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Temari I ntroduccid

Introduccié . .
Objectius Objectius
Notacié matricial
Processos estocastics
Estimaci6 de parametres

“ Estudi de lestécniquesi algorismes de processat digital del senyal, enfocat a
aplicacions en comunicacionsi tractament d'imatge i veu”

Estimaci6 espectral Aplicacions
Densitat espectral de poténcia = Analisi espectra
Estimaci6 de la densitat espectral de poténcia = Caracteritzaci6 paramétricadel senyal
Estimacid espectral paramétrica (model autoregressiu) »  Filtrat adaptatiu

. - . o Codificacié i compressié de laimatge
Estimacié lined i prediccio P g
Estimacid lineal quadratic-mitjana

Filtre de Wiener. Aplicacions Notacio matricial
Prediccio lineal. Técnica estimacié parametres .
Compressi6 de la parla: técniques paramétriques x(n) : sequiencia
x(0) b et
Filtres adaptatius < vedor=| h™x=g h*(n)x(n)
Métode del gradient. Propietats N N- 1 n=0
Estimaci adaptativa. Algorisme LMS X(N-1) , ¥
Codificacio diferencial adaptativa X =[x(©) - x(N-1) IxI"=a [x(n)["=x" x
Processat d’ arrays de sensors ) n=0
X:matriu
Processament i compressio de senyals 2D
Sistemesi senyasen 2D desigualtat de Schwartz
Cqmpro d imatge: técniques predictives. IhH xPEI D21 x P sii h(n) =ax(n) b igualtat
M etodes transformats
Compressio d'imatges fixes. Coheréncia
. ., H, 2
Professorat i avaluacid gP=" XL g1 i nmy=ax)p g=1
b 1PN x|
Professor: Albert Oliveras D5213 Dill: 09:30-12:00 Dij: 16:00-19:00
Run-time vector
1r control: 7/10 Abril X T =[x x(n-1).... x(n- O+1
2n control: 19/22 Maig Xa" =[x x(n- B....x(n- Q+1)]
Ex. Find: 26 de Juny

Nota: max{ E.F, 0.6E.F.+0.2P1+0.2P2}



Processat del senyal

Autocorrelacié &(©0) x@ - XQ-1) -
Distancia entresenyals 1=§ O X(:O) x(Q:- 2
D,, =2 IX()- y() P=(x- " (- Y AxIP +IyIP - X y- y¥x €0 0 - X0
n=0
y=h"X

Autocorrelacié de x(n)

r(m) :ﬁé x* (n- m)x(n) :ﬁé x* (N)x(n+m)

Jeslis Sanz Marcos | ntroduccio

x(N - 1) 0 0
x(N-2)  x(N-) - 0 §

: : .0 4
X(N-Q) X(N-Q+1) - x(N-1D}

Sinusen soroll i € lemadelainversa

Matriu de correlacié a partir de X, s(n) = Abej(promq) = Al 2Pfon
i w e .
1o r(- r - 1(Q-2): € _-j», U
_ﬁa XnXhp @é : H S, :AejZPfo S e 0
n é u Y
g-Q+n) r(-Q+2) - r(0 g Se 2010 (Q- 1)“
Filtrat 1 o
g x(0) Ro=ra SnSH = AP SoS§
y(n =g h @x(n- @) =h"x, =[h(0)" - h'(Q-1) :
4=0 .
Q-1 y(n) = s(n) +w(n)
ly(n) = h" X, XH h R= A SoSo"

y(0) =ﬁé | y(n) P=h" Rn

3_ AeJprOn SO

Si existeixen M<Q sinus ortogonals, existiran M termesiguals.

M
r,(Q)£0 R= 3 | AnF SmSn" +s 21 =Rg+s 21
m)=1
Transitori
x(n), N mostres h(n), Q mostres(filtreFIR) Lemadelainversa
é 0 SR=GG" +R, P
é _ _ G : : ; : : :
yT (n) "y(o) y(l) 1y(Q 1),y(Q),,,y(N 1)1y(N) 1y(N+Q 1) B l:Ba l- Balg(l +§HBal§) lQHBal
@ pre-transitori q mostres régim transitor i . mostres post - transitori g mosires g

* 1 1
Ey:XHX:yTy Py:ﬁXHX n ﬁll h
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Minimitzacié amb restriccions Valorssingulars
dim{R} =QxQ H
i i i inimitzacié d i6 R=XX
Disseny defiltres o sistemes pot formular-se sempre com a minimitzacié d una funcié dim{X}=QxN —
objectius, subjecta arestriccions. Per processos gaussians i sistemes lineals, aquesta — .
funcié és I’ error quadraticmig (MSE). gl 0 3
" o e “ ey, U
MSE=x=a"Ca o éo ... f U6 U
- X=afquava" S - wole ) T Jge i g=UFV"
L g=1 é Uév HuU
restriccions: Fa= f g: - N aQ
é a
MSE, = f" (FC'F")*f amba= C'F"(FC'F")*f 60 - 0g
| =Q"Q=v"
Autovalorsi autovectors 1=Q7Q=V"Y
if 2y q=1.Q
XXM Y)uq =f 2uq,q=1.1 X" X)vg = 97°
Req =148 ( Mo =fqle q=1.Q (X7 X)Va = 0 q=Q+1.N
€4 - autovector R=UF2U" =upu"
|4 - autovalor

Per ser R hermitica (dim QxQ) existeixen Q autovectors diferents que permeten fer la
descomposici6 segiient:

Q e, 0e" U
R=Q 406" &1 - egls: U6 : 4=EDE"
I =g"E=EE"

Propietats
- Si lamatriu és definida positiva, tots €l's seus autovalors ho son.
Si lamatriu R ésderang M<Q, € nimero d’ autovalors zero és Q-M
El determinant de lamatriu R és € producte dels seus autovalors, i la sevatraga
és la suma dels autovalors.

I{R} = EIn{D}E"
dR :Ee{Q}EH
R"=ED"E"
R*'=ED'E"



Processat del senyal
Si stemas adapt ati vos

I nt r oducci 6n

Los diseflos 6ptinpbs dan lugar a degradaci 6n de | as prestaci ones
cuando | as condi ci ones del escenario canbi an.

De este nodo, cuando un sistenma de tratam ento de sefial es capaz

de adaptarse automati camente al entorno de sefial, se dice que es
adapt ati vo.

Amplificador : d(n) = g(n)x(n)

seflal de
basta pues

En el sistema de apredizaje, se dispone de Ila
referencia r(n), o sinplenente de su potencia Pr,
calcular la potencia de |a sefial de salida segun:

Py(n) =bPy(n- D +(1- b)d*(n)
e(n) =k - Fy(n)
g(n+1) = g(n) + me(n)

MBE y netodos del gradiente

d(n) : sefal dereferecia
a, :respuestaimpulsiond €l filtroFIR
X, : vector dedatos

2

b

MSE =x(a,) = E}|d(n)- a!' X,
|

x(a,) =P, +a, Ra,- a/P- P"a,
ix(a,)
Ta,
X(gn) =Xrin +Lan - Qopt)HB@n - Qopt)

Xmn =Py - P"RP

:NX :Bgopt - E:op Qopt :B-lg

~ _~ ~H ~
Qg =8y - nNX(Qn) X(gn) =Xpin t24, Bgn

Nx(@,) = Ra,
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Q
X :Xmin +§nH (EEEH )én :Xmin +ZnH£Z: :Xmin +é. I i |Zn(|) |2
i=1

=E"(a,- a,)

Di sefio y convergenci a de al goritnos del gradiente

Ay =3y rﬁlb(n =a,- n(Bgn - E)

2 2
M e 1. —HO*DEbRM+Q- b)X, X,
_ 2a 1 :nUimerode muestrasde lamemoria
s " 1-b

Usual nente se establ ece un unbral nminim B,.

_ 2,30 _ 2,30 ., 230 | e
©o-In@-mG) In(- 2a Imin) 2a 15,
Imax
230 P, _230
N =205 = 2%V oNR
T Rp om0

w

El algoritnmo LMS (Least Mean Square al gorithm

yn=a"Xx,

e(n=d (n)- y (n) m< XX

§n+1 = gn + mlne* (n)

E{a} =a,
§ d(n) =w(n) +aj, X,

e(n) =w(n)- a,, X,

a, =a, - a,,error decoeficientes

énﬂ :én - ne* (n)ln

4
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S, =E{@,,an} @gxmml= : covarianzadel os coeficientes
X(n) :Xmin +§: Bén
E{E) RE,} = Traz B

Ao Mmm: exceso deerror

A :gTraza{B}
2a
P.(n)
a :ruidodedesgjuste(i.e.a =0.1p A =10%)

Concl usi ones:

Probar convergencia al o6ptino
Anal i zar |a vel oci dad de convergenci a

En | a fase de seguimento, se ha de deternminar el ruido de
desajuste o lo que es o msnmo, su vel oci dad de seguimento o

capaci dad de reacci 6n a canbi os.

A al tas vel oci dades de convergencia (o aprendi zaj e rapi do)

i mpl i can desaj ustes el evados.
Hay un conpronmi so entre desajuste y vel oci dad de
conver genci a.

DSD y netodos de blusqueda al eatoria

DSD (Differential Steepest Descent), calcula el gradiente
i ndependi ent ement e para cada coeficiente del filtro.

< _Xa(a,d) +x,(q- d)
2d

Jeslis Sanz Marcos | ntroduccio

) ..d2
Xn(qv'd) =X, Xnd +Xn?

o= d*Traza{ B}
dz mein

Xn(q1+d) =X, +X|'1d +X|:7

_ 1 n+cl\>/|-l )
g:X;dZ :erXX(o) Xn(qu)_ﬁ an.le(n)l
Xmin Xmin
A = 3Ky, +d2Traza{5} Vent aj as
total — ", 2 X . . .
4 Md QX1 Desaj ust e di sm nuye con |a
rai z cuadrada del nunero
m= 2a de térm nos enpl eados en
Traza{ R} la estinaci 6n del MSE.
— — No es necesario el vector
42 = |3 _Q@Xmn de datos
® V2 MTraza’ R} _
= Desvent aj a:
A _ |G - Se requieren 2M) vectores
total optimo /" " por cada iteracion.

Al goritno LRS (Linear Random Sear ch)

Para cada instance n,

Cenerar un vector aleatorio con distribucién uniforme en sus

conmponentes d,.

m
n+l :Qn +Egn

Actual i zar | os pesos conp: a
Cal cul ar el nuevo error usando Mvectores de datos X,
ign Xn+1>Xn
a.. =i .
=™ sa, otherwise
| Zn+1
n++;

A= nos §
2M

Al goritno GRS (CGuided Random Sear ch)

5



Processat del senyal Jesis Sz Marcos Introduccio 6

I gual que LRS pero se diferencia en que cuando se encuentra una
perturbaci 6n que hace dismnuir el error, se avanza en esa
direcci 6n incrementado la m hasta que el error enpeora y

entonces m=m,,, Y se busca un vector de perturbaci ones
al eatorio ortogonal al presente.

Al goritnmb RLS (Recursive Least Squares)

MSE(n) = bMSE(n- 1) +(1- b)|e(n)
R, =bR +(- b)X X/

P =bP+(1- b)X,d"(n)
a,=R'P

=n+1—n+l

M = ﬁ : nUmerode datos delasefial de entrada

instante n: datos gn,d(n),ﬁn,gnl
y(n =a, X,
e(n) =d(n)- y(n)
f=alxiR'x,Ja =52

aR'X

K, =—="—""vectr ganancia
1+f

§n+1 :gn +£ne* (n)

RY=TRY KKy

=n “p=n 1- b

n++;
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| nt roduction

Di secrete-Ti ne Sinusoi dal

x(n) periodicU x(n)=x(N+n)U f1 Q

2pfon = 2kp

fO :L
N

cos(wn +q) =cos((2pk +w)n+q) = cos(w,n+q),w, =w +2pk

X(n) =acoswn+q),-¥ <n<+¥

w = 2pf

maximumoscillationb w = +p,f :iéb X(n) ={+1,- L+1,- 1,+1,...}

Sanpl i ng of anal og signals
X(n) = x,(nT) F )
f =— normalizedfrequency
n F
t=nT =—
Fu w =WT

Continious-time signals Discrete-time signals

eradians/sec = 2pFHz Wradians/sample = 2pfcyclas/sample
-¥ <W<+¥ -pEWEHD
“¥<F<+ lergsd
2 2

Sanpl i ng Theorem
If the highest frequency contained in an anal og signal Xx/(t) is

F..x=B and the signal is sanpled at a rate F,>2F_,° 2B, then
X,(t) can be exactly recovered fromits sanple val ues.

Quanti zation

D
X,(n) = QX(} l&(MES
eq (n) = Xq(n) - X(n) D= Xinax = Xrin
L-1

Quanti zation of sinusoidal signals

Jeslis Sanz Marcos | ntroduccio
D
R=5 o A3 3
/P, =—— P SNQR=>2" SNQR;, =1.76 +6.02b
2A h O 2 2
D= b
2

D screte-Tinme Signals and Systens

El enentary signals

d(n)° éé :1:8 unit sanpl e sequence, unit inpulse
u(n)° }1 n®o unit step signal

10 n<O0
ur(n)"}n n® o unit ranp signal

10 n<O0

x(n)y=a" = (re')" = r”(cosqn+ i Sinqn) exponential signal

Cl assification of signals

E° & Ixn)[

n=-¥

0<E<¥ b x(n)isanenergy signal

: 1 9 , .
P° |im——— ° 0<P<¥ b x(n)isapower signa
Wl Ny A X ") ?

periodic signal P power signal

1
(M) =x(-n) b evensignal (M =75 (XM +x(- 1))

x(n) =-x(-n) b oddsigna % () :%(x(n) - X))

Discrete-tine systems x(n) %#4® y(n)
static: y(n)=f{x(n)} nenoryless
dynam c:  y(n) = f{x(n),x(n- D,...} with nenory

7
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x(n) %#5® y(n)
x(n- K) 3%4® y(n- k)
linear: ax(n)+a,x (N} =adx(n)}+aJx(n)}

tinme variant:

causal : out put only depends on past and present.
Stabl e: every bounded i nput produces a bounded out put.

Anal ysys of Discrete-tinme systens Linear Tinme-Invariant

y() =- q ay(n- k) +Q bx(n- k)

k=1 k=0

Y = X(0)* () = & hx(n- K) =& x(KIh(n- K)

Commut ati ve |=<”;lV\£ x(n)* h(n) = h(n) * x(n)

Associ ative law [x(n)* h(m)]* h,(n) = x(n)* [ (n) * hy(n)]
Distributive law x(n)* [h(n)+hy(n)] = x(n)* h (n) + x(n) * h, ()
Causal : h(n)=0"n<0

St abl e: g [h(n) |<¥

FIR h(n)_:O" n<Oandn3 M

Correl ation of signals

Yreceived (r]) = Ei)((r] - [)) + VV(r])

(M) = & X()Y(- m) = & X0+ m)y(n) =1, (- m)

n=-¥

g_ lax(n) + by(n- m) = a’r,, (0) +b?r,, (0) + 2abr,, (1)

n=-¥

|re (M) [E \ELE,

ITa (M) [E E,

Jeslis Sanz Marcos  Introduccio
r, (m . .
I (m= L (M) : normalizedautocorrelation
o (0)
r,(m . .
ry,(m= _ Tl : normalizedcrosscorre ation

V01, (0)

Correl ation of periodic signals
N

o 1 ¥ i _io i
rm=fim ol & Xy m =18 - m

y(n) = x(n) +w(n) b r, (M) =r,(m) +r,,(m) +r,, (M) +r,, (M)
Convol ution realisation of correlation
My (M) = x(mM)* y(- m)

Foc (M) = X(M) * X(- m)

I nput - Qut put correl ati on sequences

y(n) =x(n)* y(n)

My (M) = 1o (M) * h(1)
Mo (M) =1, (M) * h(-1)

Fyy (M) = T (M) * 1y (M) = 1, (M) * (M) * h(- m)

8
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Frequency Anal ysis of signals and

syst ens

Conti ni ous-Ti ne signals

Jean Baptiste Joseph Fourier (1768-1830)

Peri odi c- Si gnal s

Synt hesi s equations

Anal ysi s equations

+¥
x(t) = § ce'®
k=-¥

+¥
X(t) = G, + 2Q | ¢, | cos(2pkFet +Dc, )
1

X(t) = 3, + & (a, cos{2pkFt) + b, sin(x

1 . i
C, :T_p Oxe @t
Tp
=G
a, = 2|c, |cosbc,
b, =2|c, |sinbc,

Power Density Spectrum of Periodic Signals

_2 o 16¥(2 2)
P=alcl =a+>ad a, +hby
k=-¥ k=1

Go(f)= A lc P d(f - Fek)

k=-¥

Aperi odi c- Si gnal s

Synt hesi s equation

Anal ysi s equations

+¥

x(t) = OX(f)e!*"df

+¥

X(t) = y(t)e *dt

Power Density Spectrum of aperiodic Signals

Jesis SanzMarcos Introduccié 9

S (f) = X(H)F

+¥ +¥
Eo = OSa(f)df = x(®) [ dt
-¥ -¥

Rel ati onshi p between periodic and aperiodic transform

1 1 k
Cx :T—X(kFo) :T_X(T_)

p p p

Di screte-Time signals

Peri odi c- Si gnal s

N-1 2
o j=——kn
Synt hesi s equat i ons x(n) =ace N
k=0
1%t 2
= N
Anal ysi s equations G = Wa X(n)e
n=0

C = Can

N-1
o

oz

P =

X

Z|=-

0 n=0 n=0

n

Aperi odi c- Si gnal s

! 2_ 8N o 2 -
Ix(W " =alcl Ec=alx(mMl=Nalc|

n=0

1 . i
Synt hesi s equati ons X(n) = OX(W)ejwndW
2

+¥
Analysis equations | X(W)= é_ x(n)e o
n=-¥

E, = &1 P (Pl S,00) A X )P |

Rel ati onship with Z-transform
X(Ww) =Z{x(n)}|z=¢€"
Basi ¢ rectangul ar pul se tranform
F{u(n)- u(n- L)} = Ag 12y SNWL/2)
sin(w/2)

Properties of the Fourier Transformfor

i S,W)=S,(-w)
1DX (W) =-DbX(-w)

Di screte-Tine signals
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10

a,%,(n) +a,%, () -%4® a X, (W) +a,X, (W)
x(n- K)-~%® € "™ X (w)

X(- ) ~%2® X(-w)

x* (N)=%® X* (w*)

nx(n) ~%® j %

X, (M) * %,(1) ~%® X, (W)X, (W)
X, ()%, (M) ~%:® %}p‘gxl(l )X,w- 1 )d

F, (M) = 2 (M) * X, (- M) =%4® X, (W) X, (- W)
I (M) =%:® S, (W)

e™"x(n) =%4® X (W - w,)

cos(w,n)x(n) ~¥2® %(X(W - W) + X (W +w,))

sin(w,n)x(n) -%® Zij(X(w - W) - X(w +WO))
+¥ +p

Parseval ' s rel ation: a x (% (n) :% O W) X; (w)dw
n=-¥ -p

Sone useful Fourier TransformPairs
d(n)-%® 1
9
il |[nlEL i
ES LTSN s

= - _ € ¢ ”
10 |nppL sinﬂ
2

Si nfﬁ_ + E)W
X(n) ¢ 2

I w
P

n=0
Xm=ig

p -3 T
. AQ Og
|
T pn
Frequency- Domai n LTl Systens

>

x(n) =u(n)a" ~%®

Jeslis Sanz Marcos | ntroduccio

Hw)=H(2 |z:ej"" = :ré. h(n)e jwn
Y(w) = X(w)H W) v M »
[YW) [ X(w) || Hw) | )= BW) _ Eobke n 91 (1- ze ™)
bY(Ww)=bX(w)+DbH(Ww) - AWw) - N » =5 - ™
S, W) =S, (W) [H W) P 1+a ae Oa-pe™

|HW) = HW)H w)
Fy (M) = 1 (M) * (M) S, (W) = S, (W) | HW) P
f(M) = re(M* h(m) S, (W) = S, W)H (W)
Random | nput signal s
y(n) = X(n)* h(n)

m,° E{y(m} =m, & hk) =mH(©)

9, (M =E{y* (Ny(n+m)} =g Q h(h(j)ge(k- j+m)

k=-¥j=¥

gu(M=sd(mP g, (M=s; g h(k)h(k +m)

k=-¥

(AWEN) " v2
9,0 =P, =s; A Ih()F=s; GH(F)F df
k=-¥ 12

G, W)= & g,,(me "™ = G, W) Hw) P
G, (W) = Gy (W) HW)

Frequency- Sel ective Filters
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sinwpn

() =S H W) =H =)y (W) = (17, () = (e” /', w)

Digital resonators: p, =re*™ rnear£1
* jWo

Notch filters: Zz,=¢€

Conmb filters: nulls occur periodically across the frequency band.
All-Pass filters: |HW)F1'w

I nverse Systens

h(n)=0"n<0pP h (0) -1
y(n) =x(n)* h(n) h(0)
d(n) =h(n)* hy, (n) __ 8 hkh (n- k)
hINV(n) - 21 h(O) n 1

|z, |<1" kb PH()=DH(0) mni ni num phase system
|z, 1" kp PH()- BDH(0)=Mp maxi num phase system
ot herwi se: m xed-phase system

H (2) minimumphaseb H *(z) stable
H(2) stableb H *(z) minimumphase

H (z) nonminimumphase=H ;. (2)H . ,.(2)

i (= B2B(Z)

_AD AZ) _
H(2) B(z)p::: e B \B(2) =B,(2)B,(2)
f P B,(z?)

Deconvol ution
(systemidentification)

Jeslis Sanz Marcos | ntroduccio

Y =x(m)*h(n) = & h)x(n- k)
S, (W) = H(W)S,, ()

_ Y0
0= = S0 _ S,)
5 SuW)  [XW)]
y(n) - a h(k)x(n- k)
h(n) = k=0 ,n>0

x(0)

11
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Z- Transf orm

+¥

X(2) = é_ x(n)z'" Regi on of Conver gence( ROO)

Fi r:i t¥e- Duration Signals Infinite-Duration Signals
Causal : zl C- {0 Causal : |z,
Anticausal : zl C-{¥} Anticausal: |z|<r
Two-si ded:  zI C- {0,¥} Two-si ded: 1, <|z|<r,

Properties

ax,(n) +a,%,(n) ~%® & X1(2) +a,X,(2)
x(n- k) -%4® z*X(2)

a"x(n)-%® X(a'z)

x(- N)-%® X(zh)

x* (N)-%® X*(z¥)

X ()* %, (N) %@ X,(2)X,(2)

z 1 z, 4
L,(N)« — @)X, (V) X, (=)vdv
Re{x(n)}—.%®i(X(z)+x*(zk)) % (N)x,(n) 2 @ WX (v
2 if x(n)causal b x(0) =|<i®rL1X(Z)
Im{x(n)} %@ 2 (X(@)- X* ()

nx(n) ~%® - X
dz

. & . 1. ., Z
Parseval 's rel ation: é_ %, (N) X, (n) :ﬂ@xl(V)XZ(V)V ‘dv

n=-¥

Basi ¢ Z-Transform Pairs

d(n)-%® 1
1 N az''
u(n) -%® . na"u(n) = =
n 1
a"u(n)-¥%® T

Rati onal Z-Transforns

Jeslis Sanz Marcos | ntroduccio

_N@ _ E'Obkz By e (252) (25 2) e 2.0(2- Z)
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Anal ysis of LTI systens in the Z-donmain
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