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The variational principle is applied to a single muon 

orbiting a heavy nucleus .

The nuclear radius is       R= ( 1.4E-15)*atweight**(1./3.) in meters which is later converted to electron units. The muon mass 207 * m(electron).

The potential inside the nucleus is that of uniformly charged sphere of radius R ,
      Vint(x)=(z*x**2)/(2.*R**3) - 3.*Z/(2.*R)    x ≤ R   (1)

and outside  

 vout(x)= -Z/x.                         x≥ R                            (2)

The energy with a point nucleus is  -207.*(z**2/2.)*(1/n2) where  n is the principal quantum number. As we see below the finite potential at the uniform charge distribution of the nuclei entails a considerable energy correction, upwards( see the plot).

The horizontal line is equal to –(207.*z**2/2.)*(1./4.)  ,i.e. n=2.

Our trial wave function is

ψ 2p  (r)  =  (α**5/(96.*pi))*r*exp(-r*α/2.)         (3)
The energy functional  is,

E(α) = α2 /2  + < ψ  │Vint │ψ >  + < ψ  │Vout │ψ > . (4)

We chose Z=92  and atomic weight =238.

The results for  E2p  energy for the point nucleus is

≈ -2.19 x105     (au)   while the muon with finite size nucleus has an

 E2p(finite size) ≈ - 1.98 x105    (au)   .

The energy degeneracy of the n=2 level is removed  by the finite sized nucleus potential.

From the plots we that  , E2p  < E2s  .
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Compare with the 2s wave function given next.
[image: image2.emf]variational energy Psi 2s 
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The FORTRAN CODE employed is given below.

c muonic atom with finite size nucleus //psi2p level

      real massmu ,masse ,k

      data z ,nstep, iter / 92.,3000, 50/

      data atweight/  238.     /

      data h,k,q,masse/6.63E-34,9.0e9  ,1.602e-19, 9.11e-31  /

      Vint(x)=(z*x**2)/(2.*R**3) - 3.*Z/(2.*R)

      vout(x)=-Z/x

c      psi(x)=sqrt(alfa**3/pi)*exp(-alfa*x)

c      psi(x)=.25*sqrt(alfa**3/(2.*pi))*(2.-alfa*x)*exp(-alfa*x/2.)

      psi(x)=sqrt(alfa**5/(96.*pi))*x*exp(-alfa*x/2.)

      f1(x)=psi(x)**2*x**2*4.*pi*vint(x)

      f2(x)=psi(x)**2*x*4.*pi*(-z)

       pi=2.*asin(1.0)

       massmu=207.*masse

       hbar=h/(2.*pi)

       elescale= masse*k**2*q**4/hbar**2

       emuscale=massmu*k**2*q**4/hbar**2

c R nuclear radius in meters , then scaled to the muonic length

       R= ( 1.4E-15)*atweight**(1./3.)

       R=R*massmu*(k*q**2)/hbar**2

       xf=.4

       ehydrog=-(207.*z**2/2.)*(1./4.)

       print*,'ehydrog,R, xf=',ehydrog, r, xf

      print*,'elescale,emuscale(joules)=',elescale,emuscale

      print*,'  '

       alfa=40.

       alfa2=z

       dalfa=(alfa2-alfa)/float(iter)

       dxint= R/float(nstep)

       dxout=(xf-R)/float(nstep)

      print*,'      alfa,     E(point nucleus),   E (electron units) ='

      print*,'   '

       do 10 ia =1,iter

c  calculates <psi/vint/psi>    and <Psi/Vout/psi>

c Use Simpson's integration

      sum1=0.

      sum2=0.

      do 20 iv=1,nstep,2

      xint=dxint*float(iv)

      xout=R+dxout*float(iv)

      sum1=sum1+(dxint/3.)*(f1(xint-dxint)+4.*f1(xint)+ f1(xint+dxint))

      sum2=sum2+(dxout/3.)*(f2(xout-dxout)+4.*f2(xout)+ f2(xout+dxout))

20    continue

      E= (1./4.)*alfa**2/2. + sum1 + sum2

      print 100, alfa,ehydrog, E*207.

      alfa=alfa+dalfa

10    continue

100   format(2x,3(4x,e12.5))

c      print*,'plot'

      print*,'  '

c      call plot(z,38.11,r,xf,pi)

      stop

      end

      subroutine plot(a1,a2,r,xf,pi)

      psi1(x)=sqrt(a1**3/pi)*exp(-a1*x)

      psi2(x)=sqrt(a2**3/pi)*exp(-a2*x)

      nstep=50

      dx=r/float(nstep)

c plot psi**2 from  0 to R

      do 10 i=0,nstep

      x=dx*float(i)

      print 100,x,psi1(x)**2 , psi2(x)**2

10    continue

      print*,'     '

      dx=(xf-r)/float(nstep)

      do 20  i=0,nstep

      x=r+dx*float(i)

      print 100,x,psi1(x)**2 , psi2(x)**2

20    continue

100   format(2x,'x,psiH,psi2=',3(4x,e10.3))

      return

      end

