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Solutions for Problem Set 3

Capital Taxation in a Two-Period Model
Question 1:
The budget constraint in the first period is:

c1 = w1 � s;

and in the second period the budget constraint is:

c2 = w2 + (1 + r)s:

We can solve the second budget constraint for s and plug the result into the first-period budget constraint
to get the present-value budget constraint:

c1 +
c2

1 + r
= w1 +

w2

1 + r
;

The Lagrangian for the maximization problem of the household is:

L = u(c1) + �u(c2) + �

�
w1 +

w2

1 + r
� c1 �

c2

1 + r

�

The first-order conditions are:

u0(c1) = �

and:

�u0(c2) =
�

1 + r
:

Dividing these conditions yields:

u0(c1)

�u0(c2)
= 1 + r:

The left-hand side is the marginal rate of substitution between consumption in the two periods, and the
right-hand side, the gross interest rate, is the relative price of consumption in the two periods.

Question 2:
With the consumption tax, the present-value budget constraint reads:

(1 + �c)c1 +
(1 + �c)c2
1 + r

= w1 +
w2

1 + r
;

The Lagrangian for the maximization problem of the household is:

L = u(c1) + �u(c2) + �

�
w1 +

w2

1 + r
� (1 + �c)c1 �

(1 + �c)c2
1 + r

�

The first-order conditions are:

u0(c1) = �(1 + �c)
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and:

�u0(c2) =
�(1 + �c)

1 + r
:

Dividing these conditions yields:

u0(c1)

�u0(c2)
= 1 + r;

which is the same condition as before. The consumption tax therefore does not distort the intertemporal
optimality condition.

Question 3:
Since it will be useful in Question 6, I will do the general case with different taxes in the two periods. With
the income tax, the budget constraint in the first period is:

c1 = (1� �1)w1 � s;

and in the second period the budget constraint is:

c2 = (1� �2)w2 + (1 + (1� �2)r)s:

Notice that only the interest, not the principal is taxed in the second period.

We can solve the second budget constraint for s and plug the result into the first-period budget constraint
to get the present-value budget constraint:

c1 +
c2

1 + (1� �2)r
= (1� �1)w1 +

(1� �2)w2

1 + (1� �2)r
:

The Lagrangian for the maximization problem of the household is:

L = u(c1) + �u(c2) + �

�
(1� �1)w1 +

(1� �2)w2

1 + (1� �2)r
� c1 �

c2

1 + (1� �2)r

�

The first-order conditions are:

u0(c1) = �

and:

�u0(c2) =
�

1 + (1� �2)r
:

Dividing these conditions yields:

u0(c1)

�u0(c2)
= 1 + (1� �2)r:

The right-hand side is different now. The income tax distorts the intertemporal choice of the household.

Question 4, Question 5:
I will show that this type of tax is equivalent to a consumption tax (which answers question 5). Since the tax
is equivalent, the optimization problem is equivalent to the problem with consumption taxes considered
above, and therefore the intertemporal optimization condition is not distorted.

The budget constraint in the first period is:

c1 = (1� �I)(w1 � s);
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and in the second period the budget constraint is:

c2 = (1� �I)(w2 + (1 + r)s):

Dividing by the tax, these constraints can be written as:

1

1� �I
c1 = (w1 � s);

and in the second period the budget constraint is:

1

1� �I
c2 = w2 + (1 + r)s:

Now define ~�c by:

~�c �
�I

1� �I
:

We then have:

1 + ~�c =
1

1� �I
;

so that the budget constraints can be written as:

(1 + ~�c)c1 = (w1 � s);

and:

(1 + ~�c)c2 = w2 + (1 + r)s:

The budget constraints are the same that would arise from a consumption tax ~�c, therefore the income tax
with exempt investment and a consumption tax are equivalent.

Question 6:
The case of a consumption tax is easy and can be solved by “guess-and-verify.” I guess that the tax rate rate
is �c = 1 in both periods, and consumption is c1 = c2 = 0:5. That this solution is correct can be verified by
plugging the values into the budget constraint and optimality condition of the consumer. The consumer’s
utility is:

u(c1) + �u(c2) = ln(0:5) + :8 ln(0:5) = �1:8 ln(2) � �1:248:

The case of an income tax is more complicated and requires different tax rates in the two periods. The
solution can be found by solving the following system of equations:

c2

�c1
=1 + (1� �2)r

c1 +
c2

1 + (1� �2)r
=(1� �1)w1 +

(1� �2)w2

1 + (1� �2)r

0:5 =�1w1

0:5 =�2[w2 + r((1� �1)w1 � c1)]

The four equations are the optimality condition and budget constraint of the consumer, and the budget
constraints of the government which specify that revenue has to equal 0:5 in each period. The term (1 �
�1)w1 � c1 in the last equation are the savings of the consumer. These four equations need to be solved for
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the four unknowns c1, c2, �1, and �2. The third equation yields �1 = 0:5w1. Using this in the other equations
and plugging in the assumed values for w1, w2, �, and r results in the following system:

c2

c1
=
1

5
(5� �2)

c1 +
4c2

5� �2
=
1

2
+

4 (1� �2)

5� �2

4 =�2(9� 2c1)

Solving the first equation for c2, the third equation for �2, and plugging this into the second equation gives:

9

5
c1 =

1

2
+

4
�
1� 4

9�2c1

�
5� 4

9�2c1

:

Simplifying this results in the following quadratic equation:

0 = 18c2
1 �

434

5
c1 +

81

2
;

which has the solutions:

c1 = 2:411�
p
3:562

The only feasible solution is the smaller one (otherwise c2 is negative), thus:

c1 � 0:524:

Going backwards, we can now find �2 = :503 and c2 = :471. The consumer’s utility is:

u(c1) + �u(c2) = ln(0:524) + :8 ln(0:471) � �1:249:

Thus the consumer is (slightly) worse off with the income tax, since his intertemporal choice is distorted.

The Grabbing Hand
Question 7:
The firm solves:

max
ld

�
ld � wld

	
;

and the first-order condition gives:

w = 1:

If no income is exempt, the consumer solves:

max
ls

�
20(1� �)wls � (ls)2

	
:

The first-order condition is:

20(1� �)w � 2ls = 0;

which implies:

ls = 20� 10�;
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since we have w = 1.

If the first two units of consumption are tax-exempt, the consumer solves:

max
ls

�
20[wls � �(wls � 2)]� (ls)2

	
:

The first-order condition is:

20(1� �)w � 2ls = 0;

which implies once again:

ls = 10� 10�:

Thus for a given tax, labor supply is the same for both taxation schemes.

The government wants to finance one unit of government expenditure, thus total tax revenue has equal
one. If there is no exemption, tax revenue R is given by:

R = �wls = 10� � 10�2:

Thus we need to solve:

1 = 10� � 10�2;

which yields:

� =
1

2
�
r

1

4
� 1

10
� :113:

The other solution to the quadratic equation clearly gives lower utility to the consumer. Given the tax, we
get ls � 8:87; c � 7:87, and u(c; ls) � 39:36.

If minimum consumption is exempt, we have to solve:

R = �(wls � 2) = 8� � 10�2 = 1:

which yields:

� =
2

5
�
r

4

25
� 1

10
� :155:

Given the tax, we get ls � 8:45; c � 7:45, and u(c; ls) � 38:80. Thus the utility of the consumer is lower if
some income is exempt. That is just what we should have expected: With exempt income, marginal taxes
need to be higher, and higher marginal taxes increase distortions.

Question 8:
Now instead of financing a given expenditure, a politician wants to squeeze the maximum possible tax
revenue out of the consumer. If no income is exempt, revenue is given by:

R = �wls = 10� � 10�2:

Maximizing this with respect to � gives the following first-order condition:

10� 20� = 0;

so that the revenue-maximizing tax is given by � = :5. Thus in turn implies that ls = 5, c = 2:5, and
u(c; ls) = 12:5, and tax revenue is given by R = 2:5.
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If minimum consumption is exempt, tax revenue is given by:

R = �(wls � 2) = 8� � 10�2:

The first-order condition with respect to � is:

8� 20� = 0;

so that the revenue-maximizing tax is given by � = :4. Thus in turn implies that ls = 6, c = 4:4, and
u(c; ls) = 26, and tax revenue is given by R = 1:6. Thus the utility of the consumer is higher if some income
is exempt.

Thus depending on our assumptions about politicians, the optimal policy is different. When there is no
exempt income, distortions are lower, but it is also easier to exploit households to the limit. If you distrust
the government and think they are after your money, you probably should be in favor of exemptions. Even
though they lead to inefficiencies, they also limit the power of politicians, which might be beneficial. On
the other hand, if you think of the government as a benevolent social planner, you should be in favor of
removing all exemption, together with a cut in tax rates.

The Political Economy of the Budget Surplus
Question 9, Question 10:
There are four main options for using the surplus:

a. Same taxes and spending, less debt (or equivalently, increase in the Social Security Trust Fund).

b. Same taxes, additional discretionary spending (education, infrastructure, etc.).

c. Same taxes, additional spending on Social Security reform (transition to increased use of personal
retirement accounts).

d. Lower taxes, same spending.

From an optimal policy perspective, the key is to achieve tax-smoothing over time. Since spending on
entitlements is sure to increase in the future (especially Social Security), it would be wrong to cut taxes
now, because they would have to increase even more in the future. Policies a) (with less debt, taxes will
have to increase less in the future) or c) (Social Security reform will lower the growth of entitlements, and
again taxes will have to increase less) would be best.

Under political economy considerations, Policy a) looks less attractive. Since there would be budget sur-
pluses in the future, politicians would have more incentives for additional wasteful spending (“emergency
spending”). Policy d) looks more attractive, because lower taxes will lead to more debt and therefore more
interest payments, which makes it harder for politicians to increase spending.
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