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Parametric equation

Usually, we are dealing with x and y parameters. Eg:
* ¥y =mx + c for linear equation
« y =ax? + bx + c for parabolic equation

« x?/a?+ y?/b’ =1 for circles & eclipses

In parametric equations, parameter t is introduced for
both x and y parameters to become x(t) and y(t) since
the motion of particle need to be investigated.



Parametric equation (line segment)

(Xo» Yo)
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Parametric equation (line segment)

X =a+ bt y=c+dt
Initial point (x,,y,) and end point (x,,y,) are given
At initial point, t = 0
xp=a+b(0)  y,=c+d(0)
Hence, a=x, c=Y,
Atend point, t =T
x,=a+bTl y,=c+dT
Xy =Xp+bT Y1=Yo+dT
Hence b=(x;,—x,)/T d=(y,—yy)/ T
Substitute a, b, ¢, d into x(t) and y(t)
X=Xo+[(X;—Xg) / T]t Yy=YotIlly:—yod /1]t
forO<t<T



Parametric equation (curve)




Parametric equation (curve)

y(x) is given
Initial point (x,,y,) and end point (x,,y,) are given
Find the relation between x and t to form x(t)

Substitute x(t) into y(x) to form y(t)

X
t X A

: : > 1
: : (T,x}\
T X4




Parametric equation (circles & eclipses)

g X = h+acosvt
y =Kk +Dbsinvt
b O<vt<2rx
(h.,k)
N a IP .
D (h,k) = center of circle @
eclipse
> X
/ v = particle speed constant.
increasing v causes
increasing particle speed

a = horizontal radius

IRY. RY: - .
(Xx—h) +(y k) 1 b = vertical radius

a’ b? Circle > a=b
Eclipse 2> a#b



Parametric equation (circles & eclipses)

y
A

. X =acost
Initial point
- « y=Dbsint

a 0<t<2r




Parametric equation (circles & eclipses)

X =—aCcost
Initial point
™ x y=Dbsint
0<t<2rx




Parametric equation (circles & eclipses)

y
A

S X =acost
Initial point
~ _x y=-bsint
0<t<2x
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Parametric equation (circles & eclipses)

A
b
X =—acost
Initial point _
~ , x y=-bsint
a
0<t<2rx
S~ |
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Parametric equation (circles & eclipses)

y

A
Initial point

a

T
N

X =asint
y =bcost
0<t<2rx
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Parametric equation (circles & eclipses)

y

A
Initial point

0<t<2r

b |/
/‘\ X =—asint
/ j , x y=Dbcost
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Parametric equation (circles & eclipses)

y
A

X =asint
, x Y =-bcost
/ 0<t<2r

B
o

Initial point
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Parametric equation (circles & eclipses)

y
A

b

X =—asint
x Y =—Pbcost

\\‘J 0<t<2r
N

Initial point
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Calculus of parametric equation

Differentiation dy Integration
—{ =tangentlineatx=c
dx |, b
dy _dy/dt a2y | = [ y(x)dx
dx dX/C’[ ™ >0 concaveup .
d’y d /dYJ OIZy<O concave down b dt
= 2 = | y(X)dx—
dx>  dx\dx) * E[y( T
_ d(dy/dx)/dt ¢ dx
T dx/dt -] YO g
t

_dy’/dt i
" dx/dt 1= [ y@x(tydt
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Curve length & surface area

How to find out the length of curve s ?
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First: Divide s into very small portion, named ds

S

<

Second: Approximate ds as small line segment

Third: Use Pythagoras theorem after resolving ds into dx
and dy

B g ds?=dx? +dy?

dx
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ds® = dx’ +dy”

Since we are dealing with time / parametric equation dt
must be substituted together with ds, dx & dy

&) -(5)+(5)
H‘;WT

- Curve length equation

dx

&)

dt

-G

dy
dt

jdt




Finding surface area (shaded) for

rotated curve s
<P dA=2ards

g

dA

Shaded area = (circumference of circle) x (height)
Circumference of circle = 2rmrr

Height = ds
20



Rotation about x-axis @y =0

D

> X

dA = 2xrds

2 2
or-2on[ 2] (2

t dx
A= (27 | &
t{ ﬂy\/(dt
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Rotation about y = c (above the curve)

> X

dA = 2rds

dA=27(c— y)\/(

dx

dt

)G
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Rotation about y = ¢ (under the curve) (1)

¢ c

dA = 2xrds
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Rotation about y =-c (under the curve) (2)

dA = 2xrds

n-2steon[ %]

A:_t[27z(c+ y)\/(o|
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Rotation about y-axis @ x =0

dA = 2ards
2 2
dA = 27x (d_j (d_yj dt
dt dt
t 2 2
A= IZﬂXJ(%j +(d_yj dt
ty d




y
A

Rotation about x = c (right side of the curve)

.

dA = 2xrds

on=2xto-, (%] (]

= forte 0 [ %] +( 2] a




Rotation about x = c (left side of the curve) (1)

> X

dA = 2zrds

S IR




Rotation about x = -c (left side of the curve) (2)

y
A

> X

r=x+c

dA = 2ards

dA=27z(x+c)\/(%) +(3—¥j dt

p=Jortera [ %) (% a
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