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An estimate of the exchange integral K(1s,2s) is done, using hydrogenic wavefunctions with the atomic number (Z ) replaced by the variation parameter α = Z-5./16.
Let 

Ψ 1s =  (α3 / π )1/2 exp(-α r)                         (1)
and  

Ψ 2s =  (α3/(32 π))1/2 (2.- α r) exp(-α r /2.)                    (2)
The exchange electron density is

ρ x (r )  =   Ψ 1s  Ψ 2s              .                                      (3)

Poisson equation  for the exchange potential  Φ x ,

∆ Φ x = - 4 π ρ x (r )                                                      (4)

reduces to 

d2 Φ x / dr2  +(2/r)  dΦ x /dr   = - 4 π ρ x (r )    .              (5)
At the origin  

 Φ x (r=0)  =  ∫ ρ x 4 π r dr                                              (6)

and      (dΦ x/dr ) r=0  = 0    .                                            (7)    

The Fortran code given  below   integrates (5) using the finite difference method   for       2 < Z < 20 . See subroutine vex .

The exchange integral  is calculated  from 

K(1s,2s) =  -  ∫ ρ x Φ x  4 π r2 dr         .                              (8)   
As the graph shows  and within this approximation K(1s,2s) is proportional to   α.

The equation is   

              K(1s,2s) = -0.0219 α  .                               (9)                                       
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FORTRAN CODE

c exchange potential

      dimension vxc(0:10000)

      pi=2.*asin(1.)

      do 30 iz=2,20

      z=float(iz)

      alfa=z-5./16.

      alfa2=alfa

      xlim=2.*(4./z)

      nstep=5000

      kp=int(float(nstep)/60.)

      dx=xlim/float(nstep)

      call vex(alfa, alfa2,pi, dx,nstep,vxc)

c      print 100 , 0., vxc(0)

c      do 10 i=1,nstep,kp

c      x=dx*float(i)

c      print 100,x, vxc(i)

c10    continue

100   format(2x,'x,vxc=',2(4x,e11.4))

120   format('z,alf,ajx,abs(ajx)/alfa=',4(2x,e11.4))

      call akx(alfa, alfa2,pi, dx,nstep,vxc,ajx)

      print 120,z,alfa,abs(ajx),abs(ajx)/alfa

30    continue

      stop

      end

      subroutine vex(alfa, alfa2,pi, dx,nstep,vxc)

      dimension vxc(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      rho(x)= psi1s(x)*psi2s(x)

c     calculates vxc(0)

      sum=0.

      do 10 i=1,nstep

      x= dx*float(i)

      sum=sum + rho(x-dx)*(x-dx) + rho(x)*x

10    continue

      sum=sum*4.*pi*dx/2.

      vxc(0)=sum

      vxc(1)=vxc(0)

      do 20 i=2,nstep

      x=dx*float(i)

      vxc(i)=2.*vxc(i-1)-vxc(i-2) - (2/(x-dx))*dx*(vxc(i-1)-vxc(i-2))

     $ - 4.*pi*dx**2*rho(x-dx)

20    continue

      return

      end

      subroutine akx(alfa, alfa2,pi, dx,nstep,vxc,ajx)

      dimension vxc(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      rho(x)= psi1s(x)*psi2s(x)

      sum=0.

      do 10 i=1,nstep

      x= dx*float(i)

      sum=sum+ vxc(i-1)*psi1s(x-dx)*psi2s(x-dx)*(x-dx)**2 +

     $ vxc(i)*psi1s(x)*psi2s(x)*x**2

10    continue

      sum=sum*4.*pi*dx/2.

      ajx=-sum

      return

      end

