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The Dirac delta function potential result is tested by numerical integration of Schroedinger equation using a Dirac sequence.

In Quantum mechanics the Dirac delta function potential 
V(x)=-eta*delta(x) produces  a a single energy level
 E= -(eta**2)/2.   The delta function potential well is a special case

 of the finite potential well and follows as a limit of a Dirac sequence.

The analytical demontration of a single energy level consists in integrating the Schrodinger equation from –ε   to + ε  ,passing through the delta function.  Then the limit  ε→ 0 is taken.

Let V(x) = -η δ(x) . The integral is     x

∫  -(1/2)(d2 ψ/dx2)dx  +   ∫  -η δ(x)ψ dx  =  ∫ Eψ  dx                (1)
The integral on the right vanishes in the limit ε→ 0 , resulting in
-(1/2) (    (dψ/dx) + ε -(dψ/dx) - ε )  - η ψ(0)  = 0                      (2).
Let ψ = exp(kx)  on the left side , ψ = exp(-kx)  on the right side ,

where k =(2 |E| )1/2 . From (2) results 

-(1/2) ( -k – (k) ) = η  and   |E| = (η2 /2) , but E < 0 so

E = - (η2 /2)                                                                         .  (3)

Figure 1. shows a plot of the function  -η δ 10(x) .  
These  δ n(x) is an example of  a Dirac sequence.
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with  n=10  and η =5.

Figure1.
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Figure 2   Pot of  -5δ 100(x)    .

The FORTRAN code given below is run changing the number n in the Dirac sequence. The results obtained are for N=10, 100, 1000, 1E4, 1E5 .
************
N,eta,edelta=  10.  5. -12.5

 xi,dx,nstep= -0.6  0.00012 10000
energy, psi(inf)=    -0.4000E+01     0.3868E-01

   energy, psi(inf)=    -0.3667E+01    -0.1142E+00
E ≈ -3.83

******

N,eta,edelta=  100.  5. -12.5

 xi,dx,nstep= -0.6  0.00012 10000
E ≈ - 9.16 

***********

N,eta,edelta=  1000.  5. -12.5

 xi,dx,nstep= -0.6  0.00012 10000
E ≈ -11.8

**********************

N,eta,edelta=  10000.  5. -12.5

 xi,dx,nstep= -0.6  0.00012 10000
Results in

  energy, psi(inf)=    -0.1267E+02     0.5254E-01

  energy, psi(inf)=    -0.1260E+02    -0.6409E-03

E ≈ -12.63   and it exceeds the -12.5 value. At this point the narrow “delta” function  width is of the order of dx , hence the integration is questionable.
However increasing Nstep to 20000 improves the result .
N,eta,edelta=  10000.  5. -12.5

 xi,dx,nstep= -0.6  6.E-005 20000
energy, psi(inf)=    -0.1233E+02     0.8257E-03

 energy, psi(inf)=    -0.1227E+02    -0.5132E-01
now E ≈ -12.29      .  
c In Quantum mechanics the Dirac delta function potential 
cV(x)=-eta*delta(x) has a single 
c E= -(eta**2)/2.   The delta function potential well is a special case

c of the finite potential well and follows as a limit of a sequence.
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  c Dirac delta function potential V(x)=-eta*delta(x)

      implicit real*8(a-h,o-z)

      dimension psinf(1000),energy(1000)

      data an,eta ,niter,nstep /1.d4,5.d0,60,10000/

      g(x)=(e-v)*psi1

      delta(x)= -eta*an/( pi*(1.d0+(an*x)**2))

      pi=2.d0*dasin(1.d0)

      xi=-.6d0

      xf=-xi

      dx=(xf-xi)/dfloat(nstep)

      e=-20.d0

      efinal=0.d0

      de=(efinal-e)/dfloat(niter)

      print*,'N,eta,edelta=',an, eta,-eta**2/2.d0

      print*,'xi,dx,nstep=',xi,dx, nstep

      print*,'  '

      do 110 iter=1,niter

      ak =dsqrt(2.d0*abs(e) )

      psi0=dexp(ak*xi)

      psi1=dexp(ak*(xi+dx))

      if(niter.eq.1)print 140,xi,psi0

      do 100 i=2,nstep

      x=xi + dx*dfloat(i)

      v=delta(x-dx)

      psi2=-2.d0*dx**2*g(x-dx)+2.d0*psi1-psi0

      if(niter.eq.1)print 140 ,x,psi2

      psi0=psi1

      psi1=psi2

100   continue

      energy(iter)=e

      psinf(iter)=psi2

       e=e + de

110   continue

      do 20 i=1,niter

      print 120,energy(i),psinf(i)

20    continue

120   format(3x,'energy, psi(inf)=', 2(4x,d11.4) )

140   format(3x,'x,psi=', 2(4x,d11.4))

      print*,'     '

      stop

      end

