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ABSTRACT: The heat equation is solved in two dimensions using the forward difference method and the optimal choice  ∆t K /∆x2 =1/6.

The homogenous heat equation in two dimensions  is 

 ∂ u(x,y,t) /∂ t  =K { ∂2 u(x,y,t) /∂x2  + ∂2 u(x,y,,t) /∂y2 }            (1)

where K ~ length2 /time  with initial condition u(x,y,0)=f(x,y).

The analytical solution in an unbounded space is (in  3-dim)

u(x,y,z,t) =

 1/(4 π K t )3/2  ∫ f(u,v,s) exp{-[(x-u)2 +(y-v)2 +(z-s)2 ]/(4Kt) } dudvds   (2)                                              
while in 2 dim it reduces to ,
u(x,y,t) = 1/(4πKt)∫f(u,v) exp{-[(x-u)2 +(y-v)2 ]/(4Kt) } dudv    .       (3)                   

In the optimized forward difference method, in one dimension (ref 1), it is shown that an optimal choice of the intervals is 

                                        ∆t K /∆x2 =1/6                                   . (2)

The forward difference expansion of (1) in one dimension is

u(x,t+∆t) = (1/6) {u(x+∆x,t) + 4 u(x,t) + u(x-∆x,t)}  +O( ∆x6)   .(3)

We suppose that in two dimensions one can write 

u(x,y,t+∆t) = (1/6) {u(x+∆x,y,t) + 4 u(x,y,t) + u(x-∆x,y,t)}  

                   +(1/6) {u(x,y+∆y,t) + 4 u(x,y,t) + u(x,y -∆y,t)}    , (4)

or simply 
u(x,y,t+∆t) = (1/6) { u(x+∆x,y,t) + 8 u(x,y,t) + u(x-∆x,y,t)  

                                +u(x,y+∆y,t) + u(x,y -∆y,t)  }            .          (5)

We implement a FORTRAN code using (6) to solve the problem worked in ref. 3,  by an integral method.
Problem. Find u(x,y,t)     ,    x    , y    , t >   given K= 1 m2/s ,

and u(x,y,0)= 100 exp( - α ( x2 + y2))   , α =3/m2  .

Data :

K= 1 m2 /s   , α = 3 /m2   , tscale =1/3 sec.
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Fig 1. Temperature distribution along X axis at t=.015 s . Compare with Figure 3.
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Figure 2. temperature distribution at  t=0.15 sec. Compare with Fig 4. 
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Fig 3. Taken from ref 3. Temperature along X axis  for  t= .05*tscale. 
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Fig 4 . From Reference 3.
Conclusions:

The optimal forward difference method provides a solution for the heat equation that is of the same quality as that obtained from the integral method.

FORTRAN code

c      2 dimensional heat equation K*(d^2 u/dx^2 +

c  d^2 u/dy^2= du/dt

c  solved by forward difference method with optimal K*dt/dx**2=1./6.

c see W. E. Milne DE ,page 121

      dimension ubot(0:50,0:50),utop(0:50,0:50)

      real K

      data K,alfa/1.,3./

      data nstep/10/

      equivalence (dx,dy) ,(xi,yi),(xf,yf)

      f(u,v)=100.*exp(-alfa*(u**2+v**2))

      pi=2.*asin(1.)

      tscale=1./(K*alfa)

      vscale=K*alfa**.5

      tapp=.05*tscale

      xf=1.5

      xi=-xf

      dx=(xf-xi)/float(nstep)

      dt =(1./6.)*dx**2/K

      nt=int(tapp/dt)

      print*,'tapp,nt,dt,dx,nstep=',tapp,nt,dt,dx,nstep

      print*,'  '

c initial conditions

      do 10 i=0,50

      x=xi+dx*float(i)

      do 10 j=0,50

      y=yi+dy*float(j)

      ubot(i,j)=f(x,y)

10    continue

      do 30 it=1,nt

      t=dt*float(it)

c do 30  is the loop for  time development/ do 20 the loop for the

c      x development for a   fixed time

      do  20 i=1,nstep-1

      do  20 j=1,nstep-1

      utop(i,j)=(1./6.)*(ubot(i+1,j)+ 2.*ubot(i,j)+ubot(i-1,j) +

     $ ubot(i,j+1) + ubot(i,j-1)  )

20    continue

      do 40 i=0,nstep

      do 40 j=0,nstep

      ubot(i,j)=utop(i,j)

40    continue

30    continue

      print*,'final time=nt*dt=', t

      do 50 i=0,nstep

      x=xi+dx*float(i)

      y=0.

      j=int((y-yi)/dy)

      print 100 ,t,x ,y,utop(i,j)

c      print*,' '

50    continue

100   format('t,x,y,u=',4(3x,e10.3))

      stop

      end

