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The electron –electron repulsion energy is approximated by 
Vee  =  0.7937 (N-1) 2/3 ∫  ρ 4/3   d τ                                (1) 

where  ρ is the total electron density.

We chose ρ to be a sum over hydrogenic orbitals where instead of Z we have the variational parameter α. However we don’t vary α . We fix it at 

α = Z-5./16. 
For beryllium ( 1s2 2s2 ) state the density due to two doubly occupied states is ( Ψ 1s  , Ψ 2s) ,     
ρ = 2 [(α3 / π )1/2 exp(-α r)]  2  + 2 [ (α3/(32 π))1/2 (2.- α r) exp(-α r /2.) ] 2      (2)                             
The one electron equation is 

 {  -(1/2) ∆  -  Z/ r    +(4/3) 0.7937 (N-1) 2/3   ρ 1/3  }  χ  =     ε  χ           (3)

We solve the equation numerically (see below ) by finite differences and obtain two eigenvalues which are labeled ε1s , ε2s.

The total energy is 

E = 2 ε1s    + 2 ε2s     -  (Vee ) / 3                                              (4)
In the two graphs the hydrogenic wave function are compared with the numerical solution of a first iteration, χ.    That is,  Ψ1s =  (α3 / π )1/2 exp(-α r)   is compared with  χ 1s    , and Ψ2s with    χ 2s . They are very close.   
A second iteration, not carried presently, would substitute  χ 1s   and  χ 2s   in eq.(2). And this in turn would give a  new  Vee  through eq.(1).  

The values of   ε1s  and  ε2s are read from the following run.

e(au),e(ev), psifin=    -0.4936E+01    -0.1343E+03     0.1605E+04

 e(au),e(ev), psifin=    -0.4934E+01    -0.1343E+03     0.1266E+04

 e(au),e(ev), psifin=    -0.4932E+01    -0.1342E+03     0.9307E+03

 e(au),e(ev), psifin=    -0.4930E+01    -0.1341E+03     0.6166E+03

 e(au),e(ev), psifin=    -0.4928E+01    -0.1341E+03     0.2903E+03

 e(au),e(ev), psifin=    -0.4926E+01    -0.1340E+03    -0.3062E+02

 e(au),e(ev), psifin=    -0.4924E+01    -0.1340E+03    -0.3322E+03

 e(au),e(ev), psifin=    -0.4922E+01    -0.1339E+03    -0.6368E+03

Thus ε1s ≈ -4.93   .                                           (5)
e(au),e(ev), psifin=    -0.1147E+01    -0.3121E+02    -0.1963E-01

 e(au),e(ev), psifin=    -0.1144E+01    -0.3113E+02    -0.1131E-01

 e(au),e(ev), psifin=    -0.1141E+01    -0.3105E+02    -0.3306E-02

 e(au),e(ev), psifin=    -0.1138E+01    -0.3097E+02     0.4052E-02

 e(au),e(ev), psifin=    -0.1135E+01    -0.3088E+02     0.1156E-01

 e(au),e(ev), psifin=    -0.1132E+01    -0.3080E+02     0.1895E-01
Thus ε2s ≈ -1.14                                            (6)
 The repulsive energy is calculated by the subroutine Vee.

read e1s,e2s,e2p

-4.93,-1.14,0.

 ajcoul,etotal=  5.9212513 -14.1137505
The repulsive energy is  5.9212513 and the total energy -14.11.

The Hartree –Fock value is  -14.57 .  
Numerical Psi-1s vs Hydrogenic Psi-1s
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FORTRAN CODE 

c     density functional theory  13 mayo 2006

      dimension psi(0:10000) ,psinf(300),energy(300)

      b(anel)=.7937*(anel-1.)**(2./3.)

c        b(anel)=.5424*anel**(2./3.)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      psi2p(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      rho(x)=f1s*psi1s(x)**2 + f2s*psi2s(x)**2 +f2p*psi2p(x)**2

      veerho(x)=(4./3.)*B(anel)*rho(x)**(1./3.)

      g(x,i)=-2.*(e- al*(al+1.)/(2.*x**2)-(-Z/x + veerho(x)) )*psi(i)

      pi=2.*asin(1.)

c      z=2.

      print*,'z,al, f1s,f2s,f2p ?'

      read*,z,al,f1s, f2s ,f2p

      alfa=z-5./16.

      alfa2=alfa

c      f1s=2.

c      f2s=0.

c      e=-.5*Z**2

      e=-1.16

      efinal= -0.01

      anel=f1s + f2s + f2p

      nstep=4000

c      totalrun=0.

c      print*,'read niter'

c      read*,niter

      niter=1

c      if(niter.eq.1)totalrun=1.

c      al=1.

      de=(efinal-e)/float(niter)

      escale=27.2109

c      print*,'escale,e=',escale,e

      print*,'atomic number, ang momentum',z,al

      print*,'    '

      do 110 iter=1,niter

      xlim=7.

      dx=xlim/float(nstep)

c      if(niter.eq.1)goto  125

c xlim should go beyond the classical turning point where e=V(x)

c  initial condtions psi(x)=x**al , psi'(x)= al*x**(al-1.) al.ge.1.

c for al=0. psi'(x)=-1.

c  for al=0.   psi(0)=1.    psi(1)=psi(0)

      if(al.eq.0.)then

      psi(0)=1.

      psi(1)=psi(0) - dx

      endif

c for al=1.   psi(0)=0.  psi'(0)=1.  , psi(1) = psi(0)+dx

      if(al.eq.1.)then

      psi(0)=0.

      psi(1)=psi(0)+dx

      endif

c for al=2.    psi(0)=0.   psi(1)= (1./2.)*dx**2*al

      if(al.eq.2.)then

      psi(0)=0.

      psi(1)= psi(0)+ (1./2.)*dx**2*al

      endif

      do 100 i=2,nstep

      x=dx*float(i)

      psi(i)=dx**2*g(x-dx,i-1)+2.*psi(i-1)-psi(i-2)-(2.*dx/(x-dx))*

     $(psi(i-1)-psi(i-2))

c      print*,'e,g,psi(i)=',e,g(x-dx,i-1),psi(i)

100   continue

      energy(iter)=e

      psinf(iter)=psi(nstep)

      e=e + de

110   continue

125   do 20 i=1,niter

      print 120,energy(i),energy(i)*escale,psinf(i)

20    continue

120   format(3x,'e(au),e(ev), psifin=',3(4x,e11.4))

      print*,'  '

c examine the wave function and delete any ..diverging part at infinity

c before normalizing

c      if(totalrun.eq.1.)then

      call plotwave(psi,alfa,alfa2,pi,nstep,20,dx)

c nstep2 is decided examining call plot

c      nstep2=2550

c      call anorm (psi,pi,nstep2,dx)

c      call vee(anel,f1s,f2s,f2p,alfa,alfa2,pi,nstep,dx,ajcoul)

c      print*,'read e1s,e2s,e2p'

c      read*,e1s,e2s ,e2p

      etotal=f1s*e1s + f2s*e2s + f2p*e2p - ajcoul/3.

      print*,'ajcoul,etotal=',ajcoul, etotal

c      endif

c      c      print*,'more ? =1 another run , =0 no more'

c      read*,more

c      if(more-0)130,130,135

      stop

      end

      subroutine vee(anel,f1s,f2s,f2p,alfa,alfa2,pi,nstep,dx,ajcoul)

      b(anel)=.7937*(anel-1.)**(2./3.)

c      b(anel)=.5424*anel**(2./3.)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      psi2p(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      rho(x)=f1s*psi1s(x)**2 + f2s*psi2s(x)**2 + f2p*psi2p(x)**2

      veerho(x)=B(anel)*rho(x)**(4./3.)*x**2

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+veerho(x-dx)+ veerho(x)

10    continue

      sum=sum*4.*pi*dx/2.

      ajcoul=sum

      return

      end

      subroutine plotwave(psi,alfa,alfa2,pi,nstep,ns,dx)

      dimension psi(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      psi2p(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      do 10 i=0,nstep,ns

      x=dx*float(i)

      print 100 ,i,x, sqrt(alfa2**3/(32.*pi))*2.*psi(i),psi2s(x)

10    continue

100   format(2x,'i,x,psi,psi1s=',i4,2x, 3(3x,e11.4))

      return

      end
