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The ground state of the helium atom is treated using an effective repulsive potential   Ve ( r ). 

The single electron equation 

{ -(1/2) ∆   - (Z/r)   + Ve  ( r) } Ψ = ε Ψ                ( 1)

with         

                 Ve ( r )  = A exp(- λ r)   .                       (2)
Ve (r ) substitutes   the exact  coulombic repulsion between electrons

 Φ  ( r )  =    ∫  Ψ2 1s (r ‘)  d τ’ / abs (r –r’)           .   (3)
The parameters A and   λ are selected to be ,

A= 1/r1s ≈ (z- 5./16.)     and   λ =  =(1./rinf)*log(A *rinf)   , rinf is of the order of the atomic radius.
RESULTS

We obtain for the energy eigenvalues  of the first two s - states ,

 e1s ≈ -.89 au    ,  e2s ≈  -0.23 au
The repuslive energy is   

Vee =   ∫  Φ  ( r ) Ve ( r )  d  τ = 1.06833935.

The total energy is E = 2e1s – Vee = -2.84833932.

The Hartree Fock energy is  - 2.8617
e ,ajcoul,etotal= -0.889999986  1.06833935 -2.84833932

  enter atomic number

2.

 atomic number, ang momentum  2.  0.

   e(au),e(ev), psifin=    -0.8900E+00    -0.2422E+02    -0.4786E+00

  x,psi=     0.0000E+00     0.1402E+01

  x,psi=     0.8739E-01     0.1179E+01

  x,psi=     0.1748E+00     0.9949E+00

  x,psi=     0.2622E+00     0.8415E+00

  x,psi=     0.3496E+00     0.7136E+00

  x,psi=     0.4370E+00     0.6067E+00

  x,psi=     0.5243E+00     0.5169E+00

  x,psi=     0.6117E+00     0.4415E+00

  x,psi=     0.6991E+00     0.3778E+00

  x,psi=     0.7865E+00     0.3239E+00

  x,psi=     0.8739E+00     0.2782E+00

  x,psi=     0.9613E+00     0.2394E+00

  x,psi=     0.1049E+01     0.2063E+00

  x,psi=     0.1136E+01     0.1780E+00

  x,psi=     0.1223E+01     0.1537E+00

  x,psi=     0.1311E+01     0.1329E+00

  x,psi=     0.1398E+01     0.1150E+00

  x,psi=     0.1486E+01     0.9955E-01

  x,psi=     0.1573E+01     0.8619E-01

  x,psi=     0.1660E+01     0.7462E-01

  x,psi=     0.1748E+01     0.6456E-01

  x,psi=     0.1835E+01     0.5581E-01

  x,psi=     0.1923E+01     0.4816E-01

  x,psi=     0.2010E+01     0.4147E-01

  x,psi=     0.2097E+01     0.3559E-01

  x,psi=     0.2185E+01     0.3042E-01

  x,psi=     0.2272E+01     0.2584E-01

  x,psi=     0.2360E+01     0.2178E-01

  x,psi=     0.2447E+01     0.1817E-01

  x,psi=     0.2534E+01     0.1493E-01

  x,psi=     0.2622E+01     0.1202E-01

  x,psi=     0.2709E+01     0.9386E-02

  x,psi=     0.2797E+01     0.6987E-02

  x,psi=     0.2884E+01     0.4786E-02

  x,psi=     0.2971E+01     0.2751E-02

  x,psi=     0.3059E+01     0.0000E+00

  x,psi=     0.3146E+01     0.0000E+00

  x,psi=     0.3233E+01     0.0000E+00

  x,psi=     0.3321E+01     0.0000E+00

  x,psi=     0.3408E+01     0.0000E+00

  x,psi=     0.3496E+01     0.0000E+00

  x,psi=     0.3583E+01     0.0000E+00

  x,psi=     0.3670E+01     0.0000E+00

  x,psi=     0.3758E+01     0.0000E+00

  x,psi=     0.3845E+01     0.0000E+00

  x,psi=     0.3933E+01     0.0000E+00

  x,psi=     0.4020E+01     0.0000E+00

  x,psi=     0.4107E+01     0.0000E+00

  x,psi=     0.4195E+01     0.0000E+00

  x,psi=     0.4282E+01     0.0000E+00

  x,psi=     0.4370E+01     0.0000E+00

  x,psi=     0.4457E+01     0.0000E+00

  x,psi=     0.4544E+01     0.0000E+00

  x,psi=     0.4632E+01     0.0000E+00

  x,psi=     0.4719E+01     0.0000E+00

  x,psi=     0.4806E+01     0.0000E+00

  x,psi=     0.4894E+01     0.0000E+00

  x,psi=     0.4981E+01     0.0000E+00

  x,psi=     0.5069E+01     0.0000E+00

  x,psi=     0.5156E+01     0.0000E+00

  x,psi=     0.5243E+01     0.0000E+00

  x,psi=     0.5331E+01     0.0000E+00

  x,psi=     0.5418E+01     0.0000E+00

  x,psi=     0.5506E+01     0.0000E+00

  x,psi=     0.5593E+01     0.0000E+00

  x,psi=     0.5680E+01     0.0000E+00

  x,psi=     0.5768E+01     0.0000E+00

  x,psi=     0.5855E+01     0.0000E+00

  x,psi=     0.5943E+01     0.0000E+00

  x,psi=     0.6030E+01     0.0000E+00

  x,psi=     0.6117E+01     0.0000E+00

  x,psi=     0.6205E+01     0.0000E+00

  x,psi=     0.6292E+01     0.0000E+00

  x,psi=     0.6380E+01     0.0000E+00

  x,psi=     0.6467E+01     0.0000E+00

  x,psi=     0.6554E+01     0.0000E+00

  x,psi=     0.6642E+01     0.0000E+00

  x,psi=     0.6729E+01     0.0000E+00

  x,psi=     0.6816E+01     0.0000E+00

  x,psi=     0.6904E+01     0.0000E+00

  x,psi=     0.6991E+01     0.0000E+00

  x,psi=     0.7079E+01     0.0000E+00

  x,psi=     0.7166E+01     0.0000E+00

  x,psi=     0.7253E+01     0.0000E+00

  x,psi=     0.7341E+01     0.0000E+00

  x,psi=     0.7428E+01     0.0000E+00

  x,psi=     0.7516E+01     0.0000E+00

  x,psi=     0.7603E+01     0.0000E+00

  x,psi=     0.7690E+01     0.0000E+00

  x,psi=     0.7778E+01     0.0000E+00

  x,psi=     0.7865E+01     0.0000E+00

 e ,ajcoul,etotal= -0.889999986  1.06833935 -2.84833932
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FORTRAN CODE

c screened repulsive potential

      real lambda

      dimension psi(0:10000) ,psinf(300),energy(300)

      v(x)= -Z/x + A*exp(-lambda*x)

      g(x,i)=-2.*(e- al*(al+1.)/(2.*x**2)- v(x))*psi(i)

c      g(x,i)=-2.*(e- al*(al+1.)/(2.*x**2)- v(x))*psi(i)

      pi=2.*asin(1.)

135   print*,' enter atomic number '

      read*,Z

c      e=-.6*Z**2

      e=-.89

      A= Z-5./16.

      rinf=2.5

      lambda=(1./rinf)*log(A *rinf)

c input angular momentum q. number al

      al=0.

      efinal= -0.04

      nstep=4500

      niter=1

      de=(efinal-e)/float(niter)

      escale=27.2109

c      print*,'escale,e=',escale,e

      print*,'atomic number, ang momentum',z,al

      print*,'    '

      do 110 iter=1,niter

      xlim=3.5*Z/abs(e)

      dx=xlim/float(nstep)

c xlim should go beyond the classical turning point where e=V(x)

c  initial condtions psi(x)=x**al , psi'(x)= al*x**(al-1.)

c  for al=0.   psi(0)=1.    psi(1)=psi(0)

      if(al.eq.0.)then

      psi(0)=1.

      psi(1)=psi(0)

      endif

c for al=1.   psi(0)=0.  psi'(0)=1.  , psi(1) = psi(0)+dx

      if(al.eq.1.)then

      psi(0)=0.

      psi(1)=psi(0)+dx

      endif

c for al=2.    psi(0)=0.   psi(1)= (1./2.)*dx**2*al

      if(al.eq.2.)then

      psi(0)=0.

      psi(1)= psi(0)+ (1./2.)*dx**2*al

      endif

      do 100 i=2,nstep

      x=dx*float(i)

      psi(i)=dx**2*g(x-dx,i-1)+2.*psi(i-1)-psi(i-2)-(2.*dx/(x-dx))*

     $(psi(i-1)-psi(i-2))

c      print*,'e,g,psi(i)=',e,g(x-dx,i-1),psi(i)

100   continue

      energy(iter)=e

      psinf(iter)=psi(nstep)

      e=e + de

110   continue

      do 20 i=1,niter

      print 120,energy(i),energy(i)*escale,psinf(i)

20    continue

120   format(3x,'e(au),e(ev), psifin=',3(4x,e11.4))

      print*,'  '

      call anorm (psi,pi,nstep,dx)

      call vee(psi,A,lambda,pi,nstep,dx,ajcoul)

      call plotwave(psi,nstep,50,dx)

      call vee(psi,A,lambda,pi,nstep,dx,ajcoul)

      print*,'e ,ajcoul,etotal=',energy(1),ajcoul, 2.*energy(1)-ajcoul

c      c      print*,'more ? =1 another run , =0 no more'

c      read*,more

c      if(more-0)130,130,135

130   stop

      end

      subroutine anorm(psi,pi,nstep,dx)

      dimension psi(0:10000)

      sum=0.

      do 10 i=0,nstep

      x=dx*float(i)

      if(x.le.3.05)then

      sum=sum+psi(i-1)**2*(x-dx)**2 + psi(i)**2*x**2

      endif

10    continue

      sum=sum*4.*pi*dx/2.

      coefn=sqrt(sum)

      do 20 i=0,nstep

      x=dx*float(i)

      if(x.gt.3.05)psi(i)=0.

      psi(i)=psi(i)/coefn

20    continue

      return

      end

      subroutine plotwave(psi,nstep,ns,dx)

      dimension psi(0:10000)

      do 10 i=0,nstep,ns

      x=dx*float(i)

      print 100 , x, psi(i)

10    continue

100   format(2x,'x,psi=', 2(4x,e11.4))

      return

      end

      subroutine vee(wave,A,lambda,pi,nstep,dx,ajcoul)

      real lambda

      dimension wave(0:10000)

      ve(x)= A*exp(-lambda*x)

      sum=0.

      do 10 i=0,nstep

      x=dx*float(i)

      sum=sum+wave(i-1)**2*Ve(x-dx)*(x-dx)**2 + wave(i)**2*Ve(x)*x**2

10    continue

      sum=sum*4.*pi*dx/2.

      ajcoul=sum

      return

      end

