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Tha ground state electronic configuration of lithium is  1s2 2s.
The one electron equation for the s states  is (omitting an exchange term)
{  -(1/2) ∆  -  Z/ r    + ve1s (r)  +ve2s(r)  }  χ  =     ε  χ         (1)

The Fortran code below calculates first the potentials  ve1s (r)  +ve2s(r) 

with the  subroutine potee(z,f1s,f2s,alfa,alfa2,pi,dx,nstep,ve1s,ve2s).
Poisson equation reduces to 

d2 Φ  / dr2  +(2/r)  dΦ /dr   = - 4 π ρ  (r )                          (2)

where   ρ  (r )    is either equal to  Ψ 2 1s   or   Ψ2 2s  . We use hydrogenic functions  to calculate the potentials.

Ψ 1s =  (α3 / π )1/2 exp(-α r)                         (3)

and

Ψ 2s =  (α3/(32 π))1/2 (2.- α r) exp(-α r /2.)    (4)

In a sense, this is only a first iteration . A second iteration would use the functions χ 1s   and  χ 2s  determined from  (1) to recalculate de potentials  ve1s and ve2s.

The exchange potential is obtained using eq (2) defining the exchange density  ,see subroutine vex(alfa, alfa2,pi, dx,nstep,vxc) .
ρ x  (r )    =   Ψ 1s  Ψ 2s   .                                 (5) 
Equations (1) and (2) are solved using finite difference methods. 
 The initial conditions of (1) are

  psi(0)=1.     and  psi(1)=psi(0) - dx                .    (6)
The initial conditions of (2) are

Φ x (r=0)  =  ∫ ρ x 4 π r dr                                              (7)

and      (dΦ x/dr ) r=0  = 0    .                                            
In the  hydrogenic orbitals we have instead of Z , the variational parameter α. However we don’t vary α  and are content with just one trial run. We fix it at  α = Z-5./16. 

The total energy is 

E = 2 ε1s +  ε2s  - ( ∫ (ve1s Ψ2 1s + 2.ve2s Ψ2 1s  + vxc Ψ1s Ψ2s )d τ .      (8)                                           (4)

The Hartree –Fock value is =  -7.4327 in atomic units. 

OUR RESULTS ARE 

a total energy of   -7.457  , e1s = -2.19 , e2s = -.215

ajx= -0.058907412

 read e1s,e2s,e2p

-2.19,-.215,0.

 ajcoul,etotal=  2.80341744           -7.45732498
atomic number, ang momentum  3.  0.

   e(au),e(ev), psifin=    -0.2300E+01    -0.6259E+02     0.1308E+04

   e(au),e(ev), psifin=    -0.2277E+01    -0.6196E+02     0.9276E+03

   e(au),e(ev), psifin=    -0.2254E+01    -0.6133E+02     0.6011E+03

   e(au),e(ev), psifin=    -0.2231E+01    -0.6071E+02     0.3224E+03

   e(au),e(ev), psifin=    -0.2208E+01    -0.6008E+02     0.8508E+02

   e(au),e(ev), psifin=    -0.2185E+01    -0.5946E+02    -0.1169E+03

   e(au),e(ev), psifin=    -0.2162E+01    -0.5883E+02    -0.2899E+03

   e(au),e(ev), psifin=    -0.2139E+01    -0.5820E+02    -0.4309E+03

   e(au),e(ev), psifin=    -0.2116E+01    -0.5758E+02    -0.5477E+03

   e(au),e(ev), psifin=    -0.2093E+01    -0.5695E+02    -0.6402E+03

   e(au),e(ev), psifin=    -0.2070E+01    -0.5633E+02    -0.7150E+03

   e(au),e(ev), psifin=    -0.2047E+01    -0.5570E+02    -0.7716E+03

   e(au),e(ev), psifin=    -0.2024E+01    -0.5507E+02    -0.8143E+03

   e(au),e(ev), psifin=    -0.2001E+01    -0.5445E+02    -0.8444E+03

   e(au),e(ev), psifin=    -0.1978E+01    -0.5382E+02    -0.8615E+03

   e(au),e(ev), psifin=    -0.1955E+01    -0.5320E+02    -0.8705E+03

   e(au),e(ev), psifin=    -0.1932E+01    -0.5257E+02    -0.8708E+03

   e(au),e(ev), psifin=    -0.1909E+01    -0.5195E+02    -0.8634E+03

   e(au),e(ev), psifin=    -0.1886E+01    -0.5132E+02    -0.8511E+03

   e(au),e(ev), psifin=    -0.1863E+01    -0.5069E+02    -0.8329E+03

   e(au),e(ev), psifin=    -0.1840E+01    -0.5007E+02    -0.8120E+03

   e(au),e(ev), psifin=    -0.1817E+01    -0.4944E+02    -0.7879E+03

   e(au),e(ev), psifin=    -0.1794E+01    -0.4882E+02    -0.7604E+03

   e(au),e(ev), psifin=    -0.1771E+01    -0.4819E+02    -0.7316E+03

   e(au),e(ev), psifin=    -0.1748E+01    -0.4756E+02    -0.7007E+03

   e(au),e(ev), psifin=    -0.1725E+01    -0.4694E+02    -0.6695E+03

   e(au),e(ev), psifin=    -0.1702E+01    -0.4631E+02    -0.6375E+03

   e(au),e(ev), psifin=    -0.1679E+01    -0.4569E+02    -0.6056E+03

   e(au),e(ev), psifin=    -0.1656E+01    -0.4506E+02    -0.5734E+03

   e(au),e(ev), psifin=    -0.1633E+01    -0.4444E+02    -0.5417E+03

   e(au),e(ev), psifin=    -0.1610E+01    -0.4381E+02    -0.5107E+03

   e(au),e(ev), psifin=    -0.1587E+01    -0.4318E+02    -0.4799E+03

   e(au),e(ev), psifin=    -0.1564E+01    -0.4256E+02    -0.4504E+03

   e(au),e(ev), psifin=    -0.1541E+01    -0.4193E+02    -0.4217E+03

   e(au),e(ev), psifin=    -0.1518E+01    -0.4131E+02    -0.3940E+03

   e(au),e(ev), psifin=    -0.1495E+01    -0.4068E+02    -0.3672E+03

   e(au),e(ev), psifin=    -0.1472E+01    -0.4005E+02    -0.3417E+03

   e(au),e(ev), psifin=    -0.1449E+01    -0.3943E+02    -0.3173E+03

   e(au),e(ev), psifin=    -0.1426E+01    -0.3880E+02    -0.2940E+03

   e(au),e(ev), psifin=    -0.1403E+01    -0.3818E+02    -0.2720E+03

   e(au),e(ev), psifin=    -0.1380E+01    -0.3755E+02    -0.2513E+03

   e(au),e(ev), psifin=    -0.1357E+01    -0.3693E+02    -0.2317E+03

   e(au),e(ev), psifin=    -0.1334E+01    -0.3630E+02    -0.2132E+03

   e(au),e(ev), psifin=    -0.1311E+01    -0.3567E+02    -0.1958E+03

   e(au),e(ev), psifin=    -0.1288E+01    -0.3505E+02    -0.1796E+03

   e(au),e(ev), psifin=    -0.1265E+01    -0.3442E+02    -0.1644E+03

   e(au),e(ev), psifin=    -0.1242E+01    -0.3380E+02    -0.1502E+03

   e(au),e(ev), psifin=    -0.1219E+01    -0.3317E+02    -0.1369E+03

   e(au),e(ev), psifin=    -0.1196E+01    -0.3254E+02    -0.1247E+03

   e(au),e(ev), psifin=    -0.1173E+01    -0.3192E+02    -0.1132E+03

   e(au),e(ev), psifin=    -0.1150E+01    -0.3129E+02    -0.1027E+03

   e(au),e(ev), psifin=    -0.1127E+01    -0.3067E+02    -0.9296E+02

   e(au),e(ev), psifin=    -0.1104E+01    -0.3004E+02    -0.8398E+02

   e(au),e(ev), psifin=    -0.1081E+01    -0.2941E+02    -0.7573E+02

   e(au),e(ev), psifin=    -0.1058E+01    -0.2879E+02    -0.6813E+02

   e(au),e(ev), psifin=    -0.1035E+01    -0.2816E+02    -0.6118E+02

   e(au),e(ev), psifin=    -0.1012E+01    -0.2754E+02    -0.5481E+02

   e(au),e(ev), psifin=    -0.9890E+00    -0.2691E+02    -0.4901E+02

   e(au),e(ev), psifin=    -0.9660E+00    -0.2629E+02    -0.4371E+02

   e(au),e(ev), psifin=    -0.9430E+00    -0.2566E+02    -0.3890E+02

   e(au),e(ev), psifin=    -0.9200E+00    -0.2503E+02    -0.3454E+02

   e(au),e(ev), psifin=    -0.8970E+00    -0.2441E+02    -0.3059E+02

   e(au),e(ev), psifin=    -0.8740E+00    -0.2378E+02    -0.2702E+02

   e(au),e(ev), psifin=    -0.8510E+00    -0.2316E+02    -0.2379E+02

   e(au),e(ev), psifin=    -0.8280E+00    -0.2253E+02    -0.2090E+02

   e(au),e(ev), psifin=    -0.8050E+00    -0.2190E+02    -0.1829E+02

   e(au),e(ev), psifin=    -0.7820E+00    -0.2128E+02    -0.1597E+02

   e(au),e(ev), psifin=    -0.7590E+00    -0.2065E+02    -0.1389E+02

   e(au),e(ev), psifin=    -0.7360E+00    -0.2003E+02    -0.1205E+02

   e(au),e(ev), psifin=    -0.7130E+00    -0.1940E+02    -0.1040E+02

   e(au),e(ev), psifin=    -0.6900E+00    -0.1878E+02    -0.8943E+01

   e(au),e(ev), psifin=    -0.6670E+00    -0.1815E+02    -0.7658E+01

   e(au),e(ev), psifin=    -0.6440E+00    -0.1752E+02    -0.6528E+01

   e(au),e(ev), psifin=    -0.6210E+00    -0.1690E+02    -0.5537E+01

   e(au),e(ev), psifin=    -0.5980E+00    -0.1627E+02    -0.4670E+01

   e(au),e(ev), psifin=    -0.5750E+00    -0.1565E+02    -0.3917E+01

   e(au),e(ev), psifin=    -0.5520E+00    -0.1502E+02    -0.3261E+01

   e(au),e(ev), psifin=    -0.5290E+00    -0.1439E+02    -0.2697E+01

   e(au),e(ev), psifin=    -0.5060E+00    -0.1377E+02    -0.2211E+01

   e(au),e(ev), psifin=    -0.4830E+00    -0.1314E+02    -0.1797E+01

   e(au),e(ev), psifin=    -0.4600E+00    -0.1252E+02    -0.1443E+01

   e(au),e(ev), psifin=    -0.4370E+00    -0.1189E+02    -0.1146E+01

   e(au),e(ev), psifin=    -0.4140E+00    -0.1127E+02    -0.8959E+00

   e(au),e(ev), psifin=    -0.3910E+00    -0.1064E+02    -0.6878E+00

   e(au),e(ev), psifin=    -0.3680E+00    -0.1001E+02    -0.5162E+00

   e(au),e(ev), psifin=    -0.3450E+00    -0.9388E+01    -0.3761E+00

   e(au),e(ev), psifin=    -0.3220E+00    -0.8762E+01    -0.2634E+00

   e(au),e(ev), psifin=    -0.2990E+00    -0.8136E+01    -0.1750E+00

   e(au),e(ev), psifin=    -0.2760E+00    -0.7510E+01    -0.1025E+00

   e(au),e(ev), psifin=    -0.2530E+00    -0.6884E+01    -0.4938E-01

   e(au),e(ev), psifin=    -0.2300E+00    -0.6259E+01    -0.1045E-01

   e(au),e(ev), psifin=    -0.2070E+00    -0.5633E+01     0.1799E-01

   e(au),e(ev), psifin=    -0.1840E+00    -0.5007E+01     0.3668E-01

   e(au),e(ev), psifin=    -0.1610E+00    -0.4381E+01     0.4801E-01

   e(au),e(ev), psifin=    -0.1380E+00    -0.3755E+01     0.5341E-01

   e(au),e(ev), psifin=    -0.1150E+00    -0.3129E+01     0.5418E-01

   e(au),e(ev), psifin=    -0.9200E-01    -0.2503E+01     0.5137E-01

   e(au),e(ev), psifin=    -0.6900E-01    -0.1878E+01     0.4608E-01

   e(au),e(ev), psifin=    -0.4600E-01    -0.1252E+01     0.3906E-01

   e(au),e(ev), psifin=    -0.2300E-01    -0.6258E+00     0.3106E-01

 ajx= -0.058907412

 read e1s,e2s,e2p

-2.19,-.215,0.

 ajcoul,etotal=  2.80341744 -7.45732498

FORTRAN CODE
c     Lithium semi- HF calculation 24 mayo 2006

      dimension psi(0:10000) ,psinf(300),energy(300) ,

     $ vxc(0:10000) ,ve1s(0:10000),ve2s(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      psi2p(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      rho(x)=f1s*psi1s(x)**2 + f2s*psi2s(x)**2 +f2p*psi2p(x)**2

      g(x,i)=-2.*(e- al*(al+1.)/(2.*x**2)-(-Z/x + ve1s(i)+ ve2s(i)

     $ ) )

     $ *psi(i)

c      g(x,i)=-2.*(e- al*(al+1.)/(2.*x**2)-(-Z/x + veerho(x)) )*psi(i)

      pi=2.*asin(1.)

      z=3.

      f1s=2.

      f2s=1.

      f2p=0.

      alfa=z-5./16.

      alfa2=alfa

      al=0.

      anel=f1s+f2s

c      e=-.4*Z**2

      e=-2.3

      efinal= -0.

      anel=f1s + f2s + f2p

      nstep=4000

c      totalrun=0.

c      print*,'read niter'

c      read*,niter

      niter=100

c      if(niter.eq.1)totalrun=1.

c      al=1.

      de=(efinal-e)/float(niter)

      escale=27.2109

c      print*,'escale,e=',escale,e

      print*,'atomic number, ang momentum',z,al

      print*,'    '

      do 110 iter=1,niter

      xlim=8.

      dx=xlim/float(nstep)

c      if(niter.eq.1)goto  125

c xlim should go beyond the classical turning point where e=V(x)

c  initial condtions psi(x)=x**al , psi'(x)= al*x**(al-1.) al.ge.1.

c for al=0. psi'(x)=-1.

c  for al=0.   psi(0)=1.    psi(1)=psi(0)

      if(al.eq.0.)then

      psi(0)=1.

      psi(1)=psi(0) - dx

      endif

c for al=1.   psi(0)=0.  psi'(0)=1.  , psi(1) = psi(0)+dx

      if(al.eq.1.)then

      psi(0)=0.

      psi(1)=psi(0)+dx

      endif

c for al=2.    psi(0)=0.   psi(1)= (1./2.)*dx**2*al

      if(al.eq.2.)then

      psi(0)=0.

      psi(1)= psi(0)+ (1./2.)*dx**2*al

      endif

      call potee(z,f1s,f2s,alfa,alfa2,pi,dx,nstep,ve1s,ve2s)

      call vex(alfa, alfa2,pi, dx,nstep,vxc)

      do 100 i=2,nstep

      x=dx*float(i)

      psi(i)=dx**2*g(x-dx,i-1)+2.*psi(i-1)-psi(i-2)-(2.*dx/(x-dx))*

     $(psi(i-1)-psi(i-2))

c      print*,'e,g,psi(i)=',e,g(x-dx,i-1),psi(i)

100   continue

      energy(iter)=e

      psinf(iter)=psi(nstep)

      e=e + de

110   continue

125   do 20 i=1,niter

      print 120,energy(i),energy(i)*escale,psinf(i)

20    continue

120   format(3x,'e(au),e(ev), psifin=',3(4x,e11.4))

      print*,'  '

c examine the wave function and delete any .diverging part at infinity

c before normalizing

c      if(totalrun.eq.1.)then

c      call plotwave(psi,alfa,alfa2,pi,nstep,20,dx)

c nstep2 is decided examining call plot

c      nstep2=2550

c      call anorm (psi,pi,nstep2,dx)

      call vjcoul(anel,f1s,f2s,f2p,alfa,alfa2,pi,nstep,dx,ajcoul,

     $ve1s,ve2s)

      call akx(alfa, alfa2,pi, dx,nstep,vxc,ajx)

      print*,'ajx=', ajx

      print*,'read e1s,e2s,e2p'

      read*,e1s, e2s ,e2p

      etotal=f1s*e1s + f2s*e2s + f2p*e2p - ajcoul + ajx

      print*,'ajcoul,etotal=', ajcoul, etotal

c      endif

c      c      print*,'more ? =1 another run , =0 no more'

c      read*,more

c      if(more-0)130,130,135

      stop

      end

      subroutine vjcoul(anel,f1s,f2s,f2p,alfa,alfa2,pi,nstep,dx,ajcoul,

     $ve1s,ve2s)

      dimension ve1s(0:10000) ,  ve2s(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      psi2p(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      rho1s(x)=psi1s(x)**2

      rho2s(x)= psi2s(x)**2

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

c      sum=sum +(vee(i-1)*(psi1s(x-dx)*(x-dx))**2  +

c     $ vee(i)*(psi1s(x)*x)**2) + (vee(i-1)*(psi2s(x-dx)*(x-dx))**2 +

c     $ vee(i)*(psi2s(x)*x)**2)

c   for lithium

      sum=sum + (ve1s(i-1)*rho1s(x-dx)*(x-dx)**2  +

     $ ve1s(i)*rho1s(x)*x**2)+ (ve2s(i-1)*f1s*rho1s(x-dx)*(x-dx)**2  +

     $ ve2s(i)*f1s*rho1s(x)*x**2)

10    continue

      sum=sum*4.*pi*dx/2.

      ajcoul=sum

      return

      end

      subroutine plotwave(psi,alfa,alfa2,pi,nstep,ns,dx)

      dimension psi(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      psi2p(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      do 10 i=0,nstep,ns

      x=dx*float(i)

      print 100 ,i,x, sqrt(alfa2**3/(32.*pi))*2.*psi(i),psi2s(x)

10    continue

100   format(2x,'i,x,psi,psi1s=',i4,2x, 3(3x,e11.4))

      return

      end

      subroutine potee(z,f1s,f2s,alfa,alfa2,pi,dx,nstep,ve1s,ve2s)

      dimension ve1s(0:10000), ve2s(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      rho1s(x) = psi1s(x)**2

      rho2s(x)=psi2s(x)**2

c     calculates ve1s(0),ve2s(0)

      sum1s=0.

      sum2s=0.

      do 10 i=1,nstep

      x= dx*float(i)

      sum1s=sum1s + rho1s(x-dx)*(x-dx) + rho1s(x)*x

      sum2s=sum2s + rho2s(x-dx)*(x-dx) + rho2s(x)*x

10    continue

      sum1s=sum1s*4.*pi*dx/2.

      sum2s=sum2s*4.*pi*dx/2.

      ve1s(0)=sum1s

      ve1s(1)=ve1s(0)

      ve2s(0)=sum2s

      ve2s(1)=ve2s(0)

      do 20 i=2,nstep

      x=dx*float(i)

      ve1s(i)=2.*ve1s(i-1)-ve1s(i-2)-(2/(x-dx))*dx*(ve1s(i-1)-ve1s(i-2))

     $ - 4.*pi*dx**2*rho1s(x-dx)

      ve2s(i)=2.*ve2s(i-1)-ve2s(i-2)-(2/(x-dx))*dx*(ve2s(i-1)-ve2s(i-2))

     $ - 4.*pi*dx**2*rho2s(x-dx)

20    continue

      return

      end

      subroutine vex(alfa, alfa2,pi, dx,nstep,vxc)

      dimension vxc(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      rho(x)= psi1s(x)*psi2s(x)

c     calculates vxc(0)

      sum=0.

      do 10 i=1,nstep

      x= dx*float(i)

      sum=sum + rho(x-dx)*(x-dx) + rho(x)*x

10    continue

      sum=sum*4.*pi*dx/2.

      vxc(0)=sum

      vxc(1)=vxc(0)

      do 20 i=2,nstep

      x=dx*float(i)

      vxc(i)=2.*vxc(i-1)-vxc(i-2) - (2/(x-dx))*dx*(vxc(i-1)-vxc(i-2))

     $ - 4.*pi*dx**2*rho(x-dx)

20    continue

      return

      end

      subroutine akx(alfa, alfa2,pi, dx,nstep,vxc,ajx)

      dimension vxc(0:10000)

      psi1s(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2s(x)= sqrt(alfa2**3/(32.*pi))*(2.-alfa2*x)*exp(-alfa2*x/2.)

      rho(x)= psi1s(x)*psi2s(x)

      sum=0.

      do 10 i=1,nstep

      x= dx*float(i)

      sum=sum+ vxc(i-1)*psi1s(x-dx)*psi2s(x-dx)*(x-dx)**2 +

     $ vxc(i)*psi1s(x)*psi2s(x)*x**2

10    continue

      sum=sum*4.*pi*dx/2.

      ajx=-sum

      return

      end

