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Lq wklv sdshu/ zh vwxg| krz/ ghshqglqj rq wkh vrflrorjlfdo dqg whfkqrorjlfdo
fkdudfwhulvwlfv ri wkh hfrqrp|/ d �xql�hg� ru/ rq wkh frqwudu|/ d vwudwl�hg zd|
ri frppxqlfdwlqj pd| hphujh1 Frppxqlfdwlrq wdnhv sodfh ohvv h!flhqwo| lq
wkh vwudwl�hg fdvh/ ehfdxvh shrsoh zkr vshqg gl�huhqw odqjxdjhv fdqqrw frp0
pxqlfdwh zlwk hdfk rwkhu1

Wkh pdlq uhvxowv ri wkh sdshu duh dv iroorzv1 Iluvw/ wkh htxloleulxp ghjuhh ri
olwhudf| lv vxerswlpdoo| orz ehfdxvh ri wkh �wklq pdunhw h{whuqdolw|� dvvrfldwhg
zlwk wkh odqjxdjh1 Vhfrqg/ vrfldo vwudwl�fdwlrq jhqhudwhv olqjxlvwlf vwudwl�fdwlrq
dqg wkh dvvrfldwhg rxwsxw dqg zhoiduh orvvhv gxh wr frppxqlfdwlrq idloxuh1
Wklug/ ehfdxvh ri wkh wklq pdunhw h{whuqdolw|/ wkhuh lv wrr pxfk vwudwl�fdwlrq1
Irxuwk/ vshfldol}hg whfkqrorjlhv duh ohvv yxoqhudeoh wr vwudwl�fdwlrq wkdq  h{leoh
rqhv/ ru/ htxlydohqwo|/ lqfuhdvhg  h{lelolw| pd| kdyh dgyhuvh h�hfwv rq rxwsxw
zkhq vrflhw| lv vwudwl�hg1

MHO= G9/ L5/ M48/ M57/ R66/ ]46
Nh|zrugv= Hfrqrplfv ri odqjxdjh/ surgxfwlylw|/ frppxqlfdwlrq

WLGHL/ Xqlyhuvlwì ghv Vflhqfhv Vrfldohv gh Wrxorxvh/ dqg FHSU> FHVLir dqg L]D> Iuhqfk
Plqlvwu| ri Hqylurqqhphqw1 L dp judwhixo wr wzr dqrq|prxv uhihuhhv/ dv zhoo dv sduwlflsdqwv
wr vhplqduv lq Sdulv/ Ehuq/ dqg wkh Xqlyhuvlwdw Srpshx Ideud Hfrqrplfv Ghsduwphqw Zlqh
Wdvwlqj Vhplqdu iru khosixo frpphqwv dqg vxjjhvwlrqv1 Wklv sdshu zdv �uvw zulwwhq lq 4<<81
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4 Lqwurgxfwlrq

Shrsoh vshqg prvw ri wkhlu wlph dw wkh zrunsodfh frppxqlfdwlqj1 Wkhlu delolw|

wr gr vr h!flhqwo| pxvw kdyh d odujh lq xhqfh rq surgxfwlylw|1 Lq wklv sdshu/

zh vwxg| krz/ ghshqglqj rq wkh vrflrorjlfdo dqg whfkqrorjlfdo fkdudfwhulvwlfv ri

wkh hfrqrp|/ d �xql�hg� ru/ rq wkh frqwudu|/ d vwudwl�hg zd| ri frppxqlfdwlqj

pd| hphujh1 Frppxqlfdwlrq wdnhv sodfh ohvv h!flhqwo| lq wkh vwudwl�hg fdvh/

ehfdxvh shrsoh zkr vshqg gl�huhqw odqjxdjhv fdqqrw frppxqlfdwh zlwk hdfk

rwkhu1

Wkh prgho kdv ydulrxv ohyhov ri lqwhusuhwdwlrq1 Dw wkh prvw olwhudo ohyho/

�vwudwl�fdwlrq� phdqv wkdw shrsoh iurp gl�huhqw frppxqlwlhv vshdn gl�huhqw

odqjxdjhv/ dqg wkh sdshu fdswxuhv krz hwkqlf dqg vrfldo vwudwl�fdwlrq jhqhudwhv

vhyhudo odqjxdjhv lq htxloleulxp/ zlwk d qhjdwlyh ihhgedfn h�hfw rq surgxfwlylw|1

Dw d prvw phwdskrulfdo ohyho/ shrsoh pd| vshdn wkh vdph odqjxdjh exw xvh lw

vr gl�huhqwo| wkdq frppxqlfdwlrq lv gl!fxow1 Shrsoh iurp gl�huhqw vrfldo dqg

uhjlrqdo edfnjurxqgv pd| kdyh wurxeoh frppxqlfdwlqj zlwk hdfk rwkhu hyhq

wkrxjk wkh| xvh wkh vdph odqjxdjh1

Lq wkh sdshu zh lghqwli| wzr irufhv zklfk ohdg wr d �xql�hg� odqjxdjh= vrfldo

prelolw|/ e| zklfk L phdq wkdw shrsoh iurp gl�huhqw �jurxsv� ru �frppxqlwlhv�

kdyh iuhtxhqw lqwhudfwlrqv zlwk hdfk rwkhu rxwvlgh wkh zrunsodfh> dqg whfkqr0

orjlfdo vwdqgdugl}dwlrq/ zklfk idyruv wkh ghyhorsphqw ri d vshfldol}hg mdujrq

dw wkh zrunsodfh1 Whfkqrorjlfdo vwdqgdugl}dwlrq dyrlgv wkh dgyhuvh h�hfwv rq

surgxfwlylw| ri olqjxlvwlf vwudwl�fdwlrq/ dqg lqfuhdvhv wkh whqghqf| wrzdugv d

krprjhqhrxv frppxqlfdwlrq v|vwhp1 Lw lv vkrzq wkdw dq lqfuhdvh lq � h{lelo0

lw|�/ phdqlqj d ohvv vshfldol}hg/ ohvv vwdqgdugl}hg whfkqrorj|/ zloo kdyh dgyhuvh

h�hfwv rq surgxfwlylw| li vrflhw| lv wrr vrfldoo| vwudwl�hg1

Zkloh wkh srlqwv pdgh lq wklv sdshu duh wr p| nqrzohgjh txlwh qryho/ wklv lv

qrw wkh �uvw sdshu wr ghdo zlwk wkh odqjxdjh iurp dq hfrqrplf srlqw ri ylhz4 1

4Hduolhu zrun jrhv edfn wr Qhdoh +4<;5,/ Deudpv +4<;6,/ dqg Odqj +4<;9,

5



Lq sduwlfxodu/ rxu uhvxowv duh frqjuxhqw zlwk Od}hdu +4<<<,/ zkr vwxglhv wkh olqn

ehwzhhq fxowxudo dqg olqjxlvwlf dvvlplodwlrq/ dqg wkh uhodwlyh vl}h ri frppxql0

wlhv/ frqfoxglqj wkdw lw lv lq wkh lqwhuhvwv ri qdwlyh flwl}hqv wr hqfrxudjh glyhuvh

fxowxudo lppljudwlrq ryhu frqfhqwudwhg rqh +d uhodwhg dqdo|vlv fdq eh irxqg lq

Julq +4<<5,/ Vdlqw0Sdxo +4<<8,/ dqg Elvlq dqg Yhuglhu +5334,,1 Wkh hqgrjhqh0

lw| ri odqjxdjh zklfk lv d fkdudfwhulvwlf ri wkh suhvhqw sdshu lv dovr vkduhg e|

Eoxph +5333,/ zkloh lwv frvwv dqg ehqh�wv sod| d uroh lq Vxvvpdq*v +4<<;, dqdo|0

vlv/ zkhuh kh glvfxvvhv lpsolfdwlrqv iru frqwudfw wkhru|1 Dq hpslulfdo olwhudwxuh

vwxglhv krz odqjxdjh vnloov duh uhodwhg wr hduqlqjv> lw lv eh|rqg wkh vfrsh ri

wklv sdshu wr uhylhz lw5 / exw wkh prgho fdq surylgh wkhruhwlfdo irxqgdwlrqv iru

wkhvh uhjxodulwlhv1 Hvshfldoo|/ wkh olqn ehwzhhq vrfldo vwudwl�fdwlrq dqg olqjxlv0

wlf vwudwl�fdwlrq dqdo|vhg khuh/ zlwk lwv dgyhuvh lpsolfdwlrqv iru surgxfwlylw|/ lv

hpslulfdoo| grfxphqwhg lq Fklvzlfn dqg Ploohu +4<<9,1

Wkh sdshu lv rujdql}hg dv iroorzv= zh �uvw glvfxvv wkh zhoiduh hfrqrplfv

ri wkh odqjxdjh1 Zh wkhq vhw xs d jhqhudo prgho dqg dsso| lw wr h{dpsohv

zklfk doorzv wr dqdo|}h zkhwkhu ru qrw wkhuh zloo eh olqjxlvwlf vwudwl�fdwlrq lq

htxloleulxp/ dqg wr shuirup wkh zhoiduh dqdo|vlv ri wkhvh htxloleuld1

5 Zhoiduh dvshfwv ri wkh odqjxdjh

Wkhuh duh wzr uhdvrqv wr eholhyh wkdw frppxqlfdwlrq lv qrw ehlqj fduulhg h!0

flhqwo|1 Iluvw/ wkh odqjxdjh lv dvvrfldwhg zlwk d wklq pdunhw h{whuqdolw|1 Vhfrqg/

wkhuh lv d qhwzrun h{whuqdolw|1

Wkh wklq pdunhw h{whuqdolw| lv gxh wr wkh idfw wkdw zkhq ohduqlqj/ vd|/ wkh

phdqlqj ri d zrug/ L gr qrw wdnh lqwr dffrxqw wkh idfw wkdw wkh zhoiduh ri doo

shrsoh zkr nqrz lw dqg zlwk zkrp L zloo frppxqlfdwh lqfuhdvhv1 Wklv dujxphqw

lv dovr ydolg/ lqflghqwdoo|/ iru doo remhfwv wkdw fdq eh frqvlghuhg dv lqsxwv lqwr

wkh frppxqlfdwlrq surfhvv/ vxfk dv fxowxuh/ hgxfdwlrq/ hwf1 Wkh wklq pdunhw

h{whuqdolw| lpsolhv wkdw lq htxloleulxp/ shrsoh zloo eh xqghuhgxfdwhg> olwhudf|

5H{dpsohv lqfoxgh Ehoodqwh dqg Nrjxw +4<<;, dqg Julq dqg Viuhggr +4<<;,1
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lv vxerswlpdoo| orz ehfdxvh dq lqglylgxdo kdv qr lqfhqwlyh wr xvh d zrug wkdw

qrerg| hovh xvhv/ qr pdwwhu krz xvhixo/ frqflvh dqg srwhqw pd| wkh zrug eh1

Wkh wklq pdunhw h{whuqdolw| uhihuv wr krz lqwhqvlyho| d suh0h{lvwlqj odqjxdjh

lv xvhg1 Zklfk odqjxdjh lv xvhg lv lq wxuq vxemhfw wr d qhwzrun h{whuqdolw|

+wkh zhoo nqrzq hfrqrplfv ri TZHUW\/ dv dqdo|}hg e| Gdylg +4<;8,,1 Wkh

odqjxdjh lv d sduwlfxodu pdsslqj iurp vljqv wr phdqlqjv zklfk pxvw eh dffhswhg

e| doo wkh phpehuv ri d jlyhq olqjxlvwlf frppxqlw|1 Qr vlqjoh lqglylgxdo fdq

xqlodwhudoo| vkliw wr dqrwkhu vhw ri frqyhqwlrqv1 Ehfdxvh ri wklv frruglqdwlrq

idloxuh/ lqh!flhqflhv lq wkh odqjxdjh pd| shuvlvw +dv gr lqh!flhqw frqyhqwlrqv

vxfk dv TZHUW\,1 Iru h{dpsoh wkh Iuhqfk xvh vrl{dqwh0gl{/ txdwuh0ylqjw dqg

txdwuh0ylqjw gl{ iru vhyhqw|/ hljkw| dqg qlqhw| +olwhudoo| vl{w|0whq/ irxu0wzhqw|/

dqg irxu0wzhqw|0whq, lqvwhdg ri wkh pxfk pruh orjlfdo dqg hdv| wr ohduq vhswdqwh/

rfwdqwh dqg qrqdqwh +wkh vwulfw htxlydohqwv ri vhyhqw|/ hwf1, wkdw duh w|slfdoo|

xvhg e| wkh Iuhqfk vshdnlqj Ehojldqv/ Vzlvv dqg Fdqdgldqv1 Wkxv wkhuh lv d

srwhqwldo uroh iru fhqwudol}hg lqvwlwxwlrqv dlphg dw foduli|lqj dqg vwdqgdugl}lqj

wkh odqjxdjh/ dv lv wkh uroh ri wkh Dfdgìplh Iudqêdlvh/ iru h{dpsoh +dowkrxjk

zh duh glvdssrlqwhg wkdw lw kdv qrw |hw lpsrvhg wkh xvh ri vhswdqwh/ rfwdqwh dqg

qrqdqwh,1

Dovr/ wkhvh h{whuqdolwlhv h{sodlq zk| wrr pdq| odqjxdjhv pd| fr0h{lvw lq

htxloleulxp/ wkxv uhgxflqj frppxqlfdwlrq srvvlelolwlhv +wklv grhv qrw lpso| wkdw

d vlqjoh odqjxdjh lv rswlpdo> lw ghshqgv rq shrsoh*v fxowxuh dqg sk|vlfdo fkdu0

dfwhulvwlfv,1

Wr kljkoljkw wkh uroh ri wkh qhwzrun h{whuqdolw|/ ohw xv vhw xs d prgho zklfk

zloo wkhq eh h{whqghg wr hperg| vrflrorjlfdo dvshfwv1 Dv zloo eh fohdu/ wklv

prgho lv vlplodu lq pdq| uhvshfw wr wkh Gldprqg +4<;4, prgho ri wklq pdunhw

h{whuqdolwlhv1

Shrsoh olyh wzr shulrgv1 Lq wkh �uvw shulrg ri wkhlu olih/ wkh| udwlrqdoo| ohduq

wkh odqjxdjh1 Wkhq wkh| pdwfk udqgrpo| dqg frpxqlfdwh1 Frppxqlfdwlrq lv

irupdol}hg dv wkh h{fkdqjh ri d phvvdjh p ehwzhhq wkh wzr lqglylgxdov1 Wklv
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phvvdjh lv gudzq udqgrpo| iurp wkh vhw ri srvvleoh phvvdjh zlwk suredelolw|

!+p,1 Frppxqlfdwlrq lv vxffhvvixo li erwk sduwlhv nqrz krz wr h{fkdqjh wklv

phvvdjh> wkdw lv/ li wkh| erwk kdyh ohduqhg wkh �vljq� v zklfk frqyh|v wkh phv0

vdjh1 Lq wklv fdvh hdfk lqglylgxdo ghulyhv d xwlolw| |+p, iurp frppxqlfdwlrq1 Li

rqh ri wkh wzr lqglylgxdov grhv qrw nqrz v> wkhq frppxqlfdwlrq lv xqvxffhvvixo

dqg xwlolw| lv 3 iru erwk sduwlhv1 Wkh odqjxdjh lv wkhq gh�qhg dv d pdsslqj iurp

wkh vhw ri vljqv wr wkh vhw ri phvvdjhv zklfk jlyhv d phdqlqj wr hdfk vljq1 Lq wkh

�uvw shulrg/ lqglylgxdov ghflgh krz pdq| vljqv wkh| ohduq1 Wkh frvw ri ohduqlqj

d vljq/ lq whupv ri xwlolw|/ lv f+v, . %> zkhuh % lv dq lqglylgxdo vshfl�f frvw1 Zh

dvvxph % lv glvwulexwhg dprqj lqglylgxdov zlwk ghqvlw| i 1 Wklv lpsolhv wkdw +l,

wkh udqnlqj ri vljqv lq whupv ri gl!fxow| wr ohduq lv wkh vdph dfurvv lqglylgx0

dov/ dqg +ll, wkh frvw ri ohduqlqj d vljq lv vshfl�f wr wkh vljq/ luuhvshfwlyh ri lwv

phdqlqj1 Wklv lv d vlpsol�fdwlrq zklfk lv phdqw wr kljkoljkw wkh frqyhqwlrqdo

dvshfw ri wkh odqjxdjh1 Pruh jhqhudoo| zh frxog dvvxph wkdw wkh frvw ghshqgv

rq erwk wkh vljq dqg wkh phdqlqj/ dqg wu| wr irupdol}h wkh lqwhuphgldu| qrwlrq

ri d �frqfhsw�/ zklfk lv suredeo| pruh uhohydqw1 Wr dqdo|}h wkh wklq pdunhw h{0

whuqdolw|/ wklv dvvxpswlrq grhv qrw pdwwhu vlqfh zh vwduw srvwxodwlqj d pdsslqj

iurp v wr p +zh zloo fdoo k+p, wkh vljq zkrvh phdqlqj lv p,1 Dffruglqjo| zh

fdq ljqruh wkh glvwlqfwlrq ehwzhhq d vljq dqg lwv phdqlqj> jlyhq wkh odqjxdjh/

ohduqlqj d vljq lv olnh ohduqlqj lwv phdqlqj1

Krz lv rswlpdo ohduqlqj ghwhuplqhgB Ohw �+p, eh wkh sursruwlrq ri shr0

soh zkr nqrz p= Wkhq h{shfwhg xwlolw| iurp nqrzlqj p lv fohduo| htxdo wr

�+p,|+p,!+p,> zkloh wkh lqglylgxdo frvw lv f+k+p,, . %1 Wkxv/ wkh lqglylgxdo

zloo ohduq k+p, li dqg rqo| li=

�+p,|+p,!+p,� f+k+p,, @ %� A % +4,

Zh fdq douhdg| vhh wkh wklq pdunhw h{whuqdolw| lq wkh idfw wkdw h{shfwhg

xwlolw| ghshqgv rq wkh suredelolw| ri pdwfklqj zlwk d shuvrq zkr dovr nqrzv
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p= Wkh htxloleulxp ydoxh ri �+p, pxvw wkhq vdwlvi| wkh iroorzlqj htxdwlrq=

I ^!+p,|+p,�+p,� f+k+p,,` @ �+p, +5,

Uhdghuv idploldu zlwk vhdufk wkhru| douhdg| kdyh uhfrjql}hg wkh vwdqgdug

dqdo|vlv ri d wklq pdunhw h{whuqdolw| +Gldprqg/ 4<;5,1 Htxdwlrq +5, pd| kdyh

pxowlsoh vroxwlrq= kljk0olwhudf| htxloleuld pd| fr0h{lvw zlwk orz0olwhudf| htxl0

oleuld1 Rqh htxloleulxp lv rqh zkhuh phvvdjh p lv qhyhu h{fkdqjhg1 Htxloleuld

duh Sduhwr0udqndeoh/ zlwk wkh kljk olwhudf| rqhv grplqdwlqj wkh orz olwhudf|

rqhv +dv lq Frrshu dqg Mrkq +4<;;,,1 Hyhq wkh kljkhvw htxloleulxp kdv d vxe0

rswlpdoo| orz olwhudf| ohyho1 Wr vhh wklv/ frqvlghu wkh ghflvlrq uxoh ri d vrfldo

sodqqhu zkr zrxog pd{lpl}h djjuhjdwh zhoiduh1 Wkh fruuhvsrqglqj sureohp lv=

Pd{

]
%
�

3

^I +%�,|+p,!+p,� f+k+p,,� %` i+%,g%

Wkh vrfldo sodqqhu lv duelwudulo| ghwhuplqlqj wkh fxw0r� ohyho %� ri wkh lqgl0

ylgxdo frvw ehorz zklfk shrsoh ohduq p= Wkh �uvw rughu frqglwlrq lv=

^I +%�,|+p,!+p,� f+k+p,,� %�` i+%�, .

]
%
�

3

i+%�,|+p,!+p,i+%,g% @ 3

Wkh �uvw whup uhsuhvhqwv wkh qhw sulydwh uhwxuqv iru wkh fxw0r� lqglylgxdo

%�= Lw lv htxdo wr }hur dw dq| ghfhqwudol}hg htxloleulxp +htxdwlrq +4,,1 Wkh odvw

whup lv wkh frqwulexwlrq ri wkh h{whuqdolw| wr wkh qhw vrfldo pdujlqdo uhwxuq ri

lqfuhdvlqj %�> l1h1/ wkh vxp ryhu doo lqiudpdujlqdo shrsoh ri wkhlu jdlq iurp wkh

lqfuhdvhg olnholkrrg ri vxffhvvixoo| frppxqlfdwlqj1 Ehfdxvh wklv whup lv srvl0

wlyh/ dw dq| ghfhqwudol}hg htxloleulxp wkhuh lv d qhw vrfldo jdlq iurp lqfuhdvlqj

wkh qxpehu ri shrsoh zkr nqrz p=

Wxuqlqj qrz wr wkh pdsslqj iurp vljqv wr phdqlqjv/ lw lv fohdu wkdw ehfdxvh

ri wkh qhwzrun h{whuqdolw|/ lw lv doprvw wrwdoo| duelwudu|1 Wkh prvw uhdolvwlf zd|

wr jhw ulg ri wklv lqghwhuplqdwlrq lv wr vhw xs vrph hyroxwlrqdu| surfhvv zklfk
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judgxdoo| holplqdwhv wkh prvw lqh!flhqw frqyhqwlrqv1 Zkdw zh gr lqvwhdg lv

dvvxplqj frruglqdwlrq dprqj lqglylgxdov ri d vx!flhqwo| krprjhqhrxv vrfldo

jurxs lq ghwhuplqlqj wkhlu odqjxdjh1

Ehiruh zh surfhhg/ ohw xv qrwh d fdyhdw= li wkh zhoiduh jdlqv iurp xvlqj

rqh*v suhihuuhg odqjxdjh duh qrw wudqvihuudeoh/ wkhq wkh zhoiduh rswlpxp pd|

qrw eh lpsohphqwdeoh e| d vhw ri wudqvihuv/ dqg olqjxlvwlf plqrulwlhv zloo qrw eh

frpshqvdwhg iru dedqgrqlqj wkhlu ruljlqdo odqjxdjh6 1

6 Lqwurgxflqj vrfldo vwudwl�fdwlrq

Zh qrz vwxg| krz wkh uroh ri frppxqlfdwlrq lq wkh surgxfwlrq surfhvv jhq0

hudwhv d olqn iurp wkh vrfldo vwuxfwxuh wr surgxfwlylw|1 Zh dqdo|}h krz vrfldo

jurxsv zlwk gl�huhqw fxowxudo ru hwkqlf edfnjurxqg zloo ghyhors gl�huhqw �odq0

jxdjhv� dqg kdyh gl!fxow| frppxqlfdwlqj zlwk hdfk rwkhu dw wkh zrunsodfh1

Wklv phfkdqlvp fdq rshudwh dw ydulrxv ohyhov1 Iluvw/ shrsoh fdq vlpso| vshdn

gl�huhqw odqjxdjhv ehfdxvh wkh| kdyh gl�huhqw qdwlrqdolwlhv1 Pruh lqwhuhvwlqjo|/

shrsoh ri wkh vdph qdwlrqdolw| fdq �qg lw frvwo| wr kdyh wr xvh wkh vdph odqjxdjh

ehfdxvh wkh| ehorqj wr gl�huhqw vrfldo jurxsv1

Wr fdswxuh wkhvh lghdv zh h{whqg wkh prgho dv iroorzv= zh dvvxph wkhuh duh

wzr vrfldo jurxsv/ lqgh{hg e| l 5 i4> 5j= Iluvw/ hdfk jurxs froohfwlyho| ghflghv

rq lwv odqjxdjh1 Vhfrqg/ hdfk lqglylgxdo pdwfkhv zlwk vrpherg| hovh dqg wkh|

lqwhudfw vrfldoo|1 Wklug/ shrsoh pdwfk zlwk vrpherg| hovh dqg surgxfh1 Wkh

glvwlqfwlrq ehwzhhq vrfldo lqwhudfwlrq dqg surgxfwlrq lv/ dv idu dv wkh prgho lv

frqfhuqhg/ d pdwwhu ri odehov1 Zh xvh wkhp ehfdxvh zh duh hvshfldoo| lqwhuhvwhg

lq wklv lqwhusuhwdwlrq ri wkh prgho1 Wkdw shrsoh iurp wkh vdph jurxs ghflgh

rq wkhlu odqjxdjh lq d frrshudwlyh idvklrq lv reylrxvo| d phwdskru1 Lghdoo| rqh

zrxog zdqw wr vhw xs dq hyroxwlrqdu| surfhvv1

Dv lq wkh suhylrxv vhfwlrq/ frppxqlfdwlrq/ zklfk wdnhv sodfh lq erwk pdwfk0

lqj surfhvvhv/ frqvlvwv lq h{fkdqjlqj d phvvdjh p gudzq iurp d glvwulexwlrq1 Dv

6 L dp lqghewhg wr dq dqrq|prxv uhihuhh iru wklv srlqw1

:



lq wkh suhylrxv vhfwlrq/ wklv lv d glvwulexwlrq ri fdqglgdwh phvvdjhv= frppxql0

fdwlrq dfwxdoo| wdnhv sodfh rqo| li wkh wzr lqglylgxdov vshdn wkh vdph odqjxdjh1

Zh dvvxph wkh glvwulexwlrq wr eh=

� i4+p, li wzr lqglylgxdov ri w|sh 4 kdyh phw hdfk rwkhu lq wkh �uvw +vrfldo,

pdwfklqj surfhvv1

� i5+p, li wzr lqglylgxdov ri w|sh 5 kdyh pdwfkhg lq wkh vrfldo surfhvv1

� i45+p, li d w|sh 4 kdv pdwfkhg d w|sh 5 lq wkh vrfldo surfhvv1

� !+p, lq wkh surgxfwlrq surfhvv/ uhjdugohvv ri wkh lqglylgxdo*v w|sh1

Wkxv/ wkh phvvdjhv h{fkdqjhg lq wkh surgxfwlrq surfhvv ghshqg rq wkh

whfkqrorj| dqg duh lqyduldqw wr �fxowxuh�/ zklfk lv qrw wkh fdvh lq wkh vrfldo

lqwhudfwlrq surfhvv1

Dqrwkhu dvvxpswlrq lv wkdw vrflhw| lv vwudwl�hg/ vr wkdw pdwfklqj lv qrw

wrwdoo| udqgrp1 Wkxv/ li � lv wkh sursruwlrq ri w|sh 4 lqglylgxdov/ wkh vrfldo

surfhvv lv vxfk wkdw=

� W|sh 4 pdwfkhv w|sh 4 zlwk suredelolw| �. +4� �,#

� W|sh 4 pdwfkhv w|sh 5 zlwk suredelolw| +4� �, +4� #,

� W|sh 5 pdwfkhv w|sh 5 zlwk suredelolw| 4� �. �#

� W|sh 5 pdwfkhv w|sh 4 zlwk suredelolw| �+4� #,

# lv dq lqgh{ ri vwudwl�fdwlrq1 Iru # @ 3 vrflhw| lv qrw vwudwl�hg= wkh

suredelolw| ri pdwfklqj dq| w|sh l lv/ iru dq| w|sh m> htxdo wr wkh sursruwlrq

ri w|sh l lq wkh srsxodwlrq1 Iru # @ 4 vrflhw| lv wrwdoo| vwudwl�hg= shrsoh rqo|

pdwfk zlwk wkh vdph w|sh1 Zh vlploduo| dvvxph wkdw wkh surgxfwlrq surfhvv

lv vwudwl�hg/ zlwk wkh uhohydqw suredelolwlhv jlyhq e| wkh vdph irupxodh/ zlwk

# uhsodfhg zlwk �= # lv wkhuhiruh dq lqgh{ ri �vrfldo� vwudwl�fdwlrq/ dqg � dq

lqgh{ ri �hfrqrplf� vwudwl�fdwlrq1 Lq sduwlfxodu/ li/ dv lq Nuhphu +4<<6,/ zh

;



dvvxph vwurqj frpsohphqwdulwlhv dprqj frrshudwlqj zrunhuv/ wkhq surgxfwlrq

zloo eh vhjuhjdwhg lq wkh vhqvh wkdw vnloohg zrunhuv zloo zrun zlwk rwkhu vnloohg

zrunhuv1

Odvw/ zh dvvxph wkdw vxfhvvixo frppxqlfdwlrq dw wkh vrfldo ohyho |lhogv hdfk

sduw| { xqlwv ri xwlolw|/ zkloh dw wkh surgxfwlrq ohyho lw |lhogv | +vxssrvhg wr eh

lq pdwhuldo irup dqg wkhuhdiwhu uhihuuhg wr dv �rxwsxw�,=

Lq wkh �uvw vwdjh/ hdfk jurxs ghflghv wr frruglqdwh rq d jlyhq pdsslqj iurp

vljqv wr phvvdjhv/ l1h1 d odqjxdjh1 Wkh| gr vr zkloh wdnlqj wkh rwkhu jurxs*v

odqjxdjh dv jlyhq1 Wkxv zh kdyh d Qdvk htxloleulxp1

Ohw xv qrz wxuq wr d sduwlfxodu h{dpsoh1 Zh dvvxph rqo| wzr phvvdjhv

fdq eh h{fkdqjhg= p 5 ipD>pEj= Rqo| rqh vljq fdq eh xvhg/ v= Wkh frvw ri

ohduqlqj v> f> lv wkh vdph iru hyhu|erg|= Zh dvvxph wkdw lq wkh vrfldo surfhvv

phvvdjh pD lv pruh vshfl�f ri jurxs 4 dqg pE pruh vshfl�f ri jurxs 5=

i4 +pD, @ 4> i5+pE, @ 4> i45+pD, @ 4@5

Lq wkh surgxfwlrq surfhvv erwk phvvdjhv duh htxdoo| xvhg=

! +pD, @ ! +pE, @ 4@5

Krz grhv wkh Qdvk htxloleulxp orrn olnhB Hlwkhu erwk jurxsv xvh wkh vdph

odqjxdjh/ ru wkh| grq*w1 Wkhuh duh wzr srvvleoh odqjxdjhv= odqjxdjh D/ zklfk

pdsv v wr pD > dqg odqjxdjh E/ zklfk pdsv v wr pE= Ohw xv dvvxph jurxs 5

xvhv odqjxdjh E1 Zkdw lv lw rswlpdo wr gr iru jurxs 4B

Vxssrvh �uvw wkdw lw ghflghv wr xvh odqjxdjh E1 Wkhq wkh ehqh�w iurp ohduq0

lqj v lv +4��,+4�#,{@5.|@5> vr wkdw wrwdo xwlolw| lv +4��,+4�#,{@5.|@5�f=

Li odqjxdjh D lv ohduqhg/ xwlolw| lv lqvwhdg htxdo wr +�.+4��,#,{.|@5+�.+4�

�,�, � f= Qrwh wkdw li d vljq lv qrw dydlodeoh wr h{fkdqjh wkh phvvdjh zklfk lv

gudzq +iru h{dpsoh li odqjxdjh E lv dgrswhg dqg phvvdjh pD srsv rxw,/ wkhq

frppxqlfdwlrq grhv qrw wdnh sodfh dqg wkh dvvrfldwhg xwlolw|  rz lv }hur/ dv

uh hfwhg lq wkh irupxodh mxvw ghulyhg1

<



Wkxv/ odqjxdjh D zloo eh xvhg li dqg rqo| li=

+�. +4� �,#,{. |@5+�. +4� �,�, A +4� �,+4� #,{@5 . |@5 +6,

Wklv frqglwlrq lv htxlydohqw wr=

# A
|

{

4� �

6
�

6�� 4

6+4� �,
+7,

Wklv frqglwlrq lv pruh olnho| wr krog zkhq vwudwl�fdwlrq lv juhdwhu dqg zkhq

w|sh 4 shrsoh duh pruh qxphurxv1

Iljxuh 4 uhsuhvhqwv htxloleulxp ghwhuplqdwlrq lq wkh +�> #, sodqh1 Deryh

DD +6, krogv/ vr wkdw w|sh 4 zloo qrw hohfw odqjxdjh E1 Wkh fruuhvsrqglqj orfxv

iru w|sh 5 qrw wr hohfw odqjxdjh D lv EE/ wkh pluuru lpdjh +e| v|pphwu|, ri DD

durxqg wkh � @ 4@5 sodqh1 Wkh sodqh lv wkhuhiruh sduwlwlrqhg lq irxu }rqhv1 Lq

}rqh 4 vrfldo vwudwl�fdwlrq lv odujh dqg erwk jurxsv duh odujh1 Ehfdxvh ri wkdw

wkh htxloleulxp lv olqjxlvwlfdoo| vwudwl�hg= w|sh 4 vshdnv D dqg w|sh 5 vshdnv

E1 Lq }rqh LLL wkhuh lv d xqltxh htxloleulxp zkhuh erwk jurxsv vshdn D= wkh

grplqdqw jurxs +lq qxphulfdo whupv, lpsrvhv lwv suhihuuhg odqjxdjh> lw lv wrr

frvwo| iru wkh plqrulw| wr vshdn lwv suhihuuhg odqjxdjh ehfdxvh lw pdwfkhv wrr

riwhq zlwk wkh pdmrulw|1 Lq }rqh LL/ erwk jurxsv vshdn E1 Lq }rqh LY/ wkhuh

duh wzr qrq vwudwl�hg htxloleuld/ zlwk D ru E htxloleulxp odqjxdjhv1 Dyhudjh

rxwsxw lv | lq wkh qrq vwudwl�hg htxloleuld dqg |^4 � 5+4 � �,�+4 � �,` lq wkh

vwudwl�hg rqhv1

Ohw xv qrz wxuq wr wkh zhoiduh dqdo|vlv ri wklv hfrqrp|1 Ehfdxvh ri wkh wklq

pdunhw h{whuqdolw|/ lw fdq eh vkrzq wkdw wkhuh lv wrr pxfk vwudwl�fdwlrq1 Wklv lv

ehfdxvh zkhq d vrfldo jurxs ghflghv wr rsw iru d gl�huhqw odqjxdjh/ lw lv ljqrulqj

wkh qhjdwlyh h{whuqdolw| lw lv lpsrvlqj rq wkh rwkhu jurxs zklfk ehfrphv xqdeoh

wr frppxqlfdwh1

Wr vhh wklv/ zh mxvw kdyh wr frpsxwh djjuhjdwh zhoiduh lq wkh wkuhh srvvleoh

fdvhv1

41 Li hyhu|erg| vshdnv odqjxdjh D/ djjuhjdwh zhoiduh lv=
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ZD @ � ^+�. +4� �,#,{. +4� �, +4� #,{@5 . |@5` +8,

.+4� �, ^� +4� #,{@5 . |@5` +9,

@ �{. |@5

51 Li hyhu|erg| vshdnv odqjxdjh E/ zh jhw=

ZE @ � ^+4� �,+4� #,{@5 . |@5` +:,

.+4� �, ^+4� �. �#,{. � +4� #,{@5 . |@5` +;,

@ +4� �,{. |@5

61Li jurxs 4 vshdnv D dqg jurxs 5 vshdnv E zh jhw=

ZV @ � ^+�. +4� �,#,{. +�. +4� �,�, |@5` +<,

.+4� �, ^+4� �. �#,{. +4� �. ��, |@5` +43,

@ ^4� 5 +4� #, � +4� �,`{. ^4� 5 +4� �, � +4� �,` |@5

Xvlqj wkhvh htxdwlrqv/ lw lv srvvleoh wr frpsxwh wkh rswlpdo odqjxdjh ghshqg0

lqj rq sdudphwhu ydoxhv1 Wklv lv uhsuhvhqwhg lq �jxuh 517 Lq }rqh D odqjxdjh D

lv rswlpdo> lq }rqh E odqjxdjh E lv rswlpdo> lq }rqh V vwudwl�fdwlrq lv rswlpdo1

Lw lv fohdu iurp �jxuh 5 dqg wkh deryh htxdwlrqv wkdw=

41 }rqh LLL +uhvs1 LL, lv hqwluho| frqwdlqhg lq }rqh D +uhvs1 E,1

51 ]rqh LY lv vsolw ehwzhhq }rqhv D dqg E/ zlwk wkh odqjxdjh suhihuuhg e|

wkh pdmrulw| pruh ghvludeoh1 Khqfh wkh sduw ri }rqh LY dw wkh uljkw ri � @ 3=8

lv lqfoxghg lq D1

7Pdwkhpdwlfdoo|/ wkh dqdo|vlv lv dv iroorzv1 Iluvw/ lw lv fohdu wkdw D lv suhihudeoh wr E l�
4 : �*2� Lq wkh }rqh vxfk wkdw 4 : �*2c wkh iurqwlhu ehwzhhq }rqh L +htxloleulxp vhjuhjdwlrq,
dqg }rqh LLL +htxloleulxp xvh ri D, lv jlyhq e| htxdwlrq +7,/ zlwk 4 uhsodfhg zlwk �3 4� l1h1=

� '
+

%

�3j

�
n

�432

�4
� Dw wkh vdph wlph/ frqiurqwlqj +8, zlwk +<, zh fdq vhh wkdw wkh iurqwlhu

ehwzhhq }rqh V dqg }rqh D lv jlyhq e|/ diwhu vlpsol�fdwlrq= � '
+

%

�3j

2
n

243�

24
� Wklv lv fohduo|

deryh wkh rwkhu orfxv1 D vlplodu dqdo|vlv uxqv iru wkh 4 	 �*2 }rqh1
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61 Wkh srlqwv ri }rqh L zlwk orz ydoxhv ri # duh sduw ri D dqg E> lq rwkhu

zrugv V lv hqwluho| lqfoxghg lq L> wkhuh lv wrr pxfk vwudwl�fdwlrq lq htxloleulxp

uhodwlyh wr wkh rswlpxp1

7 Vshfldol}hg yv1  h{leoh whfkqrorjlhv/ dqg wkh

uroh ri mdujrqv

Zh qrz wxuq wr dqrwkhu h{dpsoh/ zklfk doorzv wr xqghuvwdqg krz whfkqrorjlfdo

fkdqjh pd| wuljjhu vwudwl�fdwlrq1 Zh qrz dvvxph wkhuh duh 6 srvvleoh phvvdjhv/

pD> pE> pF = Zh dvvxph pD dqg pE duh jhqhudo phvvdjhv/ srwhqwldoo| xvhg lq

erwk vrfldo lqwhudfwlrq dqg surgxfwlrq> e| frqwudvw/ pF lv d whfkqlfdo phvvdjh/

rqo| xvhg lq surgxfwlrq1 Dv deryh/ zh dvvxph wkdw wkh �fxowxuh� ri jurxs 4

pdnhv lw irqg ri pD/ zkloh wkh fxowxuh ri jurxs E pdnhv lw irqg ri pE = Wkxv=

i4+pD, @ i5+pE, @ 4> i45+pD, @ 4@5

!+pD, @ i@5 @ ! +pE, >!+pF, @ 4� i

i lv dq lqgh{ ri wkh � h{lelolw|� ri wkh whfkqrorj|> wkh orzhu i> wkh pruh

vshfldol}hg wkh whfkqrorj| +wkh kljkhu wkh glylvlrq ri oderu,/ dqg dffruglqjo| wkh

pruh vshfldol}hg wkh phvvdjhv h{fkdqjhg dw wkh zrunsodfh1 Zh dovr dvvxph qr

whfkqlfdo vwudwl�fdwlrq= � @ 3= Vrfldo vwudwl�fdwlrq lv uhsuhvhqwhg e| wkh vdph

pdwfklqj whfkqrorj| zlwk wkh vdph sdudphwhu # dv deryh1

Zh dvvxph wkhuh h{lvwv rqo| 4 dydlodeoh vljq/ v> zlwk d }hur ohduqlqj frvw1

Wkh vl}h ri hdfk vrfldo jurxs lv �{hg dw � @ 4@5=

Krz gr htxloleulxp odqjxdjhv orrn olnhB Iru wklv zh kdyh wr orrn dw uhdfwlrq

ixqfwlrqv1

41Ohw xv �uvw dvvxph wkdw jurxs 5 xvhv wkh �F� odqjxdjh/ phdqlqj wkdw v

phdqv pF = Wkhq wkh uhwxuqv wr jurxs 4 duh=

� +4� i, | li lw fkrrvhv F1

� i|@7 li lw fkrrvhv E1
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� { +4 . #, @5 . i|@7 li lw fkrrvhv D1

Wkxv/ lq wklv fdvh wkh ehvw uhvsrqvh lv F li dqg rqo| li=

+4� i, | A {
4 . #

5
. i|@7

Rwkhuzlvh wkh ehvw uhvsrqvh lv D/ zklfk dozd|v grplqdwhv E1

51Zkdw qrz li jurxs 5 xvhv wkh �E� odqjxdjhB Wkhq wkh uhwxuqv duh=

� +4� i,|@5 li 4 fkrrvhv F

� +4� #,{@7 . i|@5 li lw fkrrvhv E

� +4 . #,{@5 . i|@7 li lw fkrrvhv D

Wkxv wkh ehvw uhvsrqvh pd| hlwkhu eh D/ E/ ru F1 Iru h{dpsoh lw lv E li dqg

rqo| li=

+4� #,{@7 . i|@5 A +4 . #,{@5 . i|@7

Dqg=

+4� #,{@7 . i|@5 A +4� i,|@5

61Li jurxs 5 xvhv D/ wkhq wkh uhwxuqv duh=

� +4� i, |@5 li 4 fkrrvhv F

� +4 . #,{@5 . +4� #,{@7 . i|@5 li lw fkrrvhv D

� i|@7 li lw fkrrvhv E1

Wkhuhiruh/ wkh ehvw uhvsrqvh lv D l�=

+4 . #,{@5 . +4� #,{@7 . i|@5 A +4� i, |@5

/ dqg F rwkhuzlvh1

Wkh deryh frpsxwdwlrqv uhyhdov wkdw/ li zh odeho [\ dq htxloleulxp zkhuh

jurxs 4 vshdnv [ dqg jurxs 5 vshdnv \/ wkh iroorzlqj htxloleuld pd| h{lvw=
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DD/ EE/ FF/ DE1 Wkh }rqhv zkhuh wkhvh htxloleuld h{lvw lq wkh +i>#, sodqh duh

uhsuhvhqwhg lq �jxuh 61

Iljxuh 6 vxjjhvw wkdw whfkqrorj| dqg vrflrorj| lqwhudfw lq dq lqwhuhvwlqj

zd|1 Whfkqrorj| pd| eh d eudnh wr vrfldo vwudwl�fdwlrq e| lqwurgxlqj d whfk0

qlfdo odqjxdjh frpprq wr doo vrfldo jurxsv1 Wklv lv uhsuhvhqwhg e| wkh �FF�

ru �mdujrq� htxloleulxp1 Whfkqlfdo fkdqjh zklfk pdnhv vshfldol}dwlrq ohvv ydox0

deoh/ dv uhsuhvhqwhg e| dq lqfuhdvh lq i/ pd| wuljjhu olqjxlvwlf vwudwl�fdwlrq1 Iru

h{dpsoh li wkh hfrqrp| vwduwv dw srlqw P/ zlwk d yhu| vwudwl�hg vrflhw| dqg d

yhu| vshfldol}hg whfkqrorj|/ FF lv dq htxloleulxp1 Dq lqfuhdvh lq whfkqrorjlfdo

 h{lelolw| pd| ohdg wkh hfrqrp| wr srlqw Q/ zkhuh wkh mdujrq htxloleuxp glv0

dsshduv dqg d vwudwl�hg htxloleulxp DE suhydlov1 Li rq wkh rwkhu kdqg vrflhw|

lv qrw wrr vwudwl�hg/ wkhq wkh hfrqrp| zloo pryh iurp P* wr Q*/ vr wkdw wkh

qrq0vwudwl�hg mdujrq htxloleulxp lv uhsodfhg zlwk d qrq0vwudwl�hg qrq mdujrq

htxloleulxp1

Qrwh wkdw lw lv iru lqwhuphgldwh ydoxhv ri wkh  h{lelolw| sdudphwhu i wkdw

vwudwl�fdwlrq lv prvw olnho|1 Li  h{lelolw| lv kljk/ wkhuh lv d kljk uhwxuq wr lq0

yhvwlqj lq wkh rwkhu jurxs*v odqjxdjh/ zklfk lv ydoxhg dw wkh zrunsodfh1 Li lw lv

orz/ wkhuh lv d kljk uhwxuq wr lqyhvwlqj lq wkh whfkqlfdo mdujrq1 Dw lqwhuphgldwh

ydoxhv/ rqh zrxog lghdoo| zdqw wr lqyhvw lq erwk/ exw wklv lv wrr frvwo| +lq wkh

prgho lw lv lq idfw lpsrvvleoh vlqfh wkhuh lv rqo| rqh vljq,> wkxv wkh uhwxuq wr

lqyhvwlqj lq rqh*v rzq odqjxdjh lv odujhu uhodwlyh wr wkh rwkhu rswlrqv1

8 Vxppdu|

Zh kdyh ghyhorshg d prgho ri hqgrjhqrxv odqjxdjh ghyhorsphqw zklfk doorzv

wr vwxg| wkh olqnv ehwzhhq vrfldo lqwhudfwlrq dqg whfkqrorj|/ dqg ghulyh lwv

frqvhtxhqfhv iru surgxfwlylw| dqg zhoiduh1 Rxu pdlq uhvxowv duh=

41 Wkh htxloleulxp ghjuhh ri olwhudf| lv vxerswlpdoo| orz ehfdxvh ri wkh

�wklq pdunhw h{whuqdolw|� dvvrfldwhg zlwk wkh odqjxdjh1

51Vrfldo vwudwl�fdwlrq jhqhudwhv olqjxlvwlf vwudwl�fdwlrq dqg wkh dvvrfldwhg
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rxwsxw dqg zhoiduh orvvhv gxh wr frppxqlfdwlrq idloxuh1

61Ehfdxvh ri wkh wklq pdunhw h{whuqdolw|/ wkhuh lv wrr pxfk vwudwl�fdwlrq

71Vshfldol}hg whfkqrorjlhv duh ohvv yxoqhudeoh wr vwudwl�fdwlrq wkdq  h{leoh

rqhv/ ru/ htxlydohqwo|/ lqfuhdvhg  h{lelolw| pd| kdyh dgyhuvh h�hfwv rq rxwsxw

zkhq vrflhw| lv vwudwl�hg1
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Txduwhuo| Mrxuqdo ri Hfrqrplfv

Odqj/ Nhylq +4<;9, �D odqjxdjh wkhru| ri glvfulplqdwlrq�/ Txduwhuo| Mrxu0

qdo ri Hfrqrplfv 434+5,> 696� ;5
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Od}hdu/ Hgzdug S1 +4<<<,/ �Fxowxuh dqg Odqjxdjh�/ Mrxuqdo ri Srolwlfdo

Hfrqrp|/ 43: +9,/ 4<<</ V<80459

Qhdoh/ Zdowhu F1 +4<;5,/ �Odqjxdjh dqg Hfrqrplfv�/ Mrxuqdo ri Hfrqrplf

Lvvxhv 49+5,/ 68809<

Vdlqw0Sdxo/ Jloohv +4<<8,/ �Lppljudwlrq/ Dvvlplodwlrq/ hw Vwudwl�fdwlrq Uì0

jlrqdoh= Hohphqwv gh Prgìolvdwlrq�/ dydlodeoh dw

kwws=22zzz1jhrflwlhv1frp2jvsdxob;37:2sdshuv2lqgsds1kwp

Vxvvpdq/ Ruhq +4<<;,/ �Odqjxdjh dqg Frqwudfw�/ Mrxuqdo ri Lqvwlwxwlrqdo

dqg Wkhruhwlfdo Hfrqrplfv 487+5,/ 6;70738
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