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We solve the equation

      psi1s(i)=-2.*h*(psi1s(i-1)-psi1s(i-2))/(x-dx) +

     $  h**2*(al*(al+1.))*psi1s(i-1)-

     $2.*h**2*(energy(it)-V(x-dx,i-1))*psi1s(i-1) +

     $ 2.*psi1s(i-1)-psi1s(i-2)

with the potential 
      v(x,i)= -z/x + vope(i) -vopexc(i).

v(x,i)= -z/x + vope(i) -vopexc(i)

vope(x) =    ∫ ρ (x’) dτ’ / (x-x’) 

and    vopexc(x) =      ∫ ψ(x’)1s  ψ(x’)2s  dτ’ / (x-x’).
The calculation gives an ionization potential of .18 au.

The observed IP is 0.20 au.

xf=  12.666667

 e,psiasym=   -0.1750000E+00    0.2200921E-01

 e,psiasym=   -0.1755000E+00    0.2010943E-01

 e,psiasym=   -0.1760000E+00    0.1813801E-01

 e,psiasym=   -0.1765000E+00    0.1612286E-01

 e,psiasym=   -0.1770000E+00    0.1402649E-01

 e,psiasym=   -0.1775000E+00    0.1195278E-01

 e,psiasym=   -0.1780000E+00    0.9801650E-02

 e,psiasym=   -0.1785000E+00    0.7580081E-02

 e,psiasym=   -0.1790000E+00    0.5382916E-02

 e,psiasym=   -0.1795000E+00    0.3095090E-02

 e,psiasym=   -0.1800000E+00    0.7779448E-03

 e,psiasym=   -0.1805000E+00   -0.1588951E-02

 e,psiasym=   -0.1810000E+00   -0.3959563E-02

 e,psiasym=   -0.1815000E+00   -0.6421374E-02

 e,psiasym=   -0.1820000E+00   -0.8913007E-02

 e,psiasym=   -0.1825000E+00   -0.1136677E-01

 e,psiasym=   -0.1830000E+00   -0.1396656E-01

 e,psiasym=   -0.1835000E+00   -0.1659029E-01

 e,psiasym=   -0.1840000E+00   -0.1921269E-01

 e,psiasym=   -0.1845000E+00   -0.2192669E-01
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FORTRAN CODE

c lithium ionization potential using an

c optimized effective pottential OEP , in terms of hydrogenic wave

c     functions (alfa=z-5./16. )

      dimension Vope(0:5000),energy(200), psiasym(200),psi1s(0:5000),

     $vopexc(0:5000)

      data z,f1s,f2s,niter,al /3.,2.,0., 1 ,0./

      equivalence(h,dx)

      psi1sh(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2sh(x)= sqrt(alfa**3/(32.*pi))*(2.-alfa*x)*exp(-alfa*x/2.)

      v(x,i)= -z/x + vope(i) -vopexc(i)

      pi=2.*asin(1.)

      alfa=z-5./16.

      xf=35./z

      print*,'xf=',xf

      print*,'  '

      nstep=2000

      dx=xf/float(nstep)

      do 10 i=0,nstep

      x=dx*float(i)

      call pot(f1s,f2s,alfa,pi,i,x,dx,nstep,vp,vx)

      vope(i)=vp

      vopexc(i)=vx

10    continue

c      call plot(vope,alfa,dx,nstep)

      e1= -.185

      e2= -.30

      deltae=(e2-e1)/float(niter)

      do 50 it=1,niter

      energy(it)=e1+float(it-1)*deltae

      psi1s(0)=1.

      deriv=-1.

      psi1s(1)=psi1s(0)+dx*deriv

      do 40 i=2,nstep

      x=dx*float(i)

c see eq. 18-26 Pauling & Wilson Intr. to Quantum Mechanics

      psi1s(i)=-2.*h*(psi1s(i-1)-psi1s(i-2))/(x-dx) +

     $  h**2*(al*(al+1.))*psi1s(i-1)-

     $2.*h**2*(energy(it)-V(x-dx,i-1))*psi1s(i-1) +

     $ 2.*psi1s(i-1)-psi1s(i-2)

40    continue

      psiasym(it)=psi1s(nstep)

50    continue

      do 20 i=1,niter

      print 100, energy(i), psiasym(i)

20    continue

100   format(1x,'e,psiasym=',2(3x,e14.7))

      if(niter.eq.1)then

      print*,'  '

c      call anorm(psi1s,nstep,dx,pi)

      call vrep(psi1s,vope,vopexc,nstep,dx,f1s,f2s,alfa,pi,akx1s2s,

     $ ajcoulh)

      nprint=20

      call plot(psi1s,vope,alfa,dx,nstep,nprint)

      print*,'  '

      if(niter.eq.1)e1s=energy(1)

      et=2.*e1s-ajcoul

      eth=2.*e1s-ajcoulh

c      print*,'e1s,ajcoul,et=',e1s,ajcoul ,et

c      print*,'(5.*alfa/8.) , -(z-5./16.)**2',5.*(alfa/8.),

c     $ -(z-5./16.)**2

c      print*,'e1s,ajcoulh,eth=',e1s,ajcoulh ,eth

      endif

      stop

      end

      subroutine anorm(psi1s,nstep,dx,pi)

      dimension psi1s(0:5000)

      f(x,i)=4.*pi*x**2*psi1s(i)**2

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*(f(x,i)+ f(x-dx,i-1) )

10    continue

      coef=1./sqrt(sum)

      do 20 i=0,nstep

      psi1s(i)=coef*psi1s(i)

20    continue

      return

      end

      subroutine vrep(psi1s,vope,vopexc,nstep,dx,f1s,f2s,alfa,pi,

     $ akx1s2s, ajcoulh)

      dimension Vope(0:5000),vopexc(0:5000),psi1s(0:5000)

      psi1sh(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2sh(x)= sqrt(alfa**3/(32.*pi))*(2.-alfa*x)*exp(-alfa*x/2.)

      f(x,i)=4.*pi*x**2*vope(i)*psi1s(i)**2

      fh(x,i)= 4.*pi*x**2*vope(i)*psi1sh(x)**2

      fx(x,i)= 4.*pi*x**2*vopexc(i)*psi1sh(x)*psi2sh(x)

      sum=0.

      sumh=0.

      sumx=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+(dx/2.)*( f(x,i) +f(x-dx,i-1) )

      sumh=sumh+(dx/2.)*( fh(x,i) +fh(x-dx,i-1) )

      sumx=sumx+(dx/2.)*( fx(x,i) +fx(x-dx,i-1) )

10    continue

      ajcoul=sum

      ajcoulh=sumh

      akx1s2s=sumx

      return

      end

      subroutine pot(f1s,f2s,alfa,pi,i,r,dx,nstep,vp,vx)

      psi1sh(x)= sqrt(alfa**3/pi)*exp(-alfa*x)

      psi2sh(x)= sqrt(alfa**3/(32.*pi))*(2.-alfa*x)*exp(-alfa*x/2.)

      rho(x)=f1s*psi1sh(x)**2 + f2s*psi2sh(x)**2

      rhoxc(x)= psi1sh(x)*psi2sh(x)

      f1(x)= (1./(r+1.e-6))*4.*pi*x**2*rho(x)

      f2(x)= 4.*pi*x*rho(x)

      f1xc(x)= (1./(r+1.e-6))*4.*pi*x**2*rhoxc(x)

      f2xc(x)= 4.*pi*x*rhoxc(x)

      sum1=0.

      sum2=0.

      sum1xc=0.

      sum2xc=0.

      if(i.ne.0)then

      do 10 i1=1,i

      x=dx*float(i1)

      sum1=sum1+ (dx/2.)*(f1(x)+f1(x-dx))

      sum1xc=sum1xc+ (dx/2.)*(f1xc(x)+f1xc(x-dx))

10    continue

      endif

      if(i.eq.0)sum1=0.

      do 20 i2=i+1,nstep

      x=dx*float(i2)

      sum2=sum2+(dx/2.)*(f2(x) +f2(x-dx) )

      sum2xc=sum2xc+(dx/2.)*(f2xc(x) +f2xc(x-dx) )

20    continue

      vp=sum1+sum2

      vx=sum1xc+sum2xc

      return

      end

      subroutine plot(psi1s,vope,alfa,dx,nstep,nprint)

      dimension vope (0:5000),psi1s(0:5000)

      phi1s(x)=(4.*alfa**3/x)*(.25/alfa**3-exp(-2.*alfa*x)*(

     $.25*x/alfa**2 +.25/alfa**3) )

      do 10 i=0,nstep,nprint

      x=dx*float(i)

      if(i.eq.0)phi=alfa

      if(i.gt.0)phi=phi1s(x)

c      print 100, x, vope(i) ,phi

      print 110 , x ,psi1s(i)

10    continue

100   format(1x,'x,vope,phi1s=',3(4x,e11.4))

110   format(1x,'x,psi2s=',2(4x,e11.4))

      return

      end

