DATA vs DATA

One Input Variable

Multiple Input Variables

Compare Variability

F-ratio test (two levels)
Bartlett's test (multiple levels)
Cochran's test (multiple levels)

Compare Means

Student's T Test (two levels)
ANOVA (multiple levels)
Nested ANOVA (multiple levels)

Compare Medians

Mann-Whitney (two levels)
Kruskal-Wallis (multiple levels)

Study Source of Variation

Y vs X plot
Correlation Coefficient
Linear Regression

Compare Proportions

Proportion Test
Chi-Square Test

Compare Proportions

Chi-Square Test

Screening Experiments

Full Factorial
Fractional Factorial

Analysis of Experiments

ANOVA
Multiple Linear Regression

Response Surface Modeling

Box-Behnken Designs
Central Composite Designs
Multiple Linear Regression
Stepwise Regression
Contour Plots

3 D Mesh Plots

Model Response Distribution

Monte Carlo Simulation
Generation of System Moments

Optimization |

Optimization of Expected Value:
Linear Programming

Non Linear Programming

Yield Surface Modeling™




F RAaTIO -
USED TO TEST IF TWO VARIANCES ARE EQUAL.

2 2
Sl S (put larger sample

Sz SZ variance in numerator)



TEST FOR EQUAL VARIANCES - ICES EXAMPLE
open icesfratio.mpj

SEMINITAB - icesfratio.MP] - [Worksheet 1 +++] =18 =l
[0 Ele Edt Manip Calc Stat Graph Editor window Help =&l
= o &[=(a] o B GEE B AlE -E-Sbba o] 5 Sl 8 s e |9 (5] ) S

4 Cc1 cz 3 c4 Ch Ch c7 C8 9 Cc1in C11 12 c13 Cc14 C15 C16 i’

wafer nano lces

1 1 1 B.E7

2 3 1 417

3 5 1 451

4 7 1 2.81

5 9 1 265

6 11 1 433

i 13 1 4 42

g 15 1 368

9 17] 1 403

10 19 1 556

11 21 1 8.25

12 23 1 492

13 2 2 2.46

14 4 2 3.4

15 B 2 3.47

16 B 2 269 P
17 1o 2 417

18 12 2 309

19 14 2 420

20 18 2 535

21 20 2 297

22 2 2 265

23 24 2 4.90

24

25

26

27

28 =
KN _*I_I

Current Wworksheet: Worksheet 1 6:54 A



Skat Graph  Editor  WWindow

Basic Statistics : TEST FOR EQUAL VAR'ANCES

Eegression k
g DINE-Way., .,
DOE » Cne-way (LUnstacked). ..
i_onkrol Charts » Two-1ay, .
ioualiky Tools » #nalysis of Means. ..
Reliability [/ Suryival 2 Balanced AN, . Ices \A (NanO or 922 EtCher)
Multiv ariake » General Linear Madel, ..
Time Series » Fully Mested AMOMA, .,
Tables »
_ Balanced MAMOYA, ..
Monpararmekrics k - R
EDA . Enera e
Power and Sarmple Size Test FogEqual Yariances. ..
Inkerval'®lat, .. Test for Equal ¥ariances X
Main Effects Plat, .. =1 — Response: [Toes
Interactions Plat. ..
C3 Ices
Factors: nano ;I
=
Confidence level: g .0
Title: |Ices for Hano for 922 etcher
Select L\J atorage...

Help (0] 4 Cancel




iMINITAB - icesfratio.MP] - [Test for Equal Yariances: Ices ¥s nano]
[#] Fle Edit Manip Calc Stat Graph Edtor Window Help

=18 %
=18 %

=\ g ;l=e o E SEE Bl Sl 2/e)

8 sl k=1 O) 1] [

lces for Nano for 922 etcher

95% Confidence Intervals for Sigmas Factor Levels
» L & 1
L . 2 L 2
| [
1 2 3
F-Test Levene's Test
Test Statistic: 2.681 Test Statistic: 0.629
P-\/alue 10131 P-\/alue 10437

Boxplots of Raw Data

\Welcame to Minitab, press F1 Far help.

[view  |6:57 AM



THRESHOLD VOLTAGE
N-CHANNEL

Evaporated Metal Sputtered Metal

707 791
.645 .764
.682 782

692 .7/88



TEST FOR EQUAL VARIANCES

Test for Equal ¥ariances

VT VERSUS METAL DEPOSITION EXAMPLE

select |

Help |

.l
Besponse: |vt
Factors: 'evap=1" ;I
Confidence level: |95.10
Title: |1Ft for evaporated ws sputtered metal

Storage...

Cancel




TEST FOR EQUAL VARIANCES - VT VS METAL DEPOSITION EXAMPLE

EMINITAB icesfratio.MP] - [Test for Equal ¥ariances: ¥t vs evap=1] i _|5|£|
FI|E Edit Manip Calc Stak Graph  Editor  Window  Help _|5’|5|

@|;|| &l =gl o E SlFE Bl Sl2lE &4 ! ! (O] 5] 5]
Vt for evaporated vs sputtered metal

95% Confidence Intervals for Sigmas Factor Levels
. . . 1
r— & 2
[ [
0.00 0.05 010
F-Test Levene's Test
Test Statistic: 4.770 Test Statistic: 1.000
P-Value :0.232 P-Value :0.356

Bowplots of Raw Data

0.6 0.70 0.74 0.80

Current Worksheet: Worksheet 2 [ [Wiew  [F:20 8M



Student's t-test

. was developed

by W.S. Gosset (aka “Student”),

as an approach for testing the

quality of beer at a '

(GUINNESS

brewery.




DIFFERENCE BETWEEN MEANS
OF Two POPULATIONS

forN1=N2=N

\\/ 812 + 822
N

df =N, +N, -2

1

(N=1S2+ (N-1)82 g1 1 for N, ° N,
N, + N, —2 N, N,



Skat Graph  Editor  Window

Basic Statistics F Display Descriptive Skatiskics, ..
Eeqgression F akore Descriptive Statiskics. ..
AN A 3 e o7
LoE ' 1-5‘3mplE I:_ .
Conkral Charks o e I
Quality Tools , M
o : Fairedt...
Reliability Survival » -
Multivariat 3 . =
_.u warl._a § Z2-9ample t (Test and Confidence Interval) x|
Time 2eries F
Tables et S—— + Samples in one column
Monparametrics L
i 1 B nane Samples: |Ices
ED& 3 3 Ice=
Power and Sample Size  » subscripts: I
| " Samples in different columns
First:
Second:
[~ Assume equal variances
aelect | Graphs... | Options...

Help | % (4] 4 I Cancel




Two-Sample T -Test and CI: Ices, nano

Two-sample T for Ices

nano N Mean StDev SE Mean
1 12 4,677 1.57 0.45
2 11 3.578 0.958 0.29
Difference = mu (1) - mu (2)

Estimate for difference: 1.088

95% CI for difference: (-0.040, 2.217)

T-Test of difference = 0 (vs not =): T-Value = 2.03
P-Value = 0.058 DF = 18



ANOVA

Skat Graph Editor  Window

Basic Statistics F
E.egressian k

* |
DOE » one-waykiinstacked), .
Zontrol Charts » Two-way. .. _
Cuality Toals ¥ Apalysis of Means... Dne-way Analysis of Yariance X
Reliability fSurvival Balanced ANOYWA o1 ——y— Response: |Ices
Multivariake b General Linear Model. .. o nano
Time Series b Fully Mested ANOVA, 3 Ices
Tables , Factor: |naru:|

_ Balanced MAROYA, .,

Monparametrics g c | MANOVE
EDA . EMErS o

k

Power and Sample Size Test for Equal Variances, .,
Inkerwal Plat. ..
Main Effects Plat. ..

Interactions Plat., .. [~ Store residuals

" Store fits

select | Graphs...

Help | [ OK Cancel




One-way ANOVA: Ices versus nano

Analysis of Variance

Source
Nano
Error
Total

Level

Pooled

DF

1
21
22

12
11

=tDewv

for Ices

S8 M2
6 .80 &.80
36 .23 1.72
43 .03
Mean =tDev
4. 6687 1.568
3.878 0,958
1.3213

3.94

Individual 95% CIs

0.060

For Me=an

Based on Pooled StDew

+

+

+

.60



One Way Unstacked

Stak Graph Editor  Window

Basic Stakiskics g
Fegression g
* Wl

DOE * ne-way kinskacked), ..
iControl Charts » Two-1may, ..
iouality Tools » fnalysis of Means... One-way AnalysisiSi x|
Reeliability Survival ¥ Balanced ANOWVA, . Responses [in separate columns]:
Mulkivariake 2 izeneral Linear Model. .. "Vt evaporated' 'Vt sputtered’ ;l
Time Series » Fully Mested AMOVA, .,
Tables » -
Nonparametrics . Balanced MAROYA, ., —I
EDA . izeneral MAMOYS,
Power and Sarmple Size » Tesk for Equal Yariances. .,

Inkerwval Plat., ..

Main Effecks Plat, ..

Inkeractions Plat, ..

Select | Graphs...

Help | oK Cancel




One-way ANOVA: Vt evaporated, Vt sputtered

fnalysis
Source
Factor
Error
Total

Level
Vt evapo
Vt sputt

DF
1
&
7

Pooled StDevwv

of Variance

=S
0.0193%00
0.0025322
0.022432

Mean
0.68150
0.78125

0.02054

MS
0.012900

0.000422

SLDev
0.02e41
0.01209

47.16

0.000

Individual 95% CI= For Mean
Based on Pooled StDevw

+
(—*—)

+

—+

(—*—)

0.750

0.800



Alternative to ANOVA - Kruskal-Wallis uses Medians rather than Means

IH igraph  Editor  Window
Basic Skatistics
Regression
AMOVA
DOE
iConkral Charts
uality Tools
R eliability fSurvival
Mulkivariake
Time Series
Tables
Monparamekrics
EDA

Useful for non-normal distributions (although ANOVA is rather robust)

1-Sample Sign...
1-3ample Wilcoxaon. ..

T W R A T W W W W W v W O w v

Power and Sample Size

Mann-whitney. ..

Kruskal-wiallis. . .
Mood's Median Te k
Friedman. ..

Funs Test, ..

Pairwise Averages. ..
Pairwise Differences. ..
Pairwise Slopes, ..

Kruskal-Wallis
1 vafer
e nano rr—
Z3 Ice=s Besponse: ===
Factor: |nann:u
select |

Help | 0K I Cancel




Kruskal-Wallis Test: Ices versus nano

Kruskal-Wallis Test on Ices

nano N Median Ave Rank Z
1 12 4.3775 14.5 1.85
2 11 3.410 9.3 -1.85
Overall 23 12.0

H=3.41 DF =1 P = 0.0065
H= 3.41 DF =1 P = 0.065 (adjusted for ties)



SIGNIFICANCE TEST FOR COMPARING

Two PROPORTIONS

P, Proportion bad in group 1

P, Proportion bad in group 2

] Total bad
P. = Proportion bad overall:

Total tested
N =

. Total tested in group 1

N, Total tested in group 2

PT (1 - PT) (l
N

1

, Requirement: Total bad > 5, total good > 5

(Use Z table for alpha risk)



Is this year’s 3 ppm failure rate
last year’s 6 ppm failure rate?

Skat Graph  Editor  Window

Basic Statiskics

Displaty Descriptive Statistics., ,

( 22 failures out of 6,950,300 ) better than
( 26 failures out of 4,230,250 )

2 Proportions (Test and Confidence Interval)

Regression L Store Descriptive Statistics, .

AN A k " Samples in one column:

- . 1-5ample Z... _

~ 1-3ample k... samples: I

Control Charts » e Subscripter |

Quality Tools p|  =FEE R - =

Reliahility/Survival » Paired E... " Samples in different columns:

Mulkivariate ¥ 1 Proportion.., First: |

Tables 3 bl Second: |

. 2 Mariances., ., , .

Monparametrics » = @ Summarized data::

EDA ¥ Correlation,.. Trials: Successes:

Power and Sample Size b Coyariance... First sample: [6950300 [22
Mormality Test... Second sample:  [4230250 |26

Select | Options...

Test and Cl for Two Proportions Help | oK E—

Sample X N Sample p

1 22 TE+06 0.000003

2 26 4E+06 0.000006

Estimate for p(l) - p(2): -0.00000298088

95% CI for p(l) - p(2): (-0.00000568842, -0.000000273337)

Test for p(l) - p(2) =0 (vs not = 0): 2 = -2.16 P-Value = 0.031



Population (thousands)

75

ats]

85

Regression Plot

population | = 35 6988 + 0148649 Number of storks

$=2095180 R-Sq=868% R-Sqlad)=841%

| I
150 200

Number of storks

250




CORRELATION AND CAUSATION

Some cautions must be noted at this point. First, you cannot determine the
cause of the relationship from the correlation coefficient. Two variables may be
highly correlated for one of three reasons: (1) X causes Y, (2) Y causes X, or
(3) both X and Y are caused by some third variable. A well known story that
illustrates the danger of inferring causation from a correlation coefficient between
the number of storks and the number of births in European cities (that is, the
more storks, the more births). Instead of issuing a dramatic announcement
supporting the mythical powers of storks, further investigation was carried out. It
was found that storks nest in chimneys, which in turn led to the conclusion that a
third variable was responsible for the relationship between storks and births -
size of city. Large cities had more people, and hence more births; and more
houses, and hence more chimneys, and hence more storks. Thus, attribution
causality is a logical or scientific problem, not a statistical one.



CORRELATION COEFFICIENTS

R Positiv% R=0 R Negative

140 20 " . . 180 .
120 80 L 160

70 140
100 60 . - 120
80 50Y o o . - - 100
60 40 u . 80

30 . 60
40 20 . " " " 40
20 mm 10 a » 20

0 0 0
100 200 0 50 100 150 200 0 100 200
R = 0 (Non-Linear Function

160

1409 .

120 1 =

100

sp, 9 g | >

[ | a
I .
0 et "
20 ™ ",
0 50 100 150 200




“THE MEANING OF R2”

Assume deterministic model;

Y = f(X; Xp5 oonus X,)

Then the variance of Y is: (making some assumptions)

2 2 2
oY JY Y
st = | .s | +|=.s | +....+]|= .58
X, X, X

The % of variance of ¥ due to )(1 IS:

- 2
el
[_“’ s
X,

SE

¥

X 100%

In regression, we assume Y = bx + a + error

bsS Y
RZ = [ s “ ] — The proportion of the variance Y

Y

due to X, assuming Y is a linear function of X,.



CRITICAL VALUES OF THE PEARSON

Level of significance for one-tailed test

df .05 .025 .01 .005
(=N - 2; Level of significance for two-tailed test
N =number of pairs)  qp .05 .02 .01
1 .988 997 9995 9999
2 900 .950 .980 990
3 .805 878 934 .959
4 729 811 .882 917
5 .669 754 833 874
6 622 707 .789 .834
7 582 .666 .750 .798
8 549 632 716 .765
9 521 .602 .685 735
10 497 576 .658 .708
11 476 553 634 .684
12 458 532 612 .661
13 441 514 592 .641
14 426 497 574 623

15 412 482 558 .606



CRITICAL VALUES OF THE PEARSON (Contd)

Level of significance for one-tailed test

df .05 .025 .01 .005
(=N - 2; Level of significance for two-tailed test
N =number of pairs) 1o .05 .02 .01

16 400 468 542 590
17 .389 456 .528 575
18 378 444 .516 .561
19 .369 433 .503 .549
20 .360 423 492 537
21 352 413 482 526
22 344 404 472 515
23 337 .396 462 505
24 330 .388 453 496
25 323 .381 445 487
26 317 374 437 479
27 311 367 430 471
28 .306 .361 423 463
29 .301 .355 416 456

30 .296 .349 409 449



CRITICAL VALUES OF THE PEARSON (contd)

Level of significance for one-tailed test

df .05 .025 .01 .005
(=N - 2; Level of significance for two-tailed test
N =number of pairs) .10 .05 .02 .01

35 275 325 .381 418
40 257 .304 .358 393
45 243 .288 .338 372
50 231 273 322 .354
60 211 .250 295 325
70 195 232 274 .302
80 183 217 .256 .283
90 173 .205 242 267

100 164 195 230 254



TESTING THE SIGNIFICANCE OF THE
CORRELATION COEFFICIENT

Where N = number of pairs of scores



Regressionlines when height scores (X) are plotted against
weight scores (Y) for ten adult males.

195 X .

190 L Helght in; ialght fpound)

185 - b L * * °

- 1]

ol B b , Linear Regression and Prediction
= =] :5—1 "
£ 175 p 143 ]

E] 7 168
2 17 ;g 1867 Fl ’ Regreslon linate
= ) predct ¥ (¥ on X)
E" 165
T
= 160
155 # Regroson line o
=L predict % (on )
1
145 |
140 L L L L L L L L 1
i1 62 63 64 65 65 67 68 6 TO T ¥ T3 T4 T35
Helght {In.} X
180
-

180 '-E 175
?:_ i z 170
w 175 & 170
"U_ —

5 5 165
2 170 5 16
‘E - = 160
= 1635
o
: 155
= 160
150
155
145
150 |
140
145 |
61 62 63 64 G5 6 GF 68 69 TO T 7 T3
140

Height {in.) X
61 62 63 64 65 66 67 68 B9 TO T1 Tz T2

Haight fin.) X Regressionline of X on Y showing extent of error
Regressionline of Y on X showing extent of error (difference (difference between actual height score and predicted
between actual weight score and predicted weight score). height score).



“LINEAR” CURVE FiITS
(BIVARIATE)

Transform
y = Ae®X Iny =1In (A) + BX
y = AXB Iny = In(A) + B in(X)
y = A+ (B/X) y =A+ B (1/X)
y = 1/(A + BX) 1/y = A+ BX

y = X/(A + BX) 1/y = B + A (1/X)
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OXIDE
THICKNESS
X

1

2500
1620
4887
3497
3472
3420
4880
4469
1624
4471
2611
1625
1640
2613
4472
1636
3486
2470
2610
4878
2473
1641
3424
3432

CAP-100
Y

1

9.2880
14.3560
4.7830
6.4890
6.6840
6.8550
4.7730
5.2200
14.3720
5.2550
9.0290
14.3020
13.9830
8.8890
5.2440
14.1800
6.6570
9.4120
8.7850
4.7660
9.4520
14.1270
6.8440
6.2570

CAP-250
Y

2

23.0790
35.7390
11.8490
16.4930
16.2780
16.8500
11.6380
12.9390
35.7140
13.0080
22.2280
35.2110
34.8060
22.0900
12.7420
35.1840
16.3820
23.3500
22.0730
11.8420
23.2860
35.1070
16.8820
16.6640

CAP-1250 CAP-5000

Y

3

115.6000
178.6900
58.5980
81.5360
82.1160
84.3430
58.5940
64.6080
178.7700
64.5610
111.1400
178.0600
174.3900
110.5400
64.4420
176.0000
82.6570
116.8800
110.4300
58.6120
116.6300
175.6700
83.9120
83.5590

449.0700
691.9000
232.2700
264.6800
319.2200
327.9800
232.1900
256.0600
692.3900
255.8400
431.9700
688.0700
675.6900
430.0300
253.8700
681.8100
321.5200
454.5500
429.3700
232.3700
452.8400
680.8900
323.3900
324.8200



OXIDE CAPACITANCE EXAMPLE

Stat  Graph  Editor  Window

Basic Skatistics g Display Descripkive Stakiskics, ..

Regression k Skore Descripkive Sktatiskics, ..

MO 3

DOE . 1-Sample £, ..

Control Charts 2 ISR ) o Correlaint e X|
Cualicy Tools » g-ﬁample o -

Reliability/Surwvival 2 21 e C1 oxide thiclRELEDEH

m.ultivari..ate k 1 P[Dpu:urt?n:un... - '_%E:E: 'Dgide ;I
Time Seties k 2 Proportions. .. thicknes=s'-"'cap-5000"

Tables k _

Nonparametrics k & YEWEIT s

EDA 3

Power and Sample Size » Covatiance, ..

Mormality Test. ..

v Display p-values

Select [~ Store matrix [display nothing)

Help 0K Cancel




Correlations: oxide thickness, Cap-100, cap-250, cap-1250, cap-5000

oxide th Cap-100 cap-250 cap-1250
Cap-100 -0.948
0.000

cap-250 -0.950 0.999
0.000 0.000

cap-1250 -0.950 1.000 1.000
0.000 0.000 0.000

cap-5000 -0.943 0.998 0.998 0.998
0.000 0.000 0.000 0.000



raph Editor  ‘Window H

Lawiout, ..
Time SerieLgIn:ut. .
iZhart...
Histagram. .. C1 ozide thick Graph wvariables:
Boxplat. .. Z2 Cap—100 -
Matrix Plat, ., 3 cap—250 Graph Y W
Draftsman Plot cd cap-1250 ' 250" ‘oxide thick
Craftsrnan Plat., .. CEC cap-5000 1 cap— oxide thickn::
Zonkaur Plak,.. v
30 Plat. .. 3 hd
30 Wireframe Plat., ..
30 Surface Plat. .. Data display:
Dotplot. .. Item Display I; For each |*| Group variables ﬂ
Pig Chart... 1 Svmbol Graph
Marginal Plat... 2
Probability Plat. ..

3 hd
Stem-and-Leaf. ..

Edit Attributes... |

iZharacter Graphs »

select | Annotation IEl Frame IEl Hegions IEl

[0].4 Cancel

Help | Options... |

.
M




B Plot 2

cap-250

oo saside Hhickness
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|
300d
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|
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Skat Graph  Editor  Window

Easic Skakistics k |
A MO k Shepwisze, .,
DioE k Best Subsets, .
Control Charts » . ;
) Fitked Line Plot. ..
Cwality Tools » e s
Reliability/Surwvival b el .
Multivariate k Binary Loaistic Regression, ..
Time Series » iordinal Logistic Regression. ..
Tables ¥ Mominal Logistic Regressian, .,
Monparamekrics k . e
- Regression eCc: x
ED#A b s x|
Enwer and Sample SiEE.' » ........................ I:I:-:lle ..... t hll: HESI]I]“EE: I 1 CEP—EED 1
-2 Cap—100
C3 cap—250 Predictors: p— ' ' 4
cd cap—1250 1 oxide thickness _I
5 cap-5000
Ch 1l  oxide t
Graphs... Options...
Select | Besults... Storage...

Help | OK Cancel




Regression Analysis: cap-250 versus oxide thickness

The regression equation 1s

cap-250 = 44.1 - 0.00727 oxide thickness

Predictor Coef SE Coef T P
Constant 44,108 1.0676 260.32 0.000
oxide th -0.0072735 0.0005111 -14.23 0.000
S = 2.833 R-Sgq = 90.2% R-Sg(adj) = 89.8%

Analysis of Variance

Source DF SS MS F
Regression 1 1625.4 1625.4 202.52
Residual Error 22 176.6 8.0

Total 23 1802.0

0.000



Transform:

1 / oxide thickness

MINITAB - Loxcapac.MP] - [Loxcapac.MTwW ***]

[EFle Edt Manp Cale Stat Graph Editor ‘Window Help

=\d| g & |ml@l o FE &fFE B Al -]k &l

| =31

f C1 c2 C3 CA C5 6
oxide thickness| Cap-100 | cap-250 | cap-1250 -:aaq»:.inl:[liml

1 2600 9286 23079 115600 44907 &k

2 1620 14.356 35739 178690 691.90|

3 4857 4783 11849 535%8| 23227

4 3497 B. 489 16,493 81583 26468

5 3472] 6684 16278 82116 319.22

6 3420 6855 16850 64343 327.98|

7 4830 4773 11633 53594 Z32.19

8 4469) 5200 12039 64608 256.06

9 1624| 14372 35714 178770 692.39]

10 4471) 5265 13005 64.561| 255.54

o — e

12 1625 14302 35211 178080 688.07|

13 1640 13983 34.506 174390, 67569

14 2613 8889 22090 110540 430.03

15 4472] 5244 12742 64442 25367

16 1636 14180 35.184 176000 68181

17 3486 6557 16382 62657 321.52

18 2470) 9412 23380 116880 45455

19 2610) 8785 22073 110430 42937

20 4878] 4766 11842 58612 28237

21 2473 9452 23286 116630 45284, 20|

22 1641 14127 35107 175670, 680.89

73 3424) 63844 16882 63912 32339

24 432 6257 16.6B64 03559 324.82




iCalc Stat Graph  Editor  Window Help

Elumn Statiskics. ..

Fow Skatistics, ..

Standardize...

Extract From Date)Time ko Mumeric, . .
Exkract from Date)Time to Text, ..

Make Patkerned Data »
Make Mesh Data. ..

Calculat .
Make Indicator Yariables. .. SlEdsiie -

m)-efs QRN 40= Store result in variable: |'1 - oxide thi
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R.andaom Daka iZ3 cap—250 Expression:
ik Diskribuki | cap—1250 —
Probability Distributions Cc :aE—E 000 1/ 'omide thickne=s'
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Functions:

¥ g q + = | ¢3| |Al]l functions -
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Antilog
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Arctangent
Ceiling

Co=ine

= Or Current time j

EEIE[:t| | (] Not Select |
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Skat Graph Editor  Window

Basic Statiskics k |
ANV b S¥epwise. .
DioE » Best Subsets,..
Contral Charts » _ :
_ Fitted Line Plak. ..
Quality Tools » el [l
esidual Ploks, ..
Reliability fSurvival » -
Multivariate B e —
Tirne Series M Regressitg X]
Tables 4 C1 oxide thick Response: |'cap-250°
Monparametrics » E% ':ali'—% gg
Sap— Predictors: |['1 .- i ' ' a
EDA 2 c4 cap—1250 1 1 » omide thickness ]
Power and Sample Size  » C5 cap—=000
[ 1l » oxide t
Graphs... Options...
Select | Results... Storage...

Help | 4] Cancel




Regression Analysis: cap-250 versus 1 / oxide thickness

The regression equation 1is

cap-250 = - 0.0304 + 57639 1 / oxide thickness
Predictor Coef SE Coef T P
Constant -0.03036 0.08159 -0.37 0.713
1 / oxid 57639.3 200.8 287.02 0.000
S = 0.1479 R-Sg = 100.0% R-Sg(adj) = 100.0%

Analysis of Variance

Source DF SS MS
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STtATISTICS DECISION TREE

Multiple Input Variables

Compare Proportions
Chi-Square Test

| Screening Experiments
Full Factorial
Fractional Factorial

[  Analysis of Experiments
ANOVA
Multiple Linear Regression

|L_Response Surface Modeling
Box-Behnken Designs
Central Composite Designs
Multiple Linear Regression
Stepwise Regression
Contour Plots
3 D Mesh Plots

[ Model Response Distribution
Monte Carlo Simulation
Generation of System Moments

| Optimization
Optimization of Expected Value:
Linear Programming
Non Linear Programming




EXPERIMENTAL DESIGN: COUNTER—E XAMPLE

”

Open the file “Simullab.xls

New process involving
3 input variables

All 3 input variables (x1, x2, and x3) can vary between 0 and 100
__RESPONSE (OUTPUT VARIABLE): YIELD

We do not know how any of these variables affect the yield, nor whether all
three of the variables affect the yield.

Your job is: to optimize the response, YIELD

The goal is to approach 100% vyield by optimizing the values of the three
input variables.



Run

Input X1

SimuLLAB RESULTS

Input X2

Input X3

Yield

O|IN[OO | WIN |~




SimuLLAB RESULTS

Run Input X1 Input X2 Input X3 Yield
1 25 25 25
2 75 25 25
3 25 75 25
4 75 75 25
5 25 25 75
6 75 25 75
7 25 75 75
8 75 75 75
9 50 50 50

10
11
12
13
14
15
16
17
18
19




Open Minitab
From the data screen, name column 4 (C4) "Yield".
Enter the yields for the 9 runs in column 4, in the order obtained

Pull down menu: Statistics, DOE (Design of Experiments), Fractional Factorial.
For "number of factors", enter 3.

For the "number of runs”,enter 8. (This must be a power of 2]

Click into the box under "Store data matrix (blocks and factors) in:",

and type: c1-c3.

Click on the "Options" button; enterl in the box ,"Number of Center Points"
Click on the "OK" box. Click on the "OK" box again on the other screen.

Pull down the "Window" menu, "Data".

Low levels (25) are now represented with a (-1),

the high levels (75) with a (1), and the middle level (50) with a (0).

(This is the conventional way to represent the levels; the fractional factorial screen
allows the actual levels (25, 75, and 0) to be used instead)

Pull down the menu "Stats", "Regression”, "Regression”.
Click on c4 "Yield", and click on the "Select" button.

Click on c1, hold down the button and move the mouse tchighlight c1, c2, and c3
Let go of the button, and click on the "Select"” button.

Click on the "OK" button.




FuLL FAcTORIAL EXPERIMENTAL DESIGN

1. 1 independent variable (X ), two levels:

@ @ “Geometric

Low (X,) High representation”

- compare Y for X . _, X THih

2. 2 independent variables (X , X)), each having two levels:

X X
(+1) HighO S) 1 2
1 -1 -1
X, 2 -1 +1
3 +1 -1
G d) 4  +1 +1
Low X, High
1) (+1) . # of factors or variables
2
- compare the mean Y for X { _vs X THih 2,\

— # of levels (High, Low)
- compare the mean Y for X,{ _vs X THoh



FuLL FACTORIAL
3 INDEPENDENT VARIABLES

. X, | X, | X
I
| 1 -1 -1 -1
: 2 A ||+
+_p , N
| 3 4|+ -
| 4 1|+ | +
+
| /@ 5 +1|- | -
% 6 +1| -1 | +1
/
/ 7 #1 | +1 |
X/ /]
_g/ » e 8 +1| +1 | +1

23



FuLL FAcCcTORIAL CENTERPOINT

3 INDEPENDENT VARIABLES

2)

X, | X, | X,
1 1 | 1 -1
2 1 | 1 +1
3 -1 +1 -1
4 1 | +1 | +
5 +1 [ -1 -1
6 +1 [ -1 +1
7 +1 | +1 -1
8 +1 [ +1 | +1
9 0 0 0

23 + CP



4 INDEPENDENT VARIABLES

FuLL FACTORIAL

\
"\ S
|\ //
I\ _z
%D
|
T T~ | 2
X |
R e
A O
X, /
4/// X1 \\
/¢ \
yd \
J \
“Tesseract” 24

x1 x2 x3 x4
+1 +1 +1 +1
+1 +1 +1 -1
+1 +1 -1 +1
+1 +1 -1 -1
+1 -1 +1 +1
+1 -1 +1 -1
+1 -1 -1 +1
+1 -1 -1 -1
-1 +1 +1 +1
-1 +1 +1 -1
-1 +1 -1 +1
-1 +1 -1 -1
-1 -1 +1 +1
-1 -1 +1 -1
-1 -1 -1 +1
-1 -1 -1 -1



FRACTIONAL FACTORIAL

X2
3 .
L] X1
> '
I i
5 X’
SR RRIE RN
SR RIR I R R

23-1

O



FRACTIONAL FACTORIAL

X, | X, =X X X,

0 N & o |~ W [N |-

24-1



Design Resolution

A design of resolution R is one in which no p-factor effect is confounded with any other effect

with less than R-p factors.

The resolution of a design is denoted by a subscript of R as a Roman numeral

A design of resolution R = Il does not confound main effects with one another, but

confounds main effects with two-factor interactions

A design of resolution R = IV does not confound main effects and two-factor interactions, but

confounds two-factor interactions with other two-factor interactions.

A design of resolution R =V does not confound main effects and two factor interactions with each other, but

confounds two-factor interactions with three-factor interactions, and so on.



Number
of runs

2

3

Factorial designs
Number of factors (variables)

5

6

7

10

22

23-1

III

X37X X,

23

16

32

v III 11T 11T
X, =X X,X; X, =X X, X, =XX, X, =X X,
X=X, X, X=X, X, X=X X,
Xg XX3 X XpX3
X7 X1XX5
2 \ 1\Y 1\Y 21\/ 2111 11
X=X, X, X3Xy X=X X X5 XX XoXsl X=X, XX, | XsTX XXy 513
_ = — = X =X, X,X
X6 X2X3X4 X6 X2X3X4 X6 X1X3X4 X6 X2X3X4 6 24374
= - = X=X, X, X
X7 X1X3X4 X7 X1X2X3 X7 X1X3X4 7 1434
= = X=X, X, X
XS X1X2X4 Xg X1X2X4 8 124
X0~ %1%y
2 21\/ 21\/ 2 v 2IV 2IV
X=X X X X X X=X XX Xy XTX XXy | XeTXX X Xs| X=X XXX,
X77X XoX X5 X77X XXy | X7 7K XXy Xs) X7 7X XX X5

X=Xy X3X X5

X=X, X, X, X5
X9~ XX X3X5

X=X, X,X,Xs
X=X X3X X5
Xjo— XX3XyXs

*adapted from Box, Hunter and Hunter, Statistics for Experimenters: An Introduction to Design, Data analysis, and Model Building, John Wiley and sons, 1978, p 410.




ScHOTTKY REVERSE VoLTAGE AT 100nA

(ComBINED REsuLTs FRoOM 3 FRACTIONAL FACTORIAL
(2°-') EXPERIMENTS)
13.29 V 16.91V

15.31V

11.59 V

it el 18.25V

Fre—PT Sputter Etch 20 sec

2.78V , 100A 18.25V

50% Pre—OHMIC Over—Etch 0%

120 sec
AN




CoORPORATE TECHNOLOGY REVIEW
ScHOTTKY DiobE RESPONSE SURFACE




STATISTICS DECISION TREE

Multiple Input Variables

Compare Proportions
Chi-Square Test

| Screening Experiments
Full Factorial
Fractional Factorial

[ Analysis of Experiments
ANOVA
Multiple Linear Regression

| Response Surface Modeling
Box-Behnken Designs
Central Composite Designs
Multiple Linear Regression
Stepwise Regression
Contour Plots
3 D Mesh Plots

[ Model Response Distribution
Monte Carlo Simulation
Generation of System Moments

[ Optimization
Optimization of Expected Value:
Linear Programming
Non Linear Programming




.

CENTRAL
COMPOSITE
DEsIGN

/

Box—
BEHNKEN
DEsIGN




CENTRAL ComPoOSITE DESIGNS

— Each factor varies over five levels

— Used for fitting 2nd order response surface models
— Typically smaller than Box-Behnken designs

— Built upon two-level fractional factorials

— Rotatable



CeENTRAL CompPosITE DESIGNS

GENERAL STRUCTURE:

2"« Fractional Factorial
+

Star points
+

Centerpoints




CENTRAL COMPOSITE [DESIGNS

Construction for n factors

— Select a resolution V two-level fractional factorial for n factors
— Generate 2 x n star points

o O O ........... 0]
—a O O ........... o)
O o O .ceevrneen (0]
O - O .uvennnne (0]
O 0 O........... o
O 0 O0.......... -0

where ¢* = m and m = number of runs , 2"*in the fractional factorial design.
o = <7(2”"‘) for 4 runs in 2k, o =1.414

for 8 runs, o = 1.68;

for 16 runs, o=2

- Add one or more centerpoints; for example: o, o, o



CeENTRAL ComprosITE DESIGNS

ForR Two FACTORS
N =9

RUN X

© 00 N O O B~ WO DN -
—
AN
—
NN
o



CENTRAL ComPOSITE DESIGNS
ForR THREE FACTORS

N = 15
RUN . ) 3
1 — — —
2 + - -
3 + —
4 + + —
5 — — +
5] + — +
7 — + +
8 + + +
9 1.682 0 0
10 -1.682 0 0
11 0 1.682 0
12 0 -1.682 0
13 0 0 1.682
14 0 0 -1.682
15 0 0 0



A
c
Z

CeENTRAL CompPosITE DESIGNS

ForR FourR FACTORS
N = 25

>

X RUN

>

=3

>3

N

>
>

0O ~NOO O WDN -

— )
N -~ O ©

I+ 1 + 1 + | + 1 + |

+

I+ + 1 1 + + 1 |

+

13
14
15
16
17
18
19
20
21
22
23
24
25

+ |

b N+

O OO O oo o

M NNOo o+ +

o O O oo

NoOoOoOoo + + + +

1
N

o O o

NOOOOoOCDOoO o + + + +

SN



CENTRAL ComPOSITE DESIGNS

For FIVE FAcTORS

27

RUN

14
15
16
17
18
19
20

21

22

®»

23

10

24
25

11
12
13

26

27



Box—BEHNKEN DESIGNS

— Each factor is varied over three levels
— Used for fitting 2nd order response surface models

— Alternative to central composite designs




Box—BEHNKEN

3 LEVEL, 2 FACTOR
N =9

CELL X

1

© O N O O DM W N =
o o
+ + o o o



Box-BEHNKEN DEsIGN ForR 3 FACTORS

N = 15
RUN X, X, X,
1 - - 0
2 - 0
3 - + 0
4 ¥ 0
5 0 -
6 + 0 -
7 - 0 +
8 + 0 +
9 0 - -
10 0 + -
11 0 - +
12 0 + +
13 0 0 0
14 0 0 0
15 0 0 0



Box-BEHNKEN DEsIGN ForR 4 FACTORS

27

RUN

RUN

14
15
16

17
18
19
20

+ O O O

+ ©O O O

< 0O O M~

21

22
23
24
25
26
27

10

11
12
13



Box—BEHNKEN DESIGN FoR 5 FACTORS

46

RUN

o

o

24
25
26
27
28
29
30
31

o

o

o

o

32

33
34

35

10

11

12
13
14
15
16
17
18
19
20
21

36
37

38
39
40

41

42

43

44

45

22
23

46



Box—BEHNKEN DESIGN FoOrR 6 FACTORS

54
RUN

X, X, X, X

X1

X, X, X, X

X1

RUN

+ + + +

21
22
23
24

25
26

27

28
29

30
31

10

11

32
33

12
13
14
15
16
17
18
19
20

34
35

36
37

38
39
40



Box—BEHNKEN DESIGN FOR 6 FACTORS (contd)

54

N

X, X, X, X

X1

RUN

41

42

43

44
45

46

47

48

49

50
51

52
53
54

0
0



Box—BEHNKEN DEsIGN FoOrR 7 FACTORS

62

X2 X3 X4 X5 XB

X1

RUN

X, X, X, X, X

X1

RUN

21

22
23

24
25

26

27

28

29

30
31

10
11
12
13
14
15
16
17
18
19
20

32
33
34
35
36
37

38
39
40



Box—BEHNKEN DESIGN FOR 7 FACTORS (Contd)

N = 62

X, X, X, X X

X1

RUN

X, X, X, X X

X1

RUN

52

41

53
54
95
56
Y

42

43

44
45

46

58
59
60
61

47

48

49

50

62

51



Box—BEHNKEN DEsIGN FOR 9 FAcTORS

130

N

X, X, X, X, X X X X

X1

RUN

0

17-24

25

26
27-34
3542
43-50

+1

0
0

51

52
53-60
61-68
69-76

+1

0
0

+1

77
78



Box—BEHNKEN DESIGN FOR 9 FACTORS (contd)

N = 130

X, X, X, X, X, X X X

X1

+1

RUN

79-86
87-94
95-102

0
0

103

104

105-112

+1

+1

0
0

113-120
121-128

129

130



NumMBER OF RuNs REQUIRED To FiT A FuLL
QuAaDRATIC MODEL

NO. OF NO. OF NO. OF TRIALS
INDEPENDENT COEFFICIENTS IN FULL THREE- NO. RUNS IN
VARIABLES IN FULL LEVEL BOX-BEHNKEN CENTRAL
(FACTORS) QUADRATIC FACTORIAL DESIGN COMPOSITE
2 6 9 9 9
3 10 27 15 15
4 15 81 27 25
5 21 243 46 27
6 28 729 54 46

7 36 2187 62 80



SMALL CompPosITE DESIGNS,

Composite designs for fitting second-order models in k factors all contain cube
portions of resolution at least V, plus axial points, plus center points.

There must be at least one point for each coefficient --> 1/2(k + 1)(k + 2) points.

Hartley (1959) showed that the cube portion of the composite design doesn't
need to be resolution V - it can be as low as resolution Il if two-factor
interactions aren't aliased with two-factor interactions.

Two-factor interactions can be aliased with main effects, because the star portion
provides additional information on the main effects.

This allows much Composite Designs. Westlake (1965) took this idea further by
finding even smaller cubes forthe k = 5, 7, and 9 cases.

The following table shows the numbers of points in various suggested designs.

*Box and Draper, Empirical Model-Building and Response Surfaces, John Wiley and sons, 1987, page 521.



DEsiIGNS REQUIRING ONLY

A SmALL NumBER OF RuUNSs
PoiNTs NEeEDED BY SoME SmALL CompPosITE DESIGNS

Factors, k 2 3 4 5 6 7 8 9
Coefficients 6 10 15 21 28 36 45 55

~k + ik + 2)
Points in Box-Hunter 8 14 24 26 44 78 80 146

(1957) designs
Hartley's number of points 6 10 16 26 28 46 48 82

Westlake's number of — — - 22 -- 40 - 62
points




RSM PROCEDURE — SHORT EXPLANATION

1. Design Experimental Matrix

Possibilities:  Factorial with centerpoint
Box-Behnken
Central composite design
2. Run experimental matrix; collect data

3. Analyze data using Multiple Linear Regression, with second order equation:

Main Effects Second Order Effects Interactions
X1 X1*X1 X1*X2
X2 X2*X2 X2*X3
X3 X3*X3 X1*X3
Response = A + B*X1 + C*X2 + D*X3

+ E*X172 + F*X27"2 + G*X3"2
+ I"X1*X2 + J*X2*X3 + K*X1*K3

4. Generate Response Surfaces, using model from multiple linear regression

- Contour plots
- Mesh plots



Two—LEVEL CENTRAL ComPoOsITE DESIGN
ExAmMPLE: P CHANNEL VT vs 12 DOSESs

INPUT VARIABLES RESPONSE
Subs Implant Dose (E11) Blanket Implant Dose (E11) Vi—p (mV)
2.71 1.84 — 1088
16.2 1.84 — 1282
2.71 7.44 - 577
16.2 7.44 — 881
23.6 3.70 — 1257
1.87 3.70 - 913
6.64 9.94 — 402
6.64 1.38 - 1187
6.64 3.70 - 1012




MTB > regress c10 5 ¢1 ¢c2 ¢c11 c22 c12

The regression equation is
Vip=1175+16.7 Sub 12 - 70.7 Binkt 12 - 0.253 C11 - 2.68 C22 + 1.46 C12

y Student’s t-test to check if

Predictor \Coef Stdev t-ratio p | each slope (coefficient) is_zero
Constant 175.15 8.00 146.95 0.000 :
Sub 12 16.6748 0.9889  16.86 0.000 Alpha risk that each slope
Binkt 12 -70.729 2.686  -26.33 0.000 is actually zero, & the
c11 -0.25334 0.03424  -7.40 0.005-wf—| non-zero value is due to
c22 -2.6755 0.2211  -12.10 0.001 chance alone
C12 1.46004 0.09203 15.87 0.001

_ % of Y variance attributed to
s=3.588 R-sq=100.% R-sq(adj)=100.% variance of the input variables:

Analysis of Variance (AY/ox, * S 4)2+ ...+ (dY/ox, * S, )?

SOURCE DF SS MS F \|:} Variance of Y

Efr%rressmn g ?2%;88 1;5?58 11324.46 U.&JU\ Test hypothesis that

Total 3 723826 \ at least one slope is
not zero.

SOURCE DF SEQSS

Sub 1 163238 Attempt to attribute

Binkt 12 1 558420 sum of squares (like

C11 1 287 variance) to each input

C22 1 3602 variable.

C12 1 3240 May be misleading.
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“...The [ 32 factorial] design generates four pockets of high information which seemingly have little to do
with the needs of an experimenter.

.. it is possible to choose designs of second and higher orders for which the information contours are

spherical. Equivalently, these rotatable designs have the property that the variances and covariances of the
effects remain unaffected by rotation.”

22 Design - Rotatable 32 Design - Not Rotatable

ﬂ#‘w ’»
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lr,‘f

ﬁi g, ," n ‘" L s g ”’”m{”ll)l W \\‘“
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x2=-2 "‘40000

x1=-0.5

x1=1

—
n oo
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>
I Il
—
> >

x1=-2
x1=-2

*Box and Draper, Empirical Model-Building and Response Surfaces, John Wiley and sons, 1987, page 484.
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Variances and correlations between, second-order coefficients estimated from a
32 factorial design rotated through various angles



CENTRAL ComPOSITE DESIGNS
ForR Two FACTORS

N =9
RUN EMITTI;(Ii DOSE EMITTER A)FEIZNEAL TIME EMITTER RS
1 6.3E15 21 31.45
2 1E16 21 28.47
3 6.3E15 34 26.96
4 1E16 34 23.62
5 1.2E16 27 25.07
6 SE15 27 31.79
7 7.9E15 42 23.2
8 7.9E15 15 33.52

9 7.9E15 27 27.0



THREE FAcCTOR CENTRAL ComPoSITE DESIGN
EXPERIMENT FOR Nch THRESHOLD.

RUN Subs Dose P-well Dose Blkt Dose Vtn (mV)
1 (-) (-) (-) 429
2 (+) (=) (-) 342
3 (-) (+) (-) 833
4 (+) (+) (-) 776
5 (-) (-) (+) 609
6 (+) (-) (+) 537
7 (-) (+) (+) 962
8 (+) (+) (+) 910
9 (+1.682) (0) (0) 523
10 (—1.682) (0) (0) 669
11 (0) (+1.682) (0) 1037
12 (0) (—1.682) (0) 369
13 (0) (0) (+1.682) 860
14 (0) (0) (—1.682) 569
15 (0) (0) (0) 644



CENTRAL CompPosITE DEsiGNs ForR FourR FACTORS

N = 17

Level -2 -1 0 +1 +2

Base Dose 9.10 9.9 11 12.1 12.8

Base Energy 123 130 140 150 167

Base anneal 13 20 30 40 47

S| Etched 50 100 150 200 250

X3
X X, BASE FOR X,=X,*X, *X,
RUN BASE DOSE BASE ENERGY ANNEAL TIME SI ETCHED Hfe

1 - - - - 114
2 + - - + 106
3 - + - + 71
4 + + - - 52
5 - - + + 129
6 + - + - 86
7 - + + - 63
8 + + + + 56
9 2 0 0 0 64
10 -2 0 0 0 96
11 0 2 0 0 42
12 0 -2 0 0 138
13 0 0 2 0 76
14 0 0 -2 0 78
15 0 0 0 2 86
16 0 0 0 -2 69
17 0 0 0 0 77



STATISTICS DECIsioN TREE

Multiple Input Variables

Compare Proportions
Chi-Square Test

| Screening Experiments
Full Factorial
Fractional Factorial

[ Analysis of Experiments
ANOVA
Multiple Linear Regression

[ Response Surface Modeling
Box-Behnken Designs
Central Composite Designs
Multiple Linear Regression
Stepwise Regression
Contour Plots
3 D Mesh Plots

[ Model Response Distribution
Monte Carlo Simulation
Generation of System Moments

[ Optimization
Optimization of Expected Value:
Linear Programming
Non Linear Programming
Yield Surface Modeling™




KNOWLEDGE OF A SYSTEM

Input Input Significant EDistributions of Relationships Responsesg Responses Distributions
Variables - Variables ;| Input Significant between : that . that of

that - that . Variables Input Variables Responses . COULD . ARE Responses
COULD * actually . vary over § and Significant : . BE : Important that ARE

BE : ARE t time Input Variables: Important | to the Important to
Significant: Significant (Control : ; © CUSTOMERS Customers

)\
l'-‘l'A-.’A

A | A

AT IS T

Y Y A WY WY Y V4 WY A
I WAL 7 A W ¥ W A W
ALYV Y l_'-|

VAR |
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FLow CHART OF
MoNTE CARLO SIMULATION METHOD.

INPUT 1
Statistical distribution for
each component variable.

Y

Select a random value from

each of these distributions. ] *

Repeat

Y many

times.

INPUT 2: Calculate the value of system
Relationship between performance for a system
component variables and > composed of components
system performance. with the values obtained in the
previous step.

Y

OUTPUT:
Summarize and plot resulting
values of system performance.
This provides an approximation
of the distribution of system
performance.




MTB > Name C1 ‘RS’
MTB > Random 1000 C1;
SUBC > Normal 196 3.55.
MTB > Name C2 ‘CD’
MTB > Random 1000 C2;

SUBC > Normal 7.492 .371.

MTB > Name C3 ‘R’
MTB > Let C3 = C1*50/C2
MTB > DESC C3

MTB > Histo C3

Histogram of R N = 1000
Each * represents 10 obs

Midpoint Count

1100 1 *

1150 8 *

1200 8D  wrkkrkkk

1250 DO FrEFEEEEEEREI ISR

1300 DQQ  HEEEKERKERRERE KRR REIE SRRk
1350 DY KEEEEEEEAIEAIEAIEATEAIEK
1400 124 FxEFxdxEIRARR

1450 39 e

1500 10 *
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MTB >

MTB > Desc C1-C3

N
1000
1000
1000

Min
184.43
6.4271
1117.8

Generation of system moments method:

Mean of R:

Mean
195.87
7.4738
1313.4

Max
206.66
8.5193
1546.2

Median
195.67
7.4643
1311.2

Q1
193.35
7.2322
1268.1

R-bar = RS-bar *L / CD-bar =

TRMean

195.87
7.4721
1312.4

Q3
198.42
7.7163
1355.7

StDev
3.55
0.3628
67.3

196"50/7.492 = 1308.1

SeMean

0.1
0.0115
2.1



CoMPARISON OF METHODS

Monte Carlo simulation has more intuitive appeal than does the generation of system
moments and consequently is easier to understand. The desired precision can be
obtained by conducting sufficient trials. Also, the Monte Carlo method is very flexible
and can be applied to many highly complex situations for which the method of generation of
system moments becomes too difficult. This is especially true when there are
interrelationships between the component variables.

A major drawback of the Monte Carlo method is that there is frequently no way of
determining whether any of the variables are dominant or more important than
others. Furthermore, if a change is made in one variable, the entire simulation must be
redone. Also, the method generally requires developing a complex computer
program; and if a large number of trials are required, a great deal of computer time may
be needed to obtain the necessary answers.

Consequently, the generation of system moments, in conjunction with a Pearson or
Johnson distribution approximation, is sometimes the most economical approach.
Although the precision of the answers usually cannot be easily assessed for this method,
the results of the study suggest that this approach often does provide an adequate
approximation. In addition, the generation of system moments allows us to analyze the
relative importance of each component variable by examining the magnitude of its
partial derivative.




ADDITIVITY OF VARIANCES

} [ I }
Total Var due Var due Var due Var due
Variance to x1 to x2 to x3 to x4

STANDARD DEVIATIONS COMBINE

10 +

8 L
6 4+
41
21
0 }
Total S due S due S due S due
StdDev to x1 to x2 to x3 to x4
Total Standard deviation =
Std dev
due to x2 \/(stddev due to x1)*2 + (stddev due to x2)*2

Std dev due to x1




% of Total Variance vs "% of Total SD"
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GENERATION OF SYsTEM MOMENTS/

Propagation of Errors

- Derived from a multivariate Taylor series expansion of P = (X1, X2, ...... Xn)

- Retaining the terms up to third order, and assuming that the component variables
(process factors) are uncorrelated:

s - 5,2 s+ 5 (22 oo

Where: S(P) = Standard deviation of device parameter P
S(X1i) = Standard deviation of process factor Xi
u3(Xi) = Third central moment of process factor Xi

Neglecting the last term, the variance of device parameter P can be partitioned into the variance
due to each process factor:

el = | s,




GENERATIONS OF SYSTEM MoMENTS METHOD:
SD OF REsistTorR VALUE

dr/dRs = L/CD = 50/7.492 = 6.674

Variance of R due to Rs = [(dR/dRs)*Srs]*2 = (6.674*3.55)"2 = 561.3
dR/dCD = -Rs*L/(CD)*2 = -(196)*(50) / (7.492)"2 = -174.6

Variance of R due to CD = [(dR/dCD)*Scd]*2 = (-174.6*.371)"2 = 4195.7
Variance of R = 561.3 + 4195.7 = 4757;

Stdev of R = Sqrt (4757) = 69.0

Relative importance of input parameters for resistor variability:

4195.7 [ 4757 = 88% of resistor variance is due to CD variability



Propagation of Errors assumes that the process factors are uncorrelated.

If the process factors are correlated, the impact on the system variance can vary from offsetting
the uncorrelated variance to doubling it depending on the positive or negative correlation
between the process factors and the amount of variance contributed by each process factor.

'/lf’:&"A

Uncorrelated System Variance

Correlated System Variance

0.25 ob
'
Ao
& <
& o o
& & < N q ¢ «&°
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Q’b {\ \4’0‘ \Q(b
G N N
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Process factor’s contribution to
Uncorrelated system variance



THREsSHOLD VOLTAGE (V,) VARIANCE
ExampPLE - A CASE STUuDY

Qb(Nd) =~ _ Qi

Model: Vt = ¢gms(Nd) + 2 9f (Nd) - Co (tox) Co (tox)

Where:

@ ms (NdThe metal-semiconductor work function difference
pf(Nd The Fermi potential
Qb (Nd& The charge per unit area in the surface depletion region at inversion
Co (tox) The gate oxide capacitance per unit area
Process Factors:
Nd = The doping concentration in the channel,
tox = The gate oxide thickness, and
Qi = The oxide/interface charge per unit area

* Distributions obtained from CV plots of test pattern capacitors



18 -

Vi (normalized)

-38 -28 -18 MEAN 18 28 3S
PROCESSING VARIABLE (normalized)

Normalized threshold voltage as a function of the normalized processing
variables:
Gate oxide thickness ----------

Oxide/interface charge density

Concentration of doping in the channel region ¢ e eeeeeeee




VT VARIANCE

E
RELATIVE YARLANCE

,/////////

o

uxmm FACE no m GATE OXIDE
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BVceo Variance Example -

Second Case Study
V oo C2 | 2W ( W, \ﬂ
Model: BV — E _ |_WE
ro 440 + 1 LWCEOC WeroCJ J
Where: BV, = Collector-emitter brackdown voltage

Weo = Woo/8yp+ 1

( \1/2
Wo = 3.60 x 10° LVOOJ
N,

-3/4
Voo = 60 (E?J

C = A semi-empirical two dimensional correction factor, between 0 and 1

Process Factors:

N, = The doping concentration of the epitaxial layer
Wi = Intrinsic thickness of epitaxial layer (base to subcollector)
£ = NPN current gain
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L

BVceo (normalized)

PROCESSING VARIABLE (normalized)

Normalized BVceo as a function of the normalize processing variables:

sssesesesss NPN current gain (Hfe)
_________ Intrinsic epitaxy layer thickness
———————— Concentration of doping in the epitaxial layer



BVceEo VARIANCE EXAMPLE
RELATIVE VARIANCE ATTRIBUTED To SOURCES

RELATIVE YARIANCE

8t -
04 -
u —
» / LSS IS
INTRINSIC EPI NPN CURRENT EP! DOPING

LAYER THICKNESS GAIN(HFE) CONCENTRATION



DATA vs DATA

One Input Variable

Multiple Input Variables

Compare Variability

F-ratio test (two levels)
Bartlett's test (multiple levels)
Cochran's test (multiple levels)

Compare Means

Student's T Test (two levels)
ANOVA (multiple levels)
Nested ANOVA (multiple levels)

Compare Medians

Mann-Whitney (two levels)
Kruskal-Wallis (multiple levels)

Study Source of Variation

Y vs X plot
Correlation Coefficient
Linear Regression

Compare Proportions

Proportion Test
Chi-Square Test

Compare Proportions

Chi-Square Test

Screening Experiments

Full Factorial
Fractional Factorial

Analysis of Experiments

ANOVA
Multiple Linear Regression

Response Surface Modeling

Box-Behnken Designs
Central Composite Designs
Multiple Linear Regression
Stepwise Regression
Contour Plots

3 D Mesh Plots

Model Response Distribution

Monte Carlo Simulation
Generation of System Moments

Optimization |

Optimization of Expected Value:
Linear Programming

Non Linear Programming

Yield Surface Modeling™
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PONSE SURFACE
DISTRIBUTIONS RES MEDELIHG SPEC LIMITS
/\ = TL I.TL
INPUT + RELATIONSHIPS: OUTPUT

VARIABLES INPUTS -> OUTPUTS VARIABLES

- N\

Yield
= Surface | |
Modeling
o J




Yield Surface Modeling™ - Overview of Method

DISTRIBUTIONS RESPOMNSE SURFACH GEMERATION OF Cpk CALCULATION CUMULATIVE COMPOSITE COMPOSITE
METHODOLOGY SYSTEM MOMENTS DISTRIBUTIOMN Cpk YIELD
FUNCTICN
INPUT A MEAN1=f1{IMNPLITS)
INPLUT B RESPCOMNSET {or R1) =
A Inputs) Cph1=({Maan1-NSL11{2°51) Y 1=cdfiCpkl)
INPUT C
(51382 =
INPUT D SUM[IdRA/d=i * Sxii*2] Composite Cpk Composite Yield
=MiniCpkl... Coknd | =MindY1,....¥n)
Input A
MEAMN2=f2{IMPLUITS)
Input B
RESPONSEZ (or R2) = Cph2={Maan2-MNSL2)(2°52) Y2=cdfiCpk)
INPUT f2{Inputs)
(5282 =
SUM[IdR2idxi * Sxi)"2] .‘E‘TFI
INPUT O
Input A
MEAN3=f3{INPLITS)
Input B RESPOMNSES (or R3) =
T3 Inputs) Cph2={Meaan2-MNSL2)(2°53) Yo 3=cdfiC pk3)
INPUT

INPUT O

(Sa)"d =

SUM[{dR3/dxi * Sxi)"2]




Statistics Decision Tree

DATA

DATA vs TIME

DATA vs DATA

Look at Distribution

Histogram
Stem-and-Leaf

Look at Trend versus Time

Trend Chart

One Input Variable

Multiple Input Variables

Describe Distribution-Moments

Compare Variability

Mean
Standard Deviation/Variance
Skewness
Kurtosis

Model Distribution vs Time

Determine Type of Distribution

Normal
Beta
Gamma
Exponential
Log Normal
General: Pearson Distributions

Time Series Modeling
Autocorrelation
Partial Autocorrelation
Moving Average
EWMA
AR
MA
ARIMA

F-ratio test (two levels)
Bartlett's test (multiple levels)
Cochran's test (multiple levels)

Compare Means

Student's T Test (two levels)
ANOVA (multiple levels)
Nested ANOVA (multiple levels)

Compare Medians

Study Sources -Time Variation

Gauge Capability
Variance Components Analysis

Mann-Whitney (two levels)
Kruskal-Wallis (multiple levels)

Test - Type of Distribution

Study Source of Variation

Normal Probability Plot
Correlation Test for Normality
Chi Square Test for Distribution

Compare Trend to Limits

Compare Distribution to Limits

Cp
Cpk
Variance from Target

Control Charts
X-Bar
R, S
Individuals
Moving R
EWMA

Y vs X plot
Correlation Coefficient
Linear Regression

Compare Proportions

Proportion Test
Chi-Square Test

Compare Proportions

Chi-Square Test

Screening Experiments

Full Factorial
Fractional Factorial

Analysis of Experiments

ANOVA
Multiple Linear Regression

Response Surface Modeling

Box-Behnken Designs
Central Composite Designs
Multiple Linear Regression
Stepwise Regression
Contour Plots

3 D Mesh Plots

Model Response Distribution

Monte Carlo Simulation
Generation of System Moments

Optimization |

Optimization of Expected Value:
Linear Programming

Non Linear Programming

Yield Surface Modeling™




