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Reference :

1. Quantum Mechanics: Non-Relativistic Theory, Volume 3, Second  Edition (Quantum Mechanics) by L. D. Landau and L. M. Lifshitz ,section 22.
 
In reference 1. , it is shown that  for a shallow well  there is  only one energy level

E ≈ U0 – (a2 /2 ) (U0)2                                (1)

when  U0 << 1/a2  .
 
We show here that by taking an appropiate inequality  U0 > 1/a2  we can define  deep attractive well with also  only one energy level.
 
Let     V(x) = -U0           -a/2 < x < a/2                    . ( 2)
 
 Schrodinger’s equation  with hbar=1 , mass=1 , is
 
-(1/2) d2 ψ/dx2       -U0 ψ = E  ψ                           . ( 3)    
 
There are two length scales in this problem. First there  is the width   of the well . 
 L1 = a .                                                                  ( 4)
 
A second length scale is defined by
 
  L2 = 1/( U0 )1/2                                                .    (4)
 
The longest lambda is related to the difference (E- V(x) ) by taking E~0 in comparison with U0  . That is E  lies  near the top of the well.
 
 λ  = 2a ~2π hbar/[2m(E- V(x) )]1/2  →2π hbar/(2m(U0 )]1/2 ; or in 
our units
     λ  =    2π /[2(U0 )]1/2                           .            (5)
  Hence the well can have a width 

a=  π /[2(U0 )]1/2                                                    (  6)

and accomodate one energy level.                 
Various values for U 0 , a, 1/a2  and the energy values are given to show the validity of the approximation.
Fro simplicity we show only ten iterations of the energy.The correct energy eigenvalue is somewhere between the changing signs of psifinal.
U0=5.    E≈  (-1 . + (-0.5)   )/2 

u0,a,1./a**2=  5.  1.09280471  0.837365154

   energy, psi(inf)=    -0.5000E+01     0.1093E+01

   energy, psi(inf)=    -0.4500E+01     0.8879E+00

   energy, psi(inf)=    -0.4000E+01     0.7069E+00

   energy, psi(inf)=    -0.3500E+01     0.5477E+00

   energy, psi(inf)=    -0.3000E+01     0.4084E+00

   energy, psi(inf)=    -0.2500E+01     0.2874E+00

   energy, psi(inf)=    -0.2000E+01     0.1830E+00

   energy, psi(inf)=    -0.1500E+01     0.9361E-01

   energy, psi(inf)=    -0.1000E+01     0.1790E-01

    energy, psi(inf)=    -0.5000E+00    -0.4548E-01

u0,a,1./a**2=  50.  0.345575192  8.37365154
U0= 50      E≈ (-10.= (-5.) )/2
   energy, psi(inf)=    -0.5000E+02     0.3456E+00

   energy, psi(inf)=    -0.4500E+02     0.2808E+00

   energy, psi(inf)=    -0.4000E+02     0.2235E+00

   energy, psi(inf)=    -0.3500E+02     0.1732E+00

   energy, psi(inf)=    -0.3000E+02     0.1292E+00

   energy, psi(inf)=    -0.2500E+02     0.9089E-01

   energy, psi(inf)=    -0.2000E+02     0.5786E-01

   energy, psi(inf)=    -0.1500E+02     0.2960E-01

   energy, psi(inf)=    -0.1000E+02     0.5660E-02

   energy, psi(inf)=    -0.5000E+01    -0.1438E-01
*     *      *      *

u0,a,1./a**2=  500.  0.109280471  83.7365154
U0= 500.       E= ( -100 +( -50))/2
   energy, psi(inf)=    -0.5000E+03     0.1087E+00

   energy, psi(inf)=    -0.4500E+03     0.8854E-01

   energy, psi(inf)=    -0.4000E+03     0.7067E-01

   energy, psi(inf)=    -0.3500E+03     0.5494E-01

   energy, psi(inf)=    -0.3000E+03     0.4116E-01

   energy, psi(inf)=    -0.2500E+03     0.2916E-01

   energy, psi(inf)=    -0.2000E+03     0.1879E-01

   energy, psi(inf)=    -0.1500E+03     0.9890E-02

   energy, psi(inf)=    -0.1000E+03     0.2335E-02

   energy, psi(inf)=    -0.5000E+02    -0.4006E-02

FORTRAN CODE

c deep well potential

      implicit real*8(a-h,o-z)

      dimension psinf(1000),energy(500)

      data u0,niter /500.d0,10/

      g(x)=(e-v)*psi1

      pi=2.2d0*dasin(1.d0)

      alscale=1.d0/dsqrt(u0)

      a=1.d0*(pi/dsqrt(2.d0*u0))

      xi=-a/2.d0

      xf=2.d0*(a/2.d0)

      dx=a/200.d0

      nstep=int(xf/dx)

      e=-u0

      efinal=0.d0

      de=(efinal-e)/dfloat(niter)

      print*,'u0,a,1./a**2=',u0,a,1.d0/a**2

      print*,'  '

      do 110 iter=1,niter

      psi0=0.d0

      psi1=psi0 +dx

      if(niter.eq.1)print 140,xi,psi0

      do 100 i=2,nstep

      x=xi + dx*dfloat(i)

      if(x-dx.le.a/2.d0)v=-u0

      if(x-dx.gt.a/2.d0)v=0.d0

      psi2=-2.d0*dx**2*g(x-dx)+2.d0*psi1-psi0

      if(niter.eq.1)print 140 ,x,psi2

      psi0=psi1

      psi1=psi2

100   continue

      energy(iter)=e

      psinf(iter)=psi2

       e=e + de

110   continue

      do 20 i=1,niter

      print 120,energy(i),psinf(i)

20    continue

120   format(3x,'energy, psi(inf)=', 2(4x,d11.4) )

130   format(3x,'u0,eta=', 2(4x,d11.4))

140   format(3x,'x,psifinal=',2(4x,d10.3))

      print*,'     '

      stop

      end

