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The non relativistic quantum harmonic oscillator is treated in ref 1.
The energy eigenvalues are given by

       E = ( 2k + l + 3/2)                                                          (1)

where 2k is  an even number.
 In this note we treat a harmonic oscillator that obeys  the Klein Gordon equation.

In ref 8. it is shown , using perturbation theory ,that the energy levels are
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E = ω { (n+3/2) –(1/32)( ω/c2)[ 6n(n+3) -2l(l+1) +15]  }

         + O [( ω/c2)2 ]                                                                        (2)
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Figure 1. The difference  (3/2)ω - EKG  vs ω
We will solve numerically  the Klein Gordon (KG) equation for a boson of mass m moving in a harmonic  oscillator potential.

The KG equation for a particle with angular momentum quantum number l is  ( after the choice m=1 , hbar =1 ,e=1   c =137.035999679 ) ,

-[ ∂2 /∂r2 + (2/r)  ∂/∂r - l (l+1)/r2] Ψ = { - c2  + ( E- V)2 /c2 } Ψ

                                             ≡ g(r) Ψ                                             (2)
We take the  potential  to be 

                                               V(r) =  (1/2) ω2 r2                      (3)
The velocity scale is c (the speed of light).  We don’t expect relativistic effects until    ω L scale  approaches c .                      
Equation (1) is solved by the finite difference method and the asymptotic iteration procedure AIM) . A Fortran code is provided below.

We will calculate the the ground state energies ( n=0 , l= 0 ) for different angular frequencies and compare with the results plotted in Fig 1.
The following cases are presented

 a) ω = 10    n=0 ,  l =0

E0 = ω (3./2.)= 15.0
Klein Gordon eq . results

e(nonrel),phifinal=    0.149800E+02    0.122170E+00

e(nonrel),phifinal=    0.150000E+02   -0.173516E-01
b) ω = 120    n=0   l =0

        E0 = ω (3./2.)    = 180.0

Klein –Gordon eq results
e(nonrel),phifinal=    0.179600E+03    0.561214E+02

e(nonrel),phifinal=    0.179650E+03   -0.998723E+01

The energy is  nearly 179.63, a lowering of -0.37 . 

c) ω = 180  n=0      l =0

E0 = ω (3./2.)   = 270.

e(nonrel),phifinal=    0.269125E+03    0.567127E+02

e(nonrel),phifinal=    0.269250E+03   -0.419183E+02
The energy is nearly    269.18 , a lowering  of  -.82
The differences agree pretty well with the given plot.

Fortran code

c numerical determination of the  energy and eigenfunction for the

c Klein Gordon equation

      implicit real*8(a-h,o-z)

      real*8 nprime,nprinc

      data omega, niter, nstep /120.d0, 50 ,2000/

      data nprinc,al,ajtotal/1.d0,0.d0,0.5d0/

      data c /137.035999679d0  /

      dimension phi(0:10000)

c      g(r)= -c**2 + ((E-v(r))/c)**2

      pi=2.d0*dasin(1.d0)

      nprime=nprinc-(ajtotal+.5d0)

      enri=168.d0

      enrf=181.d0

c      enri=.1d0*omega*3.d0/2.d0

c      enrf=2.d0*omega*3.d0/2.d0

      denr=(enrf-enri)/dfloat(niter)

      kp=int(float(nstep)/60.)

      enr=enri

      E=enr+c**2

      print*,'e0=omega*(3.d0/2.d0)=', omega*(3.d0/2.d0)

      print*,'    '

      do 20 it=1,niter

c ri , rf limits of integration

      rf= 3.5d0*dsqrt(2.d0*enr)/omega

      ri=0.d0

      dr=(rf-ri)/dfloat(nstep)

      kount=kp

c L=0 Initial conditions

      if(al.eq.0.d0)then

      phi(0)=1.d0

      phi(1)=phi(0) -dr

      endif

c L=1 Initial conditions

      if(al.eq.1.d0)then

      phi(0)=0.d0

      phi(1)=phi(0) + dr

      endif

      if(niter.eq.1) print 150, ri ,phi(0)

      do 10 i =2,nstep

      r=ri+dr*dfloat(i)

      phi(i)=2.d0*phi(i-1)-phi(i-2) +dr**2*( -(2.d0/(r-dr))*

     $ (phi(i-1)-phi(i-2))/dr +al*(al+1.d0)*phi(i-1)/(r-dr)**2

     $ -g(r-dr,omega,c,e)*phi(i-1) )

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 150, r , phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, enr , phi(nstep)

      enr=enr+denr

      e=enr+c**2

20    continue

      print*,'  '

      if(niter.eq.1)call norm(phi,dr,nstep)

c      if(niter.eq.1)call plotphi(phi,ri,dr,nstep,kp)

100   format('e(nonrel),phifinal=',3(3x,d13.6))

150   format(1x,'r,phi(i)=',2(3x,d13.6))

      stop

      end

      function g(r,omega,c,e)

      implicit real*8(a-h,o-z)

      v(r)= (1.d0/2.d0)*(omega*r)**2

      g= -c**2 + ((E-v(r))/c)**2

      return

      end

      subroutine norm(phi,dr,nstep)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      sum=0.d0

      do 10 i=1,nstep

      sum=sum+(dr/2.d0)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1.d0/sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine plotphi(phi,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,d10.3))

      print 100, r, phi(nstep)

      return

      end

