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A single variational parameter  labeled here -a- allows a reasonable estimate of both the total energy of lithium and the first ionization potential.
To calculate the total energy of lithium in the ground state configuration 1s22s , take the wavefunctions to be
ψ1s(r) = ( a3 / π) ½  exp(-a r)                                                (1)         

ψ2s(r) =( a3 /(32π)) 1/2 (2-ar)  exp(-a r/2 )     .                    

The total energy is 
E (a) = 2 I1s + I2s + Ve1s1s + 2 Ve1s2s – Kx 1s2s                       (2)

I1s  =  a2 /2 – Z a = ∫ψ1s ( -(1/2)∆ -z/r ) ψ1s dV                                 (3)                                      
I2s = (1/4) I1s                                                                                 (4)

The first repulsive energy term is

Ve1s1s = ∫ ψ1s(r1)2 ( 1/ abs(r1-r2) ) ψ1s (r2)2 dV1 dV2               (5)

             =  ∫ ψ1s(r1)2 Phi1s(r1) dV1   
where  ( see appendix A below),

Phi1s(r) =
-(-1+exp(-2*a*r)+2*exp(-2*a*r)*a*r+
    2*exp(-2*a*r)*a^2*r^2)/r 
+(1+2*a*r)*a*exp(-2*a*r)                                  .         (6)    
In this approximation ,Ve1s1s reduces simply to 

                                ve1s1s= 5*a/8          .                                     (7)

The next repulsion term is

Ve1s2s=   ∫ ψ2s(r)2 Phi1s(r) dV           .                                        (8)   

The analytic result of (8) is (see appendix)
ve1s2s =

1/8*a^3*(4/a^2*(-a*r/exp(a*r)-1/exp(a*r))-4/a^2*(-a^2*r^2/exp(a*r)-2*a*r/exp(a*r)-2/exp(a*r))+1/a^2*(-a^3*r^3/exp(a*r)-3*a^2*r^2/exp(a*r)-6*a*r/exp(a*r)-6/exp(a*r))-4/a^2*(-1/3*a*r/exp(a*r)^3-1/9/exp(a*r)^3)+3/a^2*(-1/3*a^3*r^3/exp(a*r)^3-1/3*a^2*r^2/exp(a*r)^3-2/9*a*r/exp(a*r)^3-2/27/exp(a*r)^3)-1/a^2*(-1/3*a^4*r^4/exp(a*r)^3-4/9*a^3*r^3/exp(a*r)^3-4/9*a^2*r^2/exp(a*r)^3-8/27*a*r/exp(a*r)^3-8/81/exp(a*r)^3))

,evaluating    

  Integral (r=∞)  and  Integral(r=0)

gives          

                       ve1s2s = (17/81)*a                          .     (9)
The exchange term is

Kx1s2s= ∫  ψ1s(r1) ψ2s(r1)( 1/ r12 ) ψ1s (r2)ψ2s(r2) dV1 dV2   (10)

where r12 = / r1-r2 /         .

Integral (10) again divides itself in two parts. 

Phix12s(r) = (1/r) ∫4π*r’2ψ1s(r’)ψ2s(r’) dr’    0 ≤ r’≤ r   (11)
The  integral is (see appendix),
Phix1s2s=  1/3*r^2*a^3*2^(1/2)*exp(-3/2*a*r)               (12)
A second integral is , 

Phix1s2s(r) = ∫4π*r’ψ1s(r’)ψ2s(r’) dr’       r ≤ r’≤ ∞    .   (13)

I(rprime)=   1/18*a*32^(1/2)*(-a*rprime*exp(-3/2*a*rprime)-2/3*exp(-3/2*a*rprime)+3/2*a^2*rprime^2*exp(-3/2*a*rprime))      
                                                                                            .(14)

I(  ∞ ) – I(r) =  

-2/9*a*2^(1/2)*(-a*r*exp(-3/2*a*r)-2/3*exp(-3/2*a*r)+3/2*a^2*r^2*exp(-3/2*a*r))                                                                           .  (15)

Adding (12) and (15) to get the total potential ( a very lengthy expression)

Vx1s2s(r) = 1/3*r^2*a^3*2^(1/2)*exp(-3/2*a*r)  

-2/9*a*2^(1/2)*(-a*r*exp(-3/2*a*r)-2/3*exp(-3/2*a*r)+3/2*a^2*r^2*exp(-3/2*a*r))                                                                             

                                                                                    .           (16)    
Now  from (10) reduced to an integration over r
Kx1s2s= ∫  ψ1s(r) ψ2s(r) Vx1s2s(r) dV   (10)

Kx1s2s =   
1/2916*exp(-3*a*r)*2^(1/2)*32^(1/2)*a*(-8-24*a*r-36*a^2*r^2+27*r^4*a^4)

Letting  r=0
and    performing  the evaluation , -eval(vx1s2s) gives
ans =

                              Kx1s2s      =   -16/729*a         .           (17)
The total energy of lithium is obtained from 3,4,7,9 and 17,as a functional of a single variational parameter a ,
E(a)=  2*(a^2/2-z*a) +(1/4)*(a^2/2-z*a) +(5/8)*a + 2*(17/81)*a 
           -(16/729)*a                                                           . (18)
The minimum is at a≈ 2.55    , E = -7.29 au     .

The Hartree-Fock value is   E= -7.43 au
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Fortran code

c lithium variational total energy

      e(a)=2.*(a**2/2.-z*a) +(1./4.)*(a**2/2.-z*a) +(5./8.)*a +

     $ 2.*(17./81.)*a -(16./729.)*a

      z=3.

      a=2.

      a2=3.

      nstep=40

      da=(a2-a)/float(nstep)

      do  10 i=0,nstep

      print 100 ,a,e(a)

      a=a+da

10    continue

100   format(2x,'a,e=',2(4x,e12.5))

      stop

      end

END 
Appendix A:

using MATLAB software.

Step1:

% potential of psi 1s(r)
syms   r  rprime  a;
psi=(a^3/pi)^(1/2)*exp(-a*rprime);
f=(1/r)*4*pi*rprime^2*psi^2;
phi1=int(f,rprime,0,r)
phi1 =

-(-1+exp(-2*a*r)+2*exp(-2*a*r)*a*r+2*exp(-2*a*r)*a^2*r^2)/r     for   r>rprime

Step2:

% potential of psi 1s(r)
syms   r  rprime  a;
psi=(a^3/pi)^(1/2)*exp(-a*rprime);
f=4*pi*rprime*psi^2;
phi2=int(f,rprime)
phi2 =

-(1+2*a*rprime)*a*exp(-a*rprime)^2           r < rprime   evaluate phi2 between limits  infinity and r

phi2 =

+(1+2*a*r)*a*exp(-2*a*r)    

Step 3:    

 % potential of psi 1s(r)
syms   r   ;
a=2;
phi1 =...
 -(-1+exp(-2*a*r)+2*exp(-2*a*r)*a*r+...
    2*exp(-2*a*r)*a^2*r^2)/r ;
phi2 =(1+2*a*r)*a*exp(-2*a*r) ;          
psi=(a^3/pi)^(1/2)*exp(-a*r);
f=4*pi*r^2*(phi1+phi2)*psi^2;
vee=int(f,r,0,Inf)
vee =

258243659698855475379324798327845/649037107316853453566312041152512*pi

>> 

>> 258243659698855475379324798327845/649037107316853453566312041152512*pi

ans =

    1.2500  

normalization code

r=linspace(0,10,2000);

a=2;

psi=sqrt(a^3/pi)*exp(-a*r);

f=4*pi*r.*r.*psi.^2;

ve1s1s = trapz(r,f)

ve1s1s =

    1.0000

Calculation of Ve1s2s
%calculation of Ve1s2s

syms a  r  ;

 phi1s=-(-1+exp(-2*a*r)+2*exp(-2*a*r)*a*r+...

    2*exp(-2*a*r)*a^2*r^2)/r ...

+(1+2*a*r)*a*exp(-2*a*r) ;

psi2s=(a^3 /(32*pi))^(1/2)* (2-a*r)*exp(-a*r/2);

f=4*pi*r^2*phi1s*psi2s^2;

ve1s2s=int(f,r)

ve1s2s =

1/8*a^3*(4/a^2*(-a*r/exp(a*r)-1/exp(a*r))-4/a^2*(-a^2*r^2/exp(a*r)-2*a*r/exp(a*r)-2/exp(a*r))+1/a^2*(-a^3*r^3/exp(a*r)-3*a^2*r^2/exp(a*r)-6*a*r/exp(a*r)-6/exp(a*r))-4/a^2*(-1/3*a*r/exp(a*r)^3-1/9/exp(a*r)^3)+3/a^2*(-1/3*a^3*r^3/exp(a*r)^3-1/3*a^2*r^2/exp(a*r)^3-2/9*a*r/exp(a*r)^3-2/27/exp(a*r)^3)-1/a^2*(-1/3*a^4*r^4/exp(a*r)^3-4/9*a^3*r^3/exp(a*r)^3-4/9*a^2*r^2/exp(a*r)^3-8/27*a*r/exp(a*r)^3-8/81/exp(a*r)^3))

>>r=0 ; -eval(ve1s2s)

ans =

17/81*a

*******

calculation of x1s2s
%calculation of x1s2s

syms a r rprime  ;

psi1s=(a^3/pi)^(1/2)*exp(-a*rprime); 

psi2s=(a^3 /(32*pi))^(1/2)* (2-a*rprime)*...

    exp(-a*rprime/2);

f=(1/r)*4*pi*rprime^2*psi1s*psi2s ;

x1s2s=int(f,rprime)

x1s2s =

1/12/r*a^3*32^(1/2)*rprime^3*exp(-3/2*a*rprime)

>> rprime=r;

>> eval(x1s2s)

ans =

1/3*r^2*a^3*2^(1/2)*exp(-3/2*a*r)

>> rprime=0;

>> eval(x1s2s)

ans =

0
calculation of 

Phix1s2s(r) = ∫4π*r’ψ1s(r’)ψ2s(r’) dr’       r ≤ r’≤ ∞    
%calculation of x1s2s

syms a r rprime  ;

psi1s=(a^3/pi)^(1/2)*exp(-a*rprime); 

psi2s=(a^3 /(32*pi))^(1/2)* (2-a*rprime)*...

    exp(-a*rprime/2);

f=4*pi*rprime*psi1s*psi2s ;

x1s2s=int(f,rprime)
>>  

x1s2s =

1/18*a*32^(1/2)*(-a*rprime*exp(-3/2*a*rprime)-2/3*exp(-3/2*a*rprime)+3/2*a^2*rprime^2*exp(-3/2*a*rprime))

>> rprime=r;

>> -eval(x1s2s)

ans =

-2/9*a*2^(1/2)*(-a*r*exp(-3/2*a*r)-2/3*exp(-3/2*a*r)+3/2*a^2*r^2*exp(-3/2*a*r))

*********
