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Analysis of the Modified MOS Wilson Current

Mirror: A Pedagogical Exercise in Signal Flow

Graphs, Mason’s Gain Rule, and Driving-Point
Impedance Techniques

Ronald G. SpenceMember, IEEE

Abstract—A pedagogical analysis of the modified MOS Wilson many students are enlightened as the subject matter is suddenly
current mirr_or using si_gnal flow graphs (SFG_s), Mason’s gain reduced to something more rational.
rule, and drl_\/lng-pomt impedance (DPI) _technlql_Jes is presented In [1], Sedra and Smith do a good job of making the con-
as an exercise for undergraduate electrical engineering students nection between thamount of feedbacind the correspondin
learning to ana!yze transistor-level circuits with multiple-fee(_zl- decreases in aain and chanaes in inout and out utF;esiStagl]’lceS
back loops. While students often prefer the SFG representation 9 g p p . o
for single feedback loops, they often abandon it in favor of the Inthe chapter on feedback they lead the student into an implicit
more familiar nodal analysis methods for multiple loops. Yet understanding of some tradeoffs; e.g., that a decrease in gain due
these methods can be long and cumbersome and contribute little to feedback leads to a change in some other quantity by the same
to intuition. In an attempt to preserve the intuitive grasp of amount. Fortunately, the students can verify the direct relation-
tradeoffs, this paper presents an exercise of several well-estab-gp;i, hanyeen these quantities using fundamental analytical tech-
lished analytical techniques for generating and analyzing SFGs. niques such as the short-circuit and test-voltage methods, thus
The modified Wilson current mirror is used to compare three q - i . ) o 9 oo
analytical approaches: 1) fundamental laws with brute-force reinforcing this understanding. But in addition to establishing
algrebra; 2) fundamental laws with Mason’s gain rule; and 3) a direct relationship between these quantities, the results sug-
DPI technique with Mason’s gain rule. The concepts reinforced in - gest that the knowledge that is embodied by the methods them-
this paper include: 1) tradeoffs between gain and other quantities selves is somewhat redundant and carrying out each one con-
such as output resistance or bandwidth; 2) how Mason's gain gt \tes unnecessary work, which may be simplified by a basic
rule simplifies the analysis of closed-loop gain; and 3) how DPI understanding feedback. Many find the unifying framework sat-
techniques simplify the generation of SFGs. s . 9 S ’ y g_ . .
o . isfying, as it maintains a degree of coherence in a topic that is
Index Terms—Driving-point impedance (DPI), feedback, otentiallv verv illusive
Mason's gain rule, signal-flow graphs (SFGs), small-signal anal- P All is V\?/ell u}r/1til the student encounters a circuit with mul-
ysis, transistors. ) i o - ;
tiple feedback loops like the modified Wilson current mirror [2].
Here, the output resistance given by Sedra and Smith is not quite
I. INTRODUCTION like that of the well-known cascode structure that is understood

HEN teaching the fundamentals of transistor-levd[om the given lessons on feedback. The immediate question
Wcircuit analysis to junior and senior level students, ffoM students, and understandably so, is Why? It is the objec-

is helpful to tie concepts together into unifying framework&Ve Of this paper to answer this question and propose a pedagog-
in order to avoid giving the impression the subject is full oical exercise forunderstandlng and gaining cqnﬂdence in signal
disjointed concepts. For instance, the topic of feedback afW 9raph (SFG) generation and the calculation of closed-loop
as a foundation for understanding why the output resistan%%ant't'es such as gain and outp_ut resistance. The objective isto
of a transistor increases when a resistor is placed betwdgfiforce the notion that generation and analysis of SFGs should
small-signal ac ground and the source of a metal-oxicﬁ@rely be abandoned, Mason'’s gain rule [3]_ extends the analyt-
semiconductor field-effect transistor (MOSFET) or emittef@l framework presented by Sedra and Smith, and the SFG may
of a bipolar junction transistor (BJT), a fact that is usuallf€ 9enerated systematically, using the driving-point impedance
studied before feedback. Also introduced before feedback(i8P!) method [4], [S]. Several concepts may be reinforced from
the closed-loop transconductance gain for these configuratiofdch an analysis: 1) that the conservational laws of feedbf"Ck
which has much in common with the output resistance, bPP!Y to circuits with multiple feedback loops; 2) that Mason’s
the relationship may be overlooked or underemphasized. §8in rule can simplify such analyses; and 3) that DPI techniques
the student, gain and output resistance are unrelated itefigy be used to systematically generate SFGs.
contributing to the difficulty in understanding. However, when
feedback later ties them together in one unifying framework, [I. BRUTE-FORCE ANALYSIS: SHORT-CIRCUIT AND TEST
VOLTAGE METHODS

Manuscript received January 11, 1999; revised June 16, 2001. The modified NMOS Wilson current mirror is shown in
The author is with the Electrical Engineering Department, Texas A&M Uni'—:. . £f . fwhich drai
versity, College Station, TX 77843-3128 USA. ig. 1. It consists of four transistors, two of which are gate-drain
Publisher Item Identifier S 0018-9359(01)09881-8. connected (M2 and M3). As all current mirrors are ideally
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_‘ | | I_ M2 Fig. 3. The current mirror with ac grounded output for finding closed-loop
L(_J ] | I_._l current gain. The left side, which is the same as that shown in Fig. 2(a), is not
shown.

7 e of the concepts of feedback: the short-circuit method for gain

and the test-voltage method for output resistance.
Fig. 1. The NMOS modified Wilson current mirror.

g ; A. The Short-Circuit Method for Finding Closed-Loop Gain
] o

—G— e The short-circuit method for finding thetransconductor gain
Vg4 o involves grounding the output and finding the ratio of output
1 > Ema ¥ 0 , to input current. By shorting the output to ac ground, the con-
Em3+8&03 % ma fgs o4 tribution from the finite output resistance, which could distort
the measurement of the feedforward action, is eliminated. Fig. 3
1 shows the grounding of the output on the right side of the cur-

7ol {t> Emi¥s4 Em2+802 rent mirror for this purpose.

V53 ¥sq

This method is more or less a brute-force way of calculating

the closed-loop gain, regardless of how one goes about it.

@ () Using either straightforward substitution or matrix techniques,

the node voltage method can require quite a few calculations.

Fig. 2. Small-signal circuits of the modified Wilson current mirror: (a) leflUsing the circuit in Fig. 2(a), two independent node-voltage
side (M1 and M3) and (b) right side (M2 and M4). equations may be written: one &, (1) and the other a¥.3
] ) ) ~ (2). The transconductances of M1 and M3 are denoted, hy

designed to do, input current flowing down the left side ignq gms3, respectively, and the output conductance of M1 is

amplified (or attenuated) and mirrored to the right side. denoted by,
For small amplitude ac signals, the left and right sides may
be modeled as shown in Fig. 2. Transistor M3 is approximated i + (Vaz — Vya)(gms + go3) =0 Q)

as a resistor with a value ¢f,,3 + g.3) !, whereg,,z andg,s and
are the transconductance and output conductance of M3, respec- iV v —0 @
tively, and M1 is modeled as a voltage controlled current source b ™ Vsadml = Vs3fol =T

with a transconductance gain gf,, and output resistance,, By substitution (1) and (2) are combined to obtain (3), which
as shown in Fig. 2(a). Likewise, M4 and M2 may be mOdele&presseé@ in terms of the input current, transconductance,

as a nonideal transconductor and source degeneration trangfer output resistance of M1 and M3, and the source terminal
sistance, respectively, as shown in Fig. 2(b). Although shown\;gnage of M4

be two separate circuits, they are, of course coupled.

Several feedback loops may be identified, two of which are . Jol
most significant: 1) the source degeneration loop that exists due Vo = To1 {Li [1 + Gms + gog:| B gle54} ’ 3)
to the transresistance that results from M2 being gate-drain con- . . _ :
nected between the source of M4 and ac ground and 2) the Ié{A King the assumptiog,; < gms + g3, Which is neither un-
that is made by all four transistors. Another less significant IOJS listic nar necessary, the efiect of M3 is eliminated altogether
exists dge to the finite output resistancg of M4. Bece}use there Vs 2 101 (is — g1 Vas). 4)
are multiple feedback loops, Mason’s gain rule is required to an-
alyze the circuit from within a feedback framework. The output Moving on to the right side of Fig. 3, two more independent
resistances of the gate-drain connected transistors, M2 and tfiations may be written using the node voltage method and
may be neglected for simplicity because the transconductar@em’s law
is much greater than the output conductance, but the exact ex-
pression is carried through in this analysis for the sake of comé, + gma(Vya — Vis) — goaVea = 0; Vou =
pleteness.

Next, the closed-loop gain and output resistance will be founchere the output is shorted to ac ground to obtain the short-
using two brute-force techniques that do not make explicit us&cuit current gain.

io

— (5
gm2 +.902 ( )
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Combining (4) and (5) yields a good approximation of the Ltast
closed-loop current gairff 7
A
_ io —9m4Tol ¥
H,="2 = . (6) EmaVgsa < 704 tost
¢ (2 V,=0 1 + grn4(1 + granol) + Go4 & <>
Im2 + Go2 ¥sq §
Itis instructive to note that the denominator of the closed-loop > 1
current gain is unity plus a combination of feedback and feedfor- Em2+802
ward terms, which will be shown to be consistent with Mason’s
gain rule in the next section. In the meantime, it is sufficient to
note that the numerator is the Open_loop current galn Fig. 4. The current mirror with a test voltage applied to the output for finding
closed-loop output resistance. Additionally, the current input is zeroed, making
io V44 equal toV,s.
Hol = - = —9m4Tol (7)
(3 Vs, Vo=

The above analyses require a considerable amount of effort

i.e., the current gain wheW,4 is ac grounded, again neglectingor analyzing such a simple circuit, and several steps were

go1 IN comparison t@y,,.3 + go3. omitted in order to emphasize the flow. When performing
o substitutions and rewriting equations, errors can render the

B. The Test-\oltage/Test-Current Methods for Finding results inaccurate. There is a better way—signal flow graphs

Closed-Loop Output Resistance and Mason’s gain rule.

The test-voltage/test-current methods are two brute-force
methods for finding closed-looputput resistanceWithout 1ll. FEEDBACK ANALYSIS USING SIGNAL FLOW GRAPHS AND
feedback, these methods are quite simple. However, when MAsSON's GAIN RULE

obtained in a perfunctory manner. It is this feature that makes

The test-voltage method requires that 1) all independgijt,c,y's gain rule so powerful; a form of knowledge is encap-

sources be zeroédnd 2) a test voltage be applied to the n°d§ulated in the rule. which saves time

under consideration, to calculate the res_ultlng test current, - <on's gain rule [3], [6] states that the closed-loop gain
Alternately, the test-current method requires that a curr?géa

uals a weighted-sum of forward path gains divided\yyhe
be applied to the node under consideration to calculate ph deterng]]inant pathg yh
resulting voltage. In either case, the ratio of test voltage to test
. . o i .
curr.ent determines the resistance looking |n.to the nodg. . Gaingjosed loop™ A § PA,; (10)
Fig. 4 shows the test-voltage method applied to the right side vi

of the cur_rent mirror. Node voltage and Ohm’s law generatgv%erepi is the ith forward path gain and; is the corre-
two equations

sponding path cofactor. The graph determinant is defined

irest = Gma(Vys — Vsa) + (Viest — Vi) goa as unity _min_us the sum of all Ioop gains, plus_ the sum of

Gront all combinations of two nontouching loop gain products,

Vo = oozt 0oz (8)  minus the sum of all combinations of three nontouching loop
m [e]

) ) ain products, etc. Théth cofactor equals the determinant,
and the closed-loop output resistance may be obtained from gkiuding any loops that touch tiith forward path. For simple
and (8) where; = 0 graphs the path cofactors are often unity.

_ Viest — <1 4 Ima(l 4 gmiror) + go4> ©) Generation of the SFG and application of Mason’s gain rule

! Iz + 9o for a given circuit may proceed in six steps.

Ltest
) . 1) Identify and write the independent equations that describe
It should be noted that the closed-loop output resistance is * iha circuit using: 1) Ohm’s law; 2) Kirchhoff's current

the open-loop output resistance;,, times the same quantity law (KCL); and/or 3) Kirchhoff's voltage law (KVL).

that the open-loop current gain wdssided by to obtain the 2) Construct the SFG from the independent equations.
closed-loop current gain. This result reinforces the fact that the3) Find the forward path gain—the direct path gains from
effects of multiple feedback loops are conservational. Whereas input to output weighted by the path cofactors. If there

gain was divided, output resistance was multipHdxy,the same are more than one input to the SFG, superimpose each

quantity. stand-alone contribution (an example is shown in the next
1Replaced by their internal impedance. SeCtIOﬂ).
20pen-loop is defined @k, being ac grounded. 4) FindA, defined as unity minus the (sum of all loop gains,

3Multiplied rather than divided due to series sampling. minusthe sum of all product combinations of two non-
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Fig. 5. Approximate SFG of the modified Wilson current mirror in terms of low-level small-signal primitives: (a) left side (M1 and M3) and (b) egM3id
and M4).

touching loop gainsplusthe sum of all product combi- gain rule, rather than carrying out the algebra directly. However,
nations of three nontouching loop gainsinus... etc.). the same independent equations are still requirezbtwstruct
5) Divide the forward path gain byA to obtain the the SFG, andthe appropriate method for determining each equa-

closed-loop gain. tion (KCL, KVL, nodal analysis, or Ohm'’s law) is still a matter
6) Use A to determine other closed-loop quantities in thef choice and experience. In other words, the SFG is not yet
circuit using the respective open-loop quantities. generated in a perfunctory manner.

These steps may be demonstrated as follows. The indepen-

dent equations obtained in the previous section for the left sidgy. SysTEMATIC GENERATION OF AN EQUIVALENT SIGNAL
[see (1), (2), and (4)], may be used to construct Fig. 5(a). The in- FLow GRAPH USING THE DRIVING-POINT IMPEDANCE
dependent equations obtained for the right side (5) may be used TECHNIQUE

to construct Fig. 5(b). Using the entire SFG in Fig. 5, the de-
nominator may be constructed by inspection. In this cAsEs,
found by subtracting three loop gains from unity

In the previous section, Fig. 5 was generated by node voltage
and other equations for the modified Wilson current mirror,

which then required some algebraic manipulation to obtain
A1 <_7’Olgm4gml T Goa ) the simplest flow graph. The architecture uniquely determined

whether KVL, KCL, or nodal analysis was most appropriate for
a given instance. In order to assimilate this part of the analysis,
it is helpful to employ the DPI technique for systematic genera-
tion the SFG, which is equivalent in terms of closed-loop gain.
Realizing that the open-loop current gain is the gain of the There is one tradeoff to this approach which, when prop-
path directly from the input to the output, the closed-loop garly understood, is not unreasonable. To understand the impli-

gm2 + Go2 B gm2 + Go2 B gm2 + Go2
" 1 m )O o
Ima(l+ gm1? 1)+g4' (11)

gm2 + Go2

is given by cations of such systematically generated graphs, one must first
look at the SFG that wasot obtained by the DPI technique in
H, = PA, _ “9maTol _ Hot (12) Fig. 5. The process of writing nodal equations and using one’s
A 14 gma(1+ gmi7o1) + goa A own knowledge of the architecture to perform the algebraic ma-
gm2 + o2 nipulation does the following: 1) simplifies the flow so as not

to express unnecessary node voltagés,(for example) and

whereP; = —7,19,4 andA, is unity. Notice that this equation 2) keeps the SFG “atomié.”"For example, each gain block in
is identical to that obtained by the short-circuit method in (6)'Fig. 5 was one of the following fundamental small-signal cir-

Knowing that the effects of feedback are conservationr;&lUit DArAMELErSon1, Gmas Gmis Tots Gozs ANAgos. The advan-
f[he cI(:_sed-II<oop _out|tohutt trr?3|stancle may now bde_ _vc\i/rltten l?é{ge of such a SFG is that the determinaXxtjs the celebrated
'tESpeIC |or(1j. | nowmgt:] ta 9topen— .OOIP galjn E/)vas II\:'I quhbyt “amount of feedback” quantity which may be used to obtain ei-

€ closed-loop oulput resistance Is found by muitiplying r‘iﬁer the closed-loop gain or output resistance directly from the
open-loop output resistance hy

corresponding open-loop quantities. In short, this buys a form
Gma(1 + Gmi7o1) + go4> of signal flow that is fundamental, at the expense of having to

(13)  perform additional substitution and algebraic manipulation.
Alternately, the DPI technique allows one to obtain the SFG
which agrees with the test-voltage method (10), but required ifoa more perfunctory manner. However, the determinant of
algebra. the resulting graph will not always be “atomic.” Although the
Arriving at (12) and (13) by Mason’s gain rule is simpler thaglosed-loop gain obtained by Mason’s gain rule may require
the brute-force methods. The savings come about from Masog@ne manipulation to reduce it to a form in which the open-loop

Ro = -RolA = To4 <1 +
d gm2 + 9o2

4However, some knowledge of the effects of feedback is required to determinéin terms of fundamental, low-level, small-signal ac circuit parameters; gran-
whether to multiply or divide byA. ular.
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gain and the atomic determinant are evident, the algebraic mi
nipulation is shifted to single equations, rather than searchin
for the appropriate substitutions and then simplifying. Further-
more, some degree of algebraic processing is built-in to the DF
SFG, which occasionally eliminates the need for algebraic me
nipulation altogether.

DPI yg 4

S5Crg  NE Vs
| >

A 2

The DPI technique involves two equations at every dependet DFlyss
node [5]. One is written for the short-circuit current (SCC), and /’]‘ S5Cps3
another for the DPI. The SCC is the sum of all currents enterini Va o~

the node when shorted to ac ground. Thus, a current leaving
the node would be negative. To make the equations suitablg 6. DPI-generated SFG of the left side.
for generating the SFG, neighboring connections may be repre-
sented as voltage-controlled current sources (VCCSs) with p

portionality constants equal to the respective admittance, si . L
the node is hypothetically ac groundedhe resulting depen-rg&: atv,. is the current contribution fromg,, V, plusg,Vss4,

dent current sources may then be combined to generate the Swltt,h Vs aC grounded, and the DP.I Is the reciprocal of cor_1duc—
. . . « T . _tances leading out df,4, whereg,, is the conductance looking
This eliminates the computational “back action,” or “loadin

effects” that are present in the node voltage meth&ubse- gnto the source of M4
guently, the local DPI is determined by taking the parallel com-
bination of all impedances leading out of the node. Finding the
DPI is very straightforward due to the inclusion of ofdgalad- and
mittances and gives one an immediate feel for the gain leading DPly 4y = ;
into the node. Finding the SCC is also straightforward due to Im4a + Gm2 + Gos

being solely determined by local admittances and neighborirme SCC a, is the current contribution fror,, minus the

npde voltages. The resulting equations end up bemg re.lat'vgyltage-controlled current of M4. The corresponding DPI is the
simple and may be used to construct an SFG by multiplying tBﬁrallel combination of resistances leading outof
SSC by the DPI to obtain the given node voltage

B)If’IVSg. Four more equations may be written for Fig. 2(b). The

SCCV54 = grn4vtr]4 + .904‘/:)

17)

Viode = SCGCodeDPlLode. (14) SCGro =goaVsa — gmaVysa
=Vioa(Gma + gos) — Vgagma
Once the SFG has been obtained, approximations may be madg
as appropriate and Mason'’s gain rule may be applied.

Four equations may be written for Fig. 2(a)—two equations
for each node. The SCC &j4 is the sum of the small-signal
input current and the current contribution fror;. The cor-
responding DPI is the parallel combination of all resistanc
leading out ofV/4

DPlVo =To4- (18)

These equations may be used to construct an SFG of the
ight side of the modified Wilson current mirror, where

» = SCG/,DPly, andV,4 = SCG,;4DPly 44 (Fig. 7).

At this point, Figs. 6 and 7 could be joined and Mason’s

SCGy gy =i + (gm3 + go3)Vis gain rule applied, but these SFGs may be simplified. The SFG

and in Fig. 6 is a dual-input single-output graph with one feed-
1 back loop, which may be compressed. The resulting feedfor-

DPly g4 = (15) ward graph will be easier to deal with in the final application

m3 + Go3 S
Gm3 T Jos of Mason’s gain rule. To rearrange W, may be expressed

The SCC atV,; is the current contribution o¥,4, minus the as a superposition of the stand-alone contributions fipamnd
voltage-controlled current of M1. The corresponding DPI is thg,,. Each term is the product of one input and the stand-alone
parallel combination of all resistances leading ouvpf closed-loop gain of that input, which may also be obtained by

Mason’s gain rule
SCCVS3 = (grn3 + 903)‘/514 - grnl‘/sék

and ‘/514 _ FWd.GairyM
1 o .
DPlyys=— (16) Vaalii—o Av.
gm3 + go3 + Go1 ~ —gm1DPly,,DPky (g3 + go3)
An SFG may be constructed from these equations, as shown in 1 = DPly,,DPly,, (gm3 + go3)?
Fig. 6, whereV,y = SCG/ 4D Ply 44 andV3 = SCGr43 * = —gmiTol (29)
8A concept similar to current leading into the virtual short of an operationé\nd .
amplifier via a resistor. Vo _ Fwd.Gain,
7In fact, the DPI method may be derived from the node voltage method by 1, Veieo - JAYE
separating the back action from the forward action. 4= ‘ DPI
8This equation reduces to the famil&y.,, = V;..¢.. R.... for a single-stage Vou ~7r, (20)

amplifiers wheré/;,, g... represents SCC afd, ... represents DPI. 11— DPly,,DPly,, (gms3 + go3)?
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Fig. 7. DPI-generated SFG of the right side.
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Fig. 8. Simplified DPI SFG of the modified Wilson current mirror. The last gain block was added to provide the correct polarity of the current mputasout
defined in Fig. 1.

where the same approximation made in earlier sections wagh as the modified MOS Wilson current mirror. Three

made, i.e.gm3 + go3 > go1. Finally methods were presented: 1) fundamental laws with brute-force
substitution and algebraic manipulation; 2) SFG constructed
Voy =i @ + Vo, Vs from the fundamental laws followed by Mason’s gain rule;
R T "\ Vaali o and 3) SFG constructed from the DPI technique with Mason’s
20701 — VaaGmiTol (21) 9ain rule. It was shown that the second method was easier than

the first, since closed-loop gain and output resistance may be

The right SFG is simplified by setting, = 0, which is obtained graphically from the SFG. Yet the SFG in 2) was
necessary to obtain the short-circuit current gain. Now a newst obtained by inspection and therefore required algebraic
SFG may be constructed that combines both sides of the curneranipulation to obtain the necessary independent equations.
mirror and is easy to work with (Fig. 8). Mason’s gain rule thehe third method was shown to be more systematic than

produces the following equation in a single shot: the first and second because all parts were carried out in a
perfunctory manner as the algebraic manipulation was shifted
Z FA; to single equations.
Hy=Y The results also reinforce the fact that the effects of feedback
Aprr are conservational; i.e., that the loss of gain due to feedback
_ 9maTo1DPly;, (gma + Goa) = gmaTor improves some other quantity such as output resistance. In the
1+ gmaro1DPly,, g1 case of the current mirror, information is conveyed in the current
_ —Om4Tol _ Hoy 22) domain. In such a circuit, the output resistance should be high
1+ Ima(l 4+ gmi17o1) + Goa A compared to the input resistance of the next stage. Therefore, the
Gm2 + Go2 desiredchange in output resistance is an increase. Indeed, the

L . . . effects of feedback were shown to increase the output resistance
which is identical to (6) and (12), yet was obtained in a morgy A, which may be greater than unity. This demonstrates that
perfunctory manner. There are two forward path_gaﬁ?ﬂs: the effects of feedback can be beneficial.

—gmaro1 ANALs = gmaro1DPlyss(gms + gou) In this graph, =7 summary, this exercise serves well as a supplement for
and both path cofactors are unity. It is instructive to note, hove/é

) . aching analysis of transistor-level circuits with multiple feed-
ever, that the detgrmmqnt of the. DPI SE&py, is not the de- back loops and complements Sedra and Smith’s chapter on feed-
terminant of the simplified atomic SFG.

back. Since Sedra and Smith present only single-loop feedback
systems, this analysis could not have been carried out entirely
within the context of feedback without introducing Mason’s

This paper presented an exercise for finding the closed-logain rule, and the DPI technique makes SFG generation more
gain of transistor-level circuits with multiple feedback loopsystematic and perfunctory.

V. CONCLUSION
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