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Consider the equation 
d2y/dx2 =  ( 1/8) (32 +2x3 – y (dy/dx ) ,              (1)

     1≤ x ≤3  , Y(1) =17. , y(3) = 43/3 

which has the solution   y(x) = x2 – 16/x.

We use the shooting method where an initial guess for (dy/dx)x=1 is made.
The equation is solved by the finite difference method  where

xn  =   2 xn-1 – xn-2  + (∆ x) 2 ( 1/8) (32 +2xn-1 3 – yn-1 ((y – y)/ (∆x) )       (2)
To estimate the magnitude of the initial (dy/dx) , introduce three grid points

x0=1  , x1=2 , x2 =3,   with 
y( x0) = 17 ,     y( x1)≈ yaverage = (1/2) ( 17 + 43/3)= 15.7     and

  y(x2) = 43/3.

Let   
     (dy/dx)average == ( 43/3 – 17) /2 = -1.33                                          (3)
Suppose  

                  (dy/dx)x = 2 ≈ -1.33                              .                               (4)

Then 

 (dy/dx)x=1 ≈ (dy/dx)x = 2 – (∆x) ( d2y/dx2 )approximation                       
(dy/dx)x=1 ≈ (dy/dx)average  – (∆x) ( d2y/dx2 )approximation                .                 (5)

We have  (∆x)=1    and the approximation 
( d2y/dx2 )approximation  = ( 1/8) (32 +2(x1 )3 – yaverage (dy/dx )average         

                                 = (1/8) ( 32 + 16 – (15.7)(-1.33) )

                                 =  8.62                                                 .              (6)
Inserting (4) and (6) in (5)  gives 
dy/dx)x=1 ≈   -9.95  

Run to find (dy/dx )  in the range             -15. < dy/dx < -5.

The absolute diference / y(x=3) – 43/3/ is printed vs (dy/dx).
The third line when   dy/dx = - 14.00 show a minimum difference.Thus furher iterations around this last value can be made. 

FORTRAN code

c burden and faires page 530

      data xi,xf,niter,nstep/1.,3.,1,200/

      data dydx1,dydx2 /-13.95,-13.5/

      yexact(x)=x**2 + 16./x

      a(x,y0,y1)=(1./8.)*(32.+2.*x**3-y1*(y1-y0)/dx )

      xi=1.

      xf=3.

      kp=5

      kount=kp

      deltady=(dydx2-dydx1)/float(niter)

      dx=(xf-xi)/float(nstep)

      ycero=17.

      yfinal=43./3.

      dydx=dydx1

      do 10 i=1,niter

      y0=ycero

      y1=y0+dydx*dx

      if(niter.eq.1)print 110 ,xi,ycero, yexact(xi)

      do 20 j=2,nstep

      x=xi + dx*float(j)

      y2=2.*y1-y0 + dx**2*a(x-dx,y0,y1)

      if(niter.eq.1.and.j.eq.kount)then

      print 110 ,x,y2, yexact(x)

      kount=kount+kp

      endif

      y0=y1

      y1=y2

20    continue

      dif=abs(y2-yfinal)

      print 100 , dydx, dif

      dydx=dydx+deltady

10    continue

100   format(1x,'dydx,difabs=', 2(4x,e11.4))

110   format(1x,'x,ynum, yexact=',3(4x,e11.4))

      stop

      end

dydx,difabs=    -0.1500E+02     0.6237E+00

 dydx,difabs=    -0.1450E+02     0.3186E+00

 dydx,difabs=    -0.1400E+02     0.1937E-01

 dydx,difabs=    -0.1350E+02     0.2739E+00

 dydx,difabs=    -0.1300E+02     0.5620E+00

 dydx,difabs=    -0.1250E+02     0.8445E+00

 dydx,difabs=    -0.1200E+02     0.1122E+01

 dydx,difabs=    -0.1150E+02     0.1395E+01

Another refinement gives (dy/dx)initial  = -13.95                . (7) 
Print , compare y num with y exact   (dx = 1./200.)

x,ynum, yexact=     0.1000E+01     0.1700E+02     0.1700E+02

 x,ynum, yexact=     0.1050E+01     0.1634E+02     0.1634E+02

 x,ynum, yexact=     0.1100E+01     0.1575E+02     0.1576E+02

 x,ynum, yexact=     0.1150E+01     0.1522E+02     0.1524E+02

 x,ynum, yexact=     0.1200E+01     0.1476E+02     0.1477E+02

 x,ynum, yexact=     0.1250E+01     0.1435E+02     0.1436E+02

 x,ynum, yexact=     0.1300E+01     0.1398E+02     0.1400E+02

 x,ynum, yexact=     0.1350E+01     0.1366E+02     0.1367E+02

 x,ynum, yexact=     0.1400E+01     0.1337E+02     0.1339E+02

 x,ynum, yexact=     0.1450E+01     0.1312E+02     0.1314E+02

 x,ynum, yexact=     0.1500E+01     0.1290E+02     0.1292E+02

 x,ynum, yexact=     0.1550E+01     0.1271E+02     0.1273E+02

 x,ynum, yexact=     0.1600E+01     0.1254E+02     0.1256E+02

 x,ynum, yexact=     0.1650E+01     0.1240E+02     0.1242E+02

 x,ynum, yexact=     0.1700E+01     0.1228E+02     0.1230E+02

 x,ynum, yexact=     0.1750E+01     0.1219E+02     0.1221E+02

 x,ynum, yexact=     0.1800E+01     0.1211E+02     0.1213E+02

 x,ynum, yexact=     0.1850E+01     0.1206E+02     0.1207E+02

 x,ynum, yexact=     0.1900E+01     0.1202E+02     0.1203E+02

 x,ynum, yexact=     0.1950E+01     0.1199E+02     0.1201E+02

 x,ynum, yexact=     0.2000E+01     0.1199E+02     0.1200E+02

 x,ynum, yexact=     0.2050E+01     0.1200E+02     0.1201E+02

 x,ynum, yexact=     0.2100E+01     0.1202E+02     0.1203E+02

 x,ynum, yexact=     0.2150E+01     0.1206E+02     0.1206E+02

 x,ynum, yexact=     0.2200E+01     0.1211E+02     0.1211E+02

 x,ynum, yexact=     0.2250E+01     0.1217E+02     0.1217E+02

 x,ynum, yexact=     0.2300E+01     0.1224E+02     0.1225E+02

 x,ynum, yexact=     0.2350E+01     0.1233E+02     0.1233E+02

 x,ynum, yexact=     0.2400E+01     0.1242E+02     0.1243E+02

 x,ynum, yexact=     0.2450E+01     0.1253E+02     0.1253E+02

 x,ynum, yexact=     0.2500E+01     0.1265E+02     0.1265E+02

 x,ynum, yexact=     0.2550E+01     0.1278E+02     0.1278E+02

 x,ynum, yexact=     0.2600E+01     0.1292E+02     0.1291E+02

 x,ynum, yexact=     0.2650E+01     0.1306E+02     0.1306E+02

 x,ynum, yexact=     0.2700E+01     0.1322E+02     0.1322E+02

 x,ynum, yexact=     0.2750E+01     0.1339E+02     0.1338E+02

 x,ynum, yexact=     0.2800E+01     0.1356E+02     0.1355E+02

 x,ynum, yexact=     0.2850E+01     0.1374E+02     0.1374E+02

 x,ynum, yexact=     0.2900E+01     0.1394E+02     0.1393E+02

 x,ynum, yexact=     0.2950E+01     0.1414E+02     0.1413E+02

 x,ynum, yexact=     0.3000E+01     0.1434E+02     0.1433E+02

