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Reference:

1. Mathematical Analysis of Physical Problems by Philip R. Wallace pages 50-52.
The purpose of this note is to solve numerically the differential equation for the Green’s function and compare it with the analytical result given in ref 1.

The inhomogeneous differential equation of a string subject to a periodic external force of frequency ω is 
    d/dx  (T du/dx) + ω2 ρ u    = - ρ w u                                      (1)

y(x,t) , the wave amplitude  is of the form
y(x,t)= u(x) exp(i ω t)                                                               (2)
The dimensions are, u(amplitude of the wave)~ length , T ~ tension (-force)  , ω~1/time ,
ρ ~mass/length    ,w ~force/mass.
Let all parameters be constant  equal to unity T=1 , ρ=1,w=1.

 The boundary conditions are y(0,t)=y(L,t)=0. L is the length of the string also chosen to be 1.
The Green’s function differential equation is

    d/dx  (dG/dx) + ω2  G    = - δ ( x - x’)                             .  (3)

G(x,x’) is a two variable function , the analytic solution is given by eq 1.207 

of ref  1,

G(x,x’) =   ∑ n   yn(x’) yn (x)/(  ωn 2 -   ω2 )                            (4)

where 

yn(x)  = (2/L) sin( n π x /Length)                                        . (5)   
The propagation velocity is  v = sqrt( T/ρ) =1  .  Hence to the wavevector 

kn = (n π ) /Length , corresponds the angular frequency 

ωn = kn v   .

The finite difference solution to eq(3) is

g2=2.*g1-g0+(dx**2/tension)*(-omega**2*g1-delta(xprime,x-dx,dx))  (6)

where the delta function  delta(xprime,x-dx,dx) = 1./dx for x=x’  , zero otherwise.
Numerical solution of Green’s DE.
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 c      Greens function for a vibrating string   dec 28 ,2007

      real length

      data tension ,length,omega,nstep,niter /1.,1. ,2., 400.,10/

      dx=length/float(nstep)

      dgdx=1.1

      xprime=dx*float(nstep)/4.

      kp=int(float(nstep)/40.)

      kount=kp

      print*,'xprime, dgdx=',xprime, dgdx

      print*,'  '

      do 10 it=1,1

      g0=0.

      g1=g0+dx*dgdx

       print 100,0.,g0

      do 20 i=2,nstep

      x=dx*float(i)

      g2=2.*g1-g0+(dx**2/tension)*(-omega**2*g1-delta(xprime,x-dx,dx))

      if(i.eq.kount)then

      print 100,x,g2

      kount=kount+kp

      endif

      g0=g1

      g1=g2

      if(i.eq.nstep)print 100,x,g2

20    continue

      print*,'   '

      dgdx=dgdx+.1

10    continue

100   format(2x,'x,G=',2(4x,e10.3))

      stop

      end

      function delta(xprime,x,dx)

      if(x.eq.xprime)delta=1./dx

      if(x.ne.xprime)delta=0.

      return

      end
PLOT of G(x, x’=0.25) using formula(4).
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                Fortran code 
c Greens function part 2 corroboration formula 1.207 Wallace

c  Mathematical Analysis

      real length,kn

      data tension ,length,omega,nosc,nstep /1.,1. ,2., 30,20/

      y(n,x)=sqrt(2./length)*sin(float(n)*pi*x/length)

      pi=2.*asin(1.)

      vel=1.

      dx=length/float(nstep)

      xprime=dx*float(nstep)/4.

      kp=int(float(nstep)/50.)

      kount=kp

      print*,'xprime=',xprime

      print*,'  '

      do 10 ix=0,nstep

      x=dx*float(ix)

      g=0.

      do 20 in=1,nstep

      kn=float(in)*pi/length

      omegan= kn*vel

      g=g+y(in,xprime)*y(in,x)/(omegan**2-omega**2)

20    continue

      print 100,x,g

10    continue

100   format(2x,'x,G=',2(4x,e10.3))

      stop

      end

