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The curl of a gradient is always zero , i.e.

del x del (phi(x,y,z) ) =0              (1)  ( is like a cross product)
and the divergence of a curl is zero,
del · del x A   = 0                          (2)  (is like a scalar product)
To show (1) as always work it out first in two independent variables  (x,y), say phi= phi(x,y)

del phi =  i ∂ phi / ∂ x  +  j ∂ phi / ∂ y  

 Then the curl is like a vector product

del x del (phi(x,y,z) ) = 
                                   (i ∂  / ∂ x  +  j ∂  / ∂ y + k ∂  / ∂ z  ) x (i ∂ phi / ∂ x  + j ∂ phi / ∂ y ) )

= ixj ∂2 phi / ∂ x∂ y + jxi ∂ 2  phi /∂ y ∂ x    .                               (3)

remember ixi = jxj=0  , and ixj= +k  , jxi= -k.

So expression (3) is equal to  k (∂2 phi / ∂ x∂ y - ∂ 2  phi /∂ y ∂ x ) =0. 

The result can be generalized to the case of phi(x,y,z)  
To show relation (2) write it out explicitly 

= ( i ∂  / ∂ x  +  j ∂ / ∂ y  + k ∂ / ∂ y ) * { i (∂ Az / ∂ y  -   ∂ Ay / ∂ z  )         
    +  j ( ∂Ax/ ∂ z  -   ∂ Az / ∂ x   )     +     k (∂Ay/ ∂ x  -   ∂ Ax / ∂ y )  }          (4)      

The “scalar” product contains three terms the first of which is  (recall i*i=1 )
          ∂2 Az / ∂ x∂ y  -   ∂2 Ay / ∂ x∂ z                                (5).
The second is  ( remember j*j=1 )

          ∂ 2Ax/∂ y ∂ z  -   ∂2 Az /∂ y∂ x                                  (6)

and the third is

∂ 2Ay/ ∂ x ∂ z-   ∂2 Ax / ∂ y∂ z                                             (7)

The sum of (5) ,(6) and (7) is zero.

