Copy Graph 

for pasting elsewhere

Edit Last Dialog 

to make changes in analyses, graphs,
transform equations,…



More helpful toolbar options:

Project Manager

to see all the files
in the project in an
organized structure

Close All Graphs

to clean up a bit



More helpful toolbar options:

Show History

to review what you’ve done
OR
to use in generating an executable macro (“.mtb” file) 

Show the Report Pad

to bring up a convenient word processor within
Minitab that allows you to combine graphs and
text from Minitab with your own comments – to
use in a report or paste into PowerPoint or …



More helpful toolbar options:

Show the Report Pad

to bring up a convenient 
word processor within
Minitab that allows you 
to combine graphs and
text from Minitab with 
your own comments –
to use in a report or 
paste into PowerPoint or …



D IS TRIBUT IO N P ARAM E TE RS

•  M EA N

•  S TA N DA RD D EVIATIO N

•  V A R IA NC E

•  S K EW N ESS

•  K U R TO SIS



M E O F L O CATIO N
T EN D EN C Y)

AS URE S
(CEN TR A L

M EA SU R E S YM B O L D EFIN ITIO N

Mean ∑ X  / NX
Median M 50% values ≥ M

50% values ≤ M
Mode Mo Value or category with

largest frequency

Note:   X1, X2, . . . . . . . XN are data points in sample of size N



M E AS URE S O F V ARIABIL ITY O R S P RE AD

M EA SU R E S YM B O L D EFIN ITIO N

Range R XH - XL

Variance S2

Standard Deviation S ∑ (xi – x)2

(N – 1)

∑ (xi – x)2

N– 1



(X - ) 2

(n - 1)
∑ X

_
W HY U ?S E

σ 2 2= Population variance = ∑ (X - µ)
n

Desire to estimate this, using x  instead of  µ
(sample mean instead of population mean)

2 }σ 2 =   ∑ [(X - x ) - (µ - x )]
n

σ 2 = { ∑ [(X - x) 2 - 2(X - x)(µ - x) + (µ - x)  ]2 }
n n n



continued

Since ∑ (X - x) = 0, the middle term is zero:

σ 2 = { ∑ [(X - x)2 +  (µ - x)  ]2 }
n n

The last term is the definition of standard error, or the variance of sample means
about the population mean:

2 ] =   σ 2Standard error = ∑ [(µ - x)
n n



continued
σ 2 =  ∑ (X – x ) 2 +     σ 2

n n

From the central limit theorem, standard error is equal to the population
variance  σ2 / N; however, we don’t know the population variance, and instead
estimate it with s2 / N

Est[σ ]2 =  s2 =   ∑ (X – x )2 +    s 2

n n

Multiply both sides by N, then combine s terms:

s2 (n - 1)  =  ∑ (X – x  ) 2

2

_

Divide both sides by (N - 1) to obtain sample variance

∑ (X - x)2

(n - 1)
=s2



ADDITIVITY OF VARIANCES

STANDARD DEVIATIONS  COMBINE

Total Standard deviation = 
Std dev
due to x2 (stddev due to x1)^2 + (stddev due to x2)^2

    Std dev due to x1
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A DDITIV ITY  O F V ARIANCE S

S TA N DA RD D EVIATIO N S C O M B IN E



MOMENTS OF A DISTRIBUTION

∑ x − T )(
k

n
Kth Moment about T =

)1

∑ (x − 0
1st Moment about 0 =

Mean
n

Population
VARIANCE

2nd Moment about mean = ∑ x − x)
2

(

n



The third moment about the mean is related to the asymmetry or skewness of a
distribution:

A unimodal (i.e. a single peaked) distribution with µ3 < 0 is said to be skewed to
the left — that is, it has a left "tail".  If µ3 > 0, the distribution is skewed to the
right.  For symmetric distribution µ3 = 0

Skewness =

The quantity measures the skewness of the distribution relative to its degree of
spread.  This standardization allows us to compare the symmetry of two
distributions whose scales of measurement differ.

S KE W NE S S

β1 =
µ3

s3

  
µ3 =

(x − x∑ )3

n



S KE W NE S S  (C ONT ’D)

                                                  Positive Skew

Zero Skew

Negative Skew



KURTOSIS
The fourth moment about the mean is related to the peakedness —also called
kurtosis—of the distribution and is defined as

− x)4∑(x
=µ4 n

β2 =
µ4
s4

indicates how sharply the distribution reaches a peak.  For example:

Kurtosis =

uniform distribution (β2 = 1.8)
normal distribution. (β2 = 3.0)



Parameters              Probability Density Function

Expected Value          Variance
 µ σ2 0   3

−∞ < µ < ∞,
−∞ < x < ∞σ > 0

β 1 β2

N O RM AL D IS TRIBUT IO N

f (x) =
1

σ 2π
e−( s− µ )3 / 2σ 2,

2

1



•  B ETA

•  G A M M A

•  E XPO N EN TIA L

•  L O G-N O RM A L

•  U N IFO RM

N O N-N O RM AL D IS TRIBUT IO NS



 
β2 =

3( η + γ +1) 2(γ + η)2 + ηγ (η + γ −6)][
ηγ (η + γ + 2)(η + γ + 3)

  

ηγ
(η + γ)2(η + γ +1)

    
f (x) = ...

Γ(η + γ )
Γ(η)Γ(γ)

xγ−1(1− x)η−1,Ýη > 0,γ > 0
Parameters              Probability Density Function

Expected Value          Variance β2

B E TA D IS TRIBUT ION

0     elsewhere
{ 0 ≤ x ≤1

γ
η+ γ  

∗ β1 =
2(n − γ )(γ + η + 1)12

(nγ )12(γ + η +2)

β1¦



f (x) =
ηλ

Γ(η)
 
 
 

xη−1e−λx ,x ≥ 0

Parameters              Probability Density Function
λ > 0,
η > 0

2
η

3(η + 2)
η

β2Expected Value          Variance

η
λ  

η
λ2

G AM M A D IS TRIBUT IO N

β1¦



E X P O N E N TIA L D IS TR IB U T IO N

0

1

Parameters              Probability Density Function

λ > 0 {= λ −λxe ; x ≥ 0
= 0 elsewheref (x)

β2

x ≈ s

Expected Value Variance
1
λ

1
λ2

β1

2.0 9.0



 (eσ2 −1)12(eσ2 +2)e2µ + 2σ (eσ2
−1)

β2

−∞ < µ < ∞;
σ > 0

f (x) =
1

σx 2π ]
x ≥ 0

,

L O G–N O RM AL D IS TRIBUT IO N

Parameters              Probability Density Function

Expected Value          Variance

exp −
1

2σ 2
 
 

(logx − µ)2

ß2 = 3 + (w - 1)(w 3 + 3w 2 + 6w + 6); w = eσ

eu+ 1
2σ2

2

β1¦



(µ1 − µ0)2

12

µ0 < µ1

where f (x) =
1

µ1 − µ0

 
 
 

,µ0 ≤ x ≤ µ 1

β2

0       elsewhere

µ0 + µ1

2 0                                1.8

f(x)

x0

1
µ1 − µ 0

µ0 µ1

U NIFO RM D IS TRIBUT IO N

Parameters              Probability Density Function

Mean                          Variance

  µ0,µ1,

β1¦



  

df(x)
dx

=
(x − φ3)f(x)

φ0 + φ1x + φ2x2

General equation for distributions.

P E ARS O N D IS TRIBUT IO NS



P E ARS O N D IS TRIBUT IO N

Region in (ß1,ß2) plane for various type Pearson distributions.  Letters U and J denote U-shaped and J-
shaped distributions.  (from E.S. Pearson, Seminars, Princeton University, 1960.)



R E G IO NS O F D IS TRIBUT IO NS

Regions in (ß1,ß2) plane for various distributions.  (From Professor E.S.
Pearson, University College, London.)
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Box-Cox Transformation
Minitab’s Box-Cox transformation can help determine how to transform data 
that doesn’t follow a normal distribution to more nearly approximate normality.

File / Open “CYCLETIME.MPJ”

L
am

bd
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fo
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m
in

 S
tD

ev



Depending on the lambda where the std dev reaches a minimum,
The following transformations are suggested for the data:

Lambda Transformation

-2.0 Inverse Square

-1.0 Inverse

-0.5 Inverse Square Root

0.0 Log (either Natural or Base 10)

0.5 Square Root

1.0 Untransformed

2.0 Square



Excel or other Files Minitab
For Excel or other spreadsheet:
Data should be in the format of

different columns for different parameters, 
different rows for different values of the same parameters.

Three primary ways to import data:

1) Open Worksheet, select the type as “Excel” or another acceptable format.

2) Copy the data (including labels) to import from Excel or other table or worksheet. 

Go to the Minitab Worksheet page

If there are labels included, click on a label cell in the Minitab worksheet and paste.
If there are no labels, only data, click on a value cell below the label cell and paste.

Then, type in labels for each column.

3) Go to the file menu on Minitab and choose the "import file" option.
If the file format is consistent with one of the options Minitab supports, 

select that format and import the file into Minitab.



File / New / Minitab Project   (close old project)



Cleaning up data for analysis

* When you extract data from databases, test systems.... - there often are "Outliers"
* Outliers are data points that don't fit with the predominant range of values for the rest of the data.

1) Outliers shouldn't simply be tossed out without considering what they might be telling you.
Sometimes, the outliers are the REAL story

Example: A study with bacteria colonies being grown on petri dishes...one petri dish didn't fit in.
It turned out to be contaminated with mold. Result: the discovery of penicillin, our first antibiotic!

2) Outliers are sometimes individual values, and sometimes groups or clumps of values
- Individual outliers are generally due to something being different - measurement problem, misprocessing...
- With some distributions (ex: lognormal), some values that look like outliers can actually be part of the distribution
- Clumps of outliers can be due to:

* Measurement problems, misprocessing
* "Pegging" on some sort of limit (testing limit, short, open...)
* Bimodal distribution (or trimodal, or...), which can be due to:

- Different processes, tools, measurement systems ...
- Nested variance:  different lots, different wafers
- Different populations (example: EU vs USA GSM)
- U-shaped Beta distribution (peaks near 0% and 100%)

Rules of Thumb:

a) Look at the histogram of the data. Where do the outliers lie? What does the distribution without the outliers look like?
b) What might the outliers be telling you? (see list 2 above)
c) If you are ready to discard the outliers, come up with a rational rule as to what is and what is not an outlier to discard.

* If the main distribution resembles a normal distribution, then may be able to use a "recursive filter" approach:
- Obtain  mean, std dev of entire data set with outliers, discard any points outside mean  +/- 6 std dev;

repeat as appropriate
* For non-normal distributions, you may need to first use a transform (example: distribution of logarithms of values)



CENTRAL LIMIT THEOREM

1)  Standard Deviation of Means  = Standard Deviation of Population
SQRT (N)

where N    = Sample size for
determining means

Note:  used in ANOVA and T-Test Theory

2)  Regardless of the shape of the distribution of the population,

the distribution of means will be more nearly normal.

Larger Sample Size → More nearly Normal Distribution of Means



C E NTRAL L IM IT T HEO RE M E FFE CT O N
N O N–N O RM AL D IS TRIBUT IO NS



random 100 c1-c16;
normal 5 1.

Name c16 'normal'
name c17 'average 4'
name c18 'average 9'
name c19 'average 16'

let c17=(c1+c2+c3+c4)/4
let c18=(c1+c2+c3+c4+c5+c6+c7+c8+c9)/9
let c19=(c1+c2+c3+c4+c5+c6+c7+c8+c9+c10+c11+c12+c13+c14+c15+c16)/16

% Describe C16,c17,c18,c19;
Confidence 95.0.

Minitab Execs / Macros

random 1000 c1-c16;
beta .5 .5.

Name c16 'beta U-shaped'
name c17 'average 4'
name c18 'average 9'
name c19 'average 16'
name c20 'average 2'

let c20=(c1+c2)/2
let c17=(c1+c2+c3+c4)/4
let c18=(c1+c2+c3+c4+c5+c6+c7+c8+c9)/9
Let c19=(c1+c2+c3+c4+c5+c6+c7+c8+c9+c10+c11+c12+c13+c14+c15+c16)/16

%Describe c16,c20,c17,c18,c19;
Confidence 95.0.

random 100 c1-c16;
exponential 5.

Name c16 'exponential'
name c17 'average 4'
name c18 'average 9'
name c19 'average 16'

let c17=(c1+c2+c3+c4)/4
let c18=(c1+c2+c3+c4+c5+c6+c7+c8+c9)/9
let c19=(c1+c2+c3+c4+c5+c6+c7+c8+c9+c10+c11+c12+c13+c14+c15+c16)/16

% Describe C16,c17,c18,c19;
Confidence 95.0.



MINITAB EXAMPLE:  CENTRAL LIMIT THEOREM
NORMAL DISTRIBUTION



Select  one  of the random number columns 
and columns for  averages of 
sample size 4, 9 and 16.





MINITAB 

U-Beta Demonstration



Use “Descriptive Statistics”
Select  one  of the random number 
columns 
and columns of  averages of 
sample size 4, 9 and 16.

Copy 
Graph or
Session results

Paste 
Graph or
Session results

Click for Report Pad



Central Limit Theorem   Minitab Example:
Exponential Distribution







Normal Probability Plot





Averages of 16 Random numbers from Exponential distribution

Random numbers from Exponential distribution



Simple Monte Carlo Example: Yields from Defect Densities



SATURATION CURRENT SIMULATION
Idiode=Isat{e^(qVbe/kT)-1}











R IS KS

R EA LITY

There is a difference There is not a difference

(Way to Go!)

ß-Risk
(Type II Error)

α - Risk
(Type I Error)

(Way to Go!)

Producer's Risk

There is
not a
Difference

difference

Y
ou

r C
on

cl
us

io
n

There is a

Consumer's Risk



Relation of Statistical Hypothesis 
Testing to U.S. Judicial System

  Defendant's True Status 

  Innocent Guilty 

Decision Not Guilty Correct Decision Error 

 Guilty Error Correct Decision 

 

Alpha – Producer’s risk Beta – Consumer’s risk
(risk to society)



P RO CE S S C APABILIT Y
C P AND C PK

LSL  USLCp = (USL - LSL)
6  s

Cpk = [(NSL - MEAN)]
3  s

USL = UPPER SPEC LIMIT
LSL = LOWER SPEC LIMIT
NSL = NEARER SPEC LIMIT (TO MEAN)

Mean



CPK z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0

.1

.2

.3

.4

.5

.6

.7

.8

.9

1.0

1.1

1.2

1.3

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

0.5000
0.4602
0.4207
0.3821
0.3446
0.3085
0.2743
0.2420
0.2119
0.1841
0.1587
0.1357
0.1151
0.0968
0.0808
0.0668
0.0548
0.0446
0.0359
0.0287
0.0228
0.0179
0.0139
0.0107
0.0082
0.0062
0.0047
0.0035
0.0026
0.0019
0.0013
0.0010
0.0007
0.0005
0.0003
0.0002
0.0002
0.0001
0.0001
0.0000

0.4960
0.4562
0.4168
0.3783
0.3409
0.3050
0.2709
0.2389
0.2090
0.1814
0.1562
0.1335
0.1131
0.0951
0.0793
0.0655
0.0537
0.0436
0.0351
0.0281
0.0222
0.0174
0.0136
0.0104
0.0080
0.0060
0.0045
0.0034
0.0025
0.0018
0.0013
0.0009
0.0007
0.0005
0.0003
0.0002
0.0002
0.0001
0.0001
0.0000

0.4920
0.4522
0.4129
0.3745
0.3372
0.3015
0.2676
0.2358
0.2061
0.1788
0.1539
0.1314
0.1112
0.0934
0.0778
0.0643
0.0526
0.0427
0.0344
0.0274
0.0217
0.0170
0.0132
0.0102
0.0078
0.0059
0.0044
0.0033
0.0024
0.0018
0.0013
0.0009
0.0006
0.0005
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4880
0.4483
0.4090
0.3707
0.3336
0.2981
0.2643
0.2327
0.2033
0.1762
0.1515
0.1292
0.1093
0.0918
0.0765
0.0630
0.0516
0.0418
0.0336
0.0268
0.0212
0.0166
0.0129
0.0099
0.0075
0.0057
0.0043
0.0032
0.0023
0.0017
0.0012
0.0009
0.0006
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4840
0.4443
0.4052
0.3669
0.3300
0.2946
0.2611
0.2296
0.2005
0.1736
0.1492
0.1271
0.1075
0.0901
0.0749
0.0618
0.0505
0.0409
0.0329
0.0262
0.0207
0.0162
0.0125
0.0096
0.0073
0.0055
0.0041
0.0031
0.0023
0.0016
0.0012
0.0008
0.0006
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4801
0.4404
0.4013
0.3632
0.3264
0.2912
0.2578
0.2266
0.1977
0.1711
0.1469
0.1251
0.1056
0.0885
0.0735
0.0606
0.0495
0.0401
0.0322
0.0256
0.0202
0.0158
0.0122
0.0094
0.0071
0.0054
0.0040
0.0030
0.0022
0.0016
0.0011
0.0008
0.0006
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4761
0.4364
0.3974
0.3594
0.3228
0.2877
0.2546
0.2236
0.1949
0.1685
0.1446
0.1230
0.1038
0.0869
0.0721
0.0594
0.0485
0.0392
0.0314
0.0250
0.0197
0.0154
0.0119
0.0091
0.0069
0.0052
0.0039
0.0029
0.0021
0.0015
0.0011
0.0008
0.0006
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4721
0.4325
0.3936
0.3557
0.3192
0.2843
0.2514
0.2206
0.1922
0.1660
0.1423
0.1210
0.1020
0.0853
0.0708
0.0582
0.0475
0.0384
0.0307
0.0244
0.0192
0.0150
0.0116
0.0089
0.0068
0.0051
0.0038
0.0028
0.0021
0.0015
0.0011
0.0008
0.0005
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4681
0.4286
0.3897
0.3520
0.3156
0.2810
0.2483
0.2177
0.1894
0.1635
0.1401
0.1190
0.1003
0.0838
0.0694
0.0574
0.0465
0.0375
0.0301
0.0239
0.0188
0.0146
0.0113
0.0087
0.0066
0.0049
0.0037
0.0027
0.0020
0.0014
0.0010
0.0007
0.0005
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000

0.4641
0.4247
0.3859
0.3483
0.3121
0.2776
0.2451
0.2148
0.1867
0.1611
0.1379
0.1170
0.0985
0.0823
0.0681
0.0559
0.0455
0.0367
0.0294
0.0233
0.0183
0.0143
0.0110
0.0084
0.0064
0.0048
0.0036
0.0026
0.0019
00014
0.0010
0.0007
0.0005
0.0003
0.0002
0.0002
0.0001
0.0001
0.0001
0.0000

Z-Table and associated Cpk - Cumulative Normal Distribution Tail Probabilities







Variance Variance of
about mean mean from target

NOTE: Second moment about mean

Second moment about target

 •  Can be used to separate the amount of the "problem" due to:

- Deviation of mean from target
    (miscentered/mis-targeted)

from
-  Deviation of parts from mean
    ("Process variability")

 
ST

2 =
∑(x − T)2

N

T AG UCHI V ARIANCE

ST
2 = S2 + (x − T )2

(x − T)2

+

S2

  
σ2 = S2 =

∑(x − x)2

N



• Fitness for use — Juran
• Conformance to requirements — Crosby
• Meeting expectations of customers — Feigenbaum

• Minimization of the loss imparted to society by a product due to deviations of
the product's functional characteristics from desired target values — Taguchi

• Conformance to target and reduction of variability — Luftig

W HAT IS Q UALIT Y?



C O NFO RM ANCE TO S P E CIFICATIO NS
V S.

C O NFO RM ANCE TO  T ARG E T

Distibuition of color concentration (from  ASAHI, 4/17/79)

An example:  Sony TV case



T AG UCHI L O S S F UNCTIO N A LL P ARTS
IN S P E C ARE N O T O F E Q UAL C O ST

Performance Characteristic



T AG UCHI'S  Q UALIT Y L O S S F UNCTIO N AND SPC
Vol  limits:  - 1.830 to - 1.683
Vol target:  - 1.756
Vol mean:  - 1.822
Vol Std Dev = .0097

(x - T)2 = .0043 98%
S2 = .000093 2%

Total = .00445 100%
(ST = .0667)

98% of variance from ideal distribution is due to miscentering
Cp(T) = -1.683 - (-1.83) =  0.37

6 x .0667
Cpk = -1.822 - (-1.83) =  0.28

3 x .0097
Cp = -1.683 - (-1.83) =  2.53

6 x .0097



M C 10175 EC L VOL
T A G U C H I  LO S S  FU N C T IO N  -F A R  F R O M  T A R G E T!!  BUT    CP K > 1.5 !!

LSL Target USL


