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1.  Modern Quantum Chemistry : Introduction to Advanced Electronic Structure Theory (Paperback) 
by Attila Szabo, Neil S. Ostlund , Chapter 3.

2.C. C. J. Roothaan, New developments in molecular orbital theory, Re. Mod. Phys. 23 : 69 (1951).

3. ab initio Methods 
Hartree-Fock-Roothan Equations http://core.ecu.edu/phys/flurchickk/AtomicMolecularSystems/methodsDocumentation/qmnotes/node3.html
4. The Hartree-Fock Method for Atoms by Charlotte Froese Fischer 

5.The Roothaan Equations: http://www.geocities.com/serienumerica/RoothaanEquations.doc
6. Non orthogonal HF 

http://www.geocities.com/serienumerica/NonorthogonalHartreeFock.doc
A two basis set is used in an example of  non orthogonalized Hartree Fock-Roothaan calculation.

The reader is referred to ref ( 5,6 ) for details. The Fortran code is provided below.
An example of an optimization sequence , that of Z=3 is given.

Our results are compared with those of ref (  4) , from which a table has been copied.

Z=3       Li+
a1,e1s,et=    0.28000E+01   -0.40247E+01   -0.50144E+01

 a1,e1s,et=    0.28100E+01   -0.40238E+01   -0.50162E+01

 a1,e1s,et=    0.28200E+01   -0.40226E+01   -0.50184E+01

 a1,e1s,et=    0.28300E+01   -0.40215E+01   -0.50178E+01

 a1,e1s,et=    0.28400E+01   -0.40203E+01   -0.50182E+01

 a1,e1s,et=    0.28500E+01   -0.40187E+01   -0.50194E+01

 a1,e1s,et=    0.28600E+01   -0.40172E+01   -0.50200E+01

 a1,e1s,et=    0.28700E+01   -0.40155E+01   -0.50196E+01

 a1,e1s,et=    0.28800E+01   -0.40137E+01   -0.50201E+01

 a1,e1s,et=    0.28900E+01   -0.40116E+01   -0.50210E+01

 a1,e1s,et=    0.29000E+01   -0.40097E+01   -0.50200E+01

 a1,e1s,et=    0.29100E+01   -0.40075E+01   -0.50196E+01

 a1,e1s,et=    0.29200E+01   -0.40050E+01   -0.50201E+01

 a1,e1s,et=    0.29300E+01   -0.40025E+01   -0.50204E+01

 a1,e1s,et=    0.29400E+01   -0.40001E+01   -0.50185E+01

 a1,e1s,et=    0.29500E+01   -0.39976E+01   -0.50176E+01

 a1,e1s,et=    0.29600E+01   -0.39945E+01   -0.50177E+01

 a1,e1s,et=    0.29700E+01   -0.39914E+01   -0.50165E+01

 a1,e1s,et=    0.29800E+01   -0.39885E+01   -0.50149E+01

 a1,e1s,et=    0.29900E+01   -0.39853E+01   -0.50139E+01
	
	Z
	α
	E (au)

	He
	2
	1.85
	-2.13

	Li+1
	3
	2.92
	-5.02

	Be+2
	4
	3.92
	-9.14

	O+6
	8
	8.1
	-37.8

	Ne+8
	10
	10.16
	-59.5
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FORTRAN CODE

c Roothan Equations Helium 1s2s- Ref Szabo and Ostlund Chapter 3.

c psi1s=c11*sqrt(alfa1**3/pi)* exp(-alfa1*r) +c21*sqrt(alfa2**3/pi)*

c   exp(-alfa2*r)

c psi2s=c12*sqrt(alfa1**3/pi)* exp(-alfa1*r) +c22*sqrt(alfa2**3/pi)*

c   exp(-alfa2*r)

c Roothaan Equations--example of  Helium -  1s2s    1^S state Non

c orthogonal HF

      dimension h(2,2), s(2,2) , coef1s(2,2),coef2s(2,2), vee1s(2,2),

     $vee2s(2,2), ve1s(0:10000),  ve2s(0:10000), f2s(2,2),f1s(2,2),

     $vx1s2s(0:10000)

      equivalence (h,f1s)

      pi=2.*asin(1.)

      Z=3.

      alfa1=z-.2

      alfafin=z

      nalfa=20

      niter=10

      dalfa=(alfafin-alfa1)/float(nalfa)

      do 10 ialfa=1,nalfa

      alfa2=alfa1/5.5

      s(1,1)=1.

      s(1,2)= 8.*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      s(2,1)=s(1,2)

      s(2,2)=1.

      xlim=12.*(2./Z)

      nstep=8000

      dx=xlim/float(nstep)

      do 70 iter=1,niter

      if(iter.eq.1)then

      an1s=1.

      an2s=1.

      endif

c ve constructs Phi1s=vecoul   and phi2s=ve2s

      call ve(iter,alfa1, alfa2,an1s,an2s,pi,xlim,nstep,

     $ coef1s,coef2s,ve1s,ve2s,vx1s2s)

c  ns =1 refers to the 1s orbital  // ns=2 refers to the 2s orbital

c *** first 1s orbital repulsion

       call veeij(iter,1,xlim,nstep,alfa1,alfa1,alfa1,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s,ve2s,veij)

      vee1s(1,1)=veij

      call veeij (iter,1,xlim,nstep,alfa1,alfa1,alfa2,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s, ve2s,veij)

      vee1s(1,2)=veij

      vee1s(2,1)=vee1s(1,2)

      call veeij(iter,1,xlim,nstep,alfa1,alfa2,alfa2,pi,

     $coef1s,coef2s,an1s,an2s,ve1s,ve2s,veij)

      vee1s(2,2)=veij

c  2s terms vee2s   *********

      call veeij(iter,2,xlim,nstep,alfa1,alfa1,alfa1,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s,ve2s,veij)

      vee2s(1,1)=veij

      call veeij (iter,2,xlim,nstep,alfa1,alfa1,alfa2,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s, ve2s,veij)

      vee2s(1,2)=veij

      vee2s(2,1)=vee2s(1,2)

      call veeij(iter,2,xlim,nstep,alfa1,alfa2,alfa2,pi,

     $coef1s,coef2s,an1s,an2s,ve1s,ve2s,veij)

      vee2s(2,2)=veij

c******   end of 2s

c      print*,'ve11,ve12,ve22=',vee(1,1),vee(1,2),vee(2,2)

c  Fock operator -one the 1S electron...one for the 2S electron

      f1s(1,1)= alfa1**2/2. - Z*alfa1 + vee1s(1,1)

      t12a=-4.*alfa2**2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      t12b= 4.*alfa2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      t12=t12a+t12b

      v12=-4.*Z*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      f1s(1,2)= t12 + v12 +vee1s(1,2)

      f1s(2,1)=f1s(1,2)

      f1s(2,2)= alfa2**2/2. - Z*alfa2 + vee1s(2,2)

c  Fock operator for 2s electron

      f2s(1,1)= alfa1**2/2. - Z*alfa1 + vee2s(1,1)

      t12a=-4.*alfa2**2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      t12b= 4.*alfa2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      t12=t12a+t12b

      v12=-4.*Z*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      f2s(1,2)= t12 + v12 +vee2s(1,2)

      f2s(2,1)=f2s(1,2)

      f2s(2,2)= alfa2**2/2. - Z*alfa2 + vee2s(2,2)

c end of 2s****

c calculation of e1,e2

c      calculation of coef1s

      A=1.-S(1,2)**2

      B=2.*f1s(1,2)*S(1,2)-(f1s(1,1)+f1s(2,2))

      C=f1s(1,1)*f1s(2,2)-f1s(1,2)**2

      e2=(-b+sqrt(b**2-4.*a*c) )/(2.*a)

      e1= (-b-sqrt(b**2-4.*a*c) )/(2.*a)

      e1s=e1

c      e2s=e2

      call coefi(iter,niter,f1s,s,E1,1,coef1s)

      call coefi(iter,niter,f1s,s,E2,2,coef1s)

c calculation of coef2s

      A=1.-S(1,2)**2

      B=2.*f2s(1,2)*S(1,2)-(f2s(1,1)+f2s(2,2))

      C=f2s(1,1)*f2s(2,2)-f2s(1,2)**2

      e2=(-b+sqrt(b**2-4.*a*c) )/(2.*a)

      e2s=e2

      e1= (-b-sqrt(b**2-4.*a*c) )/(2.*a)

      call coefi(iter,niter,f2s,s,E1,1,coef2s)

      call coefi(iter,niter,f2s,s,E2,2,coef2s)

c ***********

      call plotwv(nalfa,iter,niter,xlim,nstep,alfa1,alfa2,pi,coef1s,

     $ coef2s, an1s,an2s)

      call vrep(nstep,dx,pi,coef1s,coef2s,an1s,an2s,

     $ alfa1,alfa2,ve1s,ve2s,aj1s2s)

c      call exch( nstep,dx,pi,coef1s,coef2s,an1s,an2s,

c     $ alfa1,alfa2,vx1s2s,ak1s2s)

c      print*,'-ak1s2s=',-ak1s2s

      etotal=e1s + e2s -aj1s2s -ak1s2s

      if(iter.eq.niter)then

c      print*,'aj1s2s=',aj1s2s

      print 100,alfa1,e1s,etotal

      endif

c      print*,'   '

70    continue

      alfa1=alfa1 + dalfa

10    continue

100   format(1x,'a1,e1s,et=',4(3x,e12.5))

      stop

      end

c  ********SUBROUTINES **************

      Subroutine coefi(iter,niter,h,s,E,neigen,coef)

      dimension h(2,2), s(2,2),coef(2,2)

      coef(1,neigen)=1.

      anum=h(1,1)-e

      if(abs(anum).le.1.e-5)then

      coef(2,neigen)=0.

      goto 50

      endif

      coef(2,neigen)=-(h(1,1)-e)*coef(1,neigen)/(h(1,2)-e*s(1,2) )

50    if(iter.eq.niter)then

c      print 100,h(1,1),h(1,2),h(2,2),s(1,2)

c      print*,'e,coef11,coef21=',e, coef(1,neigen),coef(2,neigen)

c      print*,'sum c11*c12+c21*c22=',coef(1,1)*coef(1,2)+

c     $ coef(2,1)*coef(2,2)

      endif

100   format(1x,'h11,h12,h22,s12=',4(2x,e11.4))

      return

      end

      Subroutine plotwv(nalfa,iter,niter,xlim,nstep,alfa1,alfa2,

     $pi,coef1s,coef2s ,an1s,an2s)

      dimension coef1s(2,2),coef2s(2,2)

      phi1(x)=sqrt(alfa1**3/pi)*exp(-alfa1*x)

      phi2(x)=sqrt(alfa2**3/pi)*exp(-alfa2*x)

      psi1sn(x)=an1s*( coef1s(1,1)*phi1(x)+coef1s(2,1)*phi2(x) )

      psi2sn(x)=an2s*( coef2s(1,2)*phi1(x)+coef2s(2,2)*phi2(x) )

      if(nalfa.eq.1)then

      if(iter.eq.niter)then

c      print*,'alfa1,alfa2=',alfa1,alfa2

c      print*,'cf11,cf21=',coef1s(1,1),coef1s(2,1)

c      print*,'cf12,cf22=',coef2s(1,2),coef2s(2,2)

c      print*,'an1s,an2s=',an1s,an2s

      endif

      endif

      dx=xlim/float(nstep)

      sum1s=0.

      sum2s=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum1s=sum1s+ ((coef1s(1,1)*phi1(x)+coef1s(2,1)*phi2(x))*x)**2 +

     $ ( (coef1s(1,1)*phi1(x-dx)+coef1s(2,1)*phi2(x-dx) )*(x-dx))**2

      sum2s=sum2s+ ((coef2s(1,2)*phi1(x)+coef2s(2,2)*phi2(x) )*x)**2 +

     $ ( (coef2s(1,2)*phi1(x-dx)+coef2s(2,2)*phi2(x-dx) )*(x-dx))**2

10    continue

      sum1s=4.*pi*sum1s*dx/2.

      sum2s=4.*pi*sum2s*dx/2.

      an1s=1./sqrt(sum1s)

      an2s=1./sqrt(sum2s)

      if(iter.eq.niter)then

      sumort=0.

      do  20 i=0,nstep,50

      x=dx*float(i)

      sumort=sumort+ psi1sn(x)*psi2sn(x)*x**2 +psi1sn(x-dx)*psi2sn(x-dx)

     $ *(x-dx)**2

c      print 100,x, psi1sn(x), psi2sn(x)

20    continue

      sumort=sumort*4.*pi*dx/2.

c      print*,'<psi1sn/psi2sn>=',sumort

      endif

100   format(1x,'x,psi1s,psi2s=',3(3x,e11.4))

      return

      end

      subroutine veeij(it,norbit,xlim,nstep,alfa,alfaone,alfatwo,pi,

     $coef1s,coef2s, an1s,an2s,ve1s,ve2s,veij)

      dimension coef1s(2,2),coef2s(2,2) ,ve1s(0:10000) ,ve2s(0:10000)

       vee(x) = alfa*( exp(-2.*alfa*x)*(-1.-1./(alfa*x) ) +

     $ 1./(alfa*x))

       phi(al,x)= sqrt(al**3/pi)*exp(-al*x)

       f(x)=phi(alfaone,x)*phi(alfatwo,x)*vee(x)*x**2

       phicf(x) =an1s*(coef1s(1,1)*phi(alfaone,x) +coef1s(2,1)*

     $  phi(alfatwo,x) )

         phi2s(x) =an2s*(coef2s(1,2)*phi(alfaone,x) +coef2s(2,2)*

     $  phi(alfatwo,x) )

       sum=0.

       dx=xlim/float(nstep)

       if(it.eq.1)then

       do 10 i=1,nstep

       x=dx*float(i)

      sum=sum + (f(x) + f(x-dx+1.e-5) )

10    continue

      sum=sum*4.*pi*dx/2.

      veij=sum

c      print*,'veij=',veij

      endif

      if(it.gt.1)then

      sum=0.

      do 20 i=1,nstep

      x=dx*float(i)

      if(norbit.eq.2)sum=sum+ phi(alfaone,x)*phi(alfatwo,x)

     $ *ve1s(i)*x**2+

     $ phi(alfaone,x-dx)*phi(alfatwo,x-dx)*ve1s(i-1)*(x-dx)**2

      if(norbit.eq.1)sum=sum+ phi(alfaone,x)*phi(alfatwo,x)

     $ *ve2s(i)*x**2+

     $ phi(alfaone,x-dx)*phi(alfatwo,x-dx)*ve2s(i-1)*(x-dx)**2

20    continue

      sum=sum*4.*pi*dx/2.

      veij=sum

      endif

      return

      end

      subroutine ve(iter,alfa1, alfa2,an1s,an2s,pi,xlim,nstep,

     $ coef1s,coef2s,ve1s,ve2s,vx1s2s)

c creates vecoul =ve1s and ve2s (if necessary) for the iterations

      dimension ve1s(0:10000),coef1s(2,2),coef2s(2,2),ve2s(0:10000),

     $vx1s2s(0:10000)

      psi1(x)= sqrt(alfa1**3/pi)*exp(-alfa1*x)

      psi2(x)= sqrt(alfa2**3/pi)*exp(-alfa2*x)

      psi(x)=an1s*(coef1s(1,1)*psi1(x)+coef1s(2,1)*psi2(x) )

      psi2s(x)=an2s*(coef2s(1,2)*psi1(x)+coef2s(2,2)*psi2(x) )

      rho1s(x)= psi(x)**2

      rhoini(x)=frac*(psi1(x)**2 +  psi2(x)**2 )

      rho2s(x)= psi2s(x)**2

      rhoexch(x)=psi(x)*psi2s(x)

      if(iter.eq.1)then

      an1s=1.

      an2s=1.

      endif

c     calculates ve1s(0)

      dx=xlim/float(nstep)

      sum=0.

      sum2s=0.

      sumexch=0.

      do 10 i=1,nstep

      x= dx*float(i)

      if(iter.eq.1)sum=sum +(rhoini(x-dx)*(x-dx) + rhoini(x)*

     $ psi1(x)**2*x )

      if(iter.ge.2)then

      sum=sum + rho1s(x-dx)*(x-dx) + rho1s(x)*x

      sum2s=sum2s+ rho2s(x-dx)*(x-dx) + rho2s(x)*x

      sumexch=sumexch+ rhoexch(x-dx)*(x-dx) +rhoexch(x)*x

      endif

10    continue

      sum=sum*4.*pi*dx/2.

      sum2s=sum2s*4.*pi*dx/2.

      sumexch=sumexch*4.*pi*dx/2.

      ve1s(0)=sum

      ve1s(1)=ve1s(0)

      vx1s2s(0)=sumexch

       vx1s2s(0)=vx1s2s(1)

      if(iter.eq.1)then

      ve2s(0)=ve1s(0)

      ve2s(1)=ve1s(0)

      endif

      if(iter.ge.2)then

      ve2s(0)=sum2s

      ve2s(1)=ve2s(0)

      endif

      do 20 i=2,nstep

      x=dx*float(i)

      ve1s(i)=2.*ve1s(i-1)-ve1s(i-2) - (2/(x-dx))*dx*

     $ (ve1s(i-1)-ve1s(i-2))

     $ - 4.*pi*dx**2*rho1s(x-dx)

      if(iter.eq.1)ve2s(i)=ve1s(i)

      if(iter.ge.2)then

      ve2s(i)=2.*ve2s(i-1)-ve2s(i-2) - (2/(x-dx))*dx*

     $ (ve2s(i-1)-ve2s(i-2))

     $ - 4.*pi*dx**2*rho2s(x-dx)

      vx1s2s(i)=2.*vx1s2s(i-1)-vx1s2s(i-2) - (2/(x-dx))*dx*

     $ (vx1s2s(i-1)-vx1s2s(i-2))

     $ - 4.*pi*dx**2*rhoexch(x-dx)

      endif

20    continue

      return

      end

      subroutine vrep(nstep,dx,pi,coef1s,coef2s,an1s,an2s,

     $ alfa1,alfa2,  ve1s,ve2s,ajcoul)

      dimension coef1s(2,2),coef2s(2,2), ve1s(0:10000),ve2s(0:10000)

      base1(x)=sqrt(alfa1**3/pi)*exp(-alfa1*x)

      base2(x)=sqrt(alfa2**3/pi)*exp(-alfa2*x)

      phi(x)=an1s*(coef1s(1,1)*base1(x)+coef1s(2,1)*base2(x) )

      phi2(x)= an2s*(coef2s(1,2)*base1(x)+coef2s(2,2)*base2(x) )

      f(x,i)=phi(x)**2*ve1s(i)*x**2

      f2(x,i)=phi(x)**2*ve2s(i)*x**2

c      print*,'c11,c21,c12,c22=',coef1s(1,1),coef1s(2,1),coef2s(1,2),

c     $coef2s(2,2)

c      print*,'an1s,an2s=',an1s,an2s

      sum=0.

c norbit=1 1s1s repuslion //norbit=2 1s2s repulsion

      do 10 i=1,nstep

      x=dx*float(i)

c for J1s1s~use f(x)//for J1s2s use f2(x)//

c      sum=sum +f(x-dx,i-1) +f(x,i)

      sum=sum + f2(x-dx,i-1) +f2(x,i)

10    continue

      sum=sum*4.*pi*dx/2.

      ajcoul=sum

      return

      end

      subroutine exch( nstep,dx,pi,coef1s,coef2s,an1s,an2s,

     $ alfa1,alfa2,vx1s2s,ak1s2s)

      dimension coef1s(2,2),coef2s(2,2),vx1s2s(0:10000)

      psi1(x)= sqrt(alfa1**3/pi)*exp(-alfa1*x)

      psi2(x)= sqrt(alfa2**3/pi)*exp(-alfa2*x)

      psi1s(x)=an1s*(coef1s(1,1)*psi1(x)+coef1s(2,1)*psi2(x) )

      psi2s(x)=an2s*(coef2s(1,2)*psi1(x)+coef2s(2,2)*psi2(x) )

      rho(x)= psi1s(x)*psi2s(x)

      sumex=0.

      do 10 i=1,nstep

      sumex=sumex+rho(x-dx)*vx1s2s(i-1)*(x-dx)**2 +

     $ rho(x)*vx1s2s(i)*(x)**2

10    continue

      sumex=sumex*4.*pi*dx/2.

      ak1s2s=sumex

      return

      end

