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It is shown in  ref 1.that the differential equation

            d2 y/dx2 = - λ y                                                 (1)
with boundary values  y(x=0)=0 , y(x=L)=0  has the  corresponding  the integral Fredholm equation of the second kind,
      y(x)  =   λ ∫ L 0  K(x,ξ ) y (ξ ) d ξ                    .      (2)

The kernel is

K(x,ξ ) = (ξ /L) ( L-x)     when  ξ < x  ,

              =(x/L)(L- ξ)     when   ξ > x .

L is the length of a string  and (1) is the wave equation without any dissipation. It should be noticed hat the kernel incorporates the boundary conditions y(0)=y(L)=0. When we solve (2) numerically the trial function should include the inner nodes in an approximate manner.
We know that the characteristic solutions are

     yn (x) = A sin (λ1/2 x)    where the charcateristic values are
               ( λ1/2 )n = (n π / L)                                       (3)

                  λn     = (n π / L)2   

The method employed in ref.1 and ref. 5 discretizes the integral in(2) and transforms the equation into a set of n linear equations containing the unknown λ . Solving a determinant of order n ,one obtains a characteristic equation  of order λn . Solving it gives n roots.  

Our approach is to take one characteristic value at time.
Choose value of λ.

A trial wave function

ytrial = x (L-x)   will suffice for the first characteristic function.

 A few iterations of (2) are carried and the integral 

             ∫ y(x)2 dx = sum                                            (4)
which is a function of the iteration step that is being  calculated.

The ratio = sum(n-th iteration) /sum(n -1 (iteration)) should approach one if  λ is correct. Otherwise it is either becoming  smaller and smaller than one one each iteration or blowing up, bigger than one.

Table 1 show that the ratio=1 is reached between λ=9.7104 and  λ=10.029.
The average is  9.8697 ≈  π2 .
Plot of y (numerical)  and (2/L)1/2 sin( λ1/2 x)
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For the next characteristic value our starting function is
y(x)=x*(length/2.-x)*(length-x)                             . (5)
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From Table2, we see that the ratio equals to one is bracketed in the next lines 

lambda ,sum2/sum1 =    0.39319E+02    0.99260E+00

  lambda ,sum2/sum1 =    0.39638E+02    0.10087E+01

The average lambda is 39.4785 ≈ 4 π2 .
Table 1.
lambda1,lambda2=  9.86960506  39.4784203

  lambda ,sum2/sum1 =    0.49348E+01    0.25004E+00

  lambda ,sum2/sum1 =    0.52532E+01    0.28335E+00

  lambda ,sum2/sum1 =    0.55716E+01    0.31873E+00

  lambda ,sum2/sum1 =    0.58899E+01    0.35620E+00

  lambda ,sum2/sum1 =    0.62083E+01    0.39575E+00

  lambda ,sum2/sum1 =    0.65267E+01    0.43738E+00

  lambda ,sum2/sum1 =    0.68450E+01    0.48109E+00

  lambda ,sum2/sum1 =    0.71634E+01    0.52688E+00

  lambda ,sum2/sum1 =    0.74818E+01    0.57476E+00

  lambda ,sum2/sum1 =    0.78002E+01    0.62471E+00

  lambda ,sum2/sum1 =    0.81185E+01    0.67675E+00

  lambda ,sum2/sum1 =    0.84369E+01    0.73087E+00

  lambda ,sum2/sum1 =    0.87553E+01    0.78707E+00

  lambda ,sum2/sum1 =    0.90737E+01    0.84535E+00

  lambda ,sum2/sum1 =    0.93920E+01    0.90572E+00

  lambda ,sum2/sum1 =    0.97104E+01    0.96816E+00

  lambda ,sum2/sum1 =    0.10029E+02    0.10327E+01

  lambda ,sum2/sum1 =    0.10347E+02    0.10993E+01

  lambda ,sum2/sum1 =    0.10666E+02    0.11680E+01

  lambda ,sum2/sum1 =    0.10984E+02    0.12388E+01

  lambda ,sum2/sum1 =    0.11302E+02    0.13116E+01

  lambda ,sum2/sum1 =    0.11621E+02    0.13865E+01

  lambda ,sum2/sum1 =    0.11939E+02    0.14636E+01

  lambda ,sum2/sum1 =    0.12257E+02    0.15427E+01

  lambda ,sum2/sum1 =    0.12576E+02    0.16238E+01

  lambda ,sum2/sum1 =    0.12894E+02    0.17071E+01

  lambda ,sum2/sum1 =    0.13213E+02    0.17924E+01

  lambda ,sum2/sum1 =    0.13531E+02    0.18799E+01

  lambda ,sum2/sum1 =    0.13849E+02    0.19694E+01

  lambda ,sum2/sum1 =    0.14168E+02    0.20610E+01
Table 2.
lambda1,lambda2=  9.86960506  39.4784203

  lambda ,sum2/sum1 =    0.34544E+02    0.76613E+00

  lambda ,sum2/sum1 =    0.34862E+02    0.78031E+00

  lambda ,sum2/sum1 =    0.35180E+02    0.79463E+00

  lambda ,sum2/sum1 =    0.35499E+02    0.80908E+00

  lambda ,sum2/sum1 =    0.35817E+02    0.82366E+00

  lambda ,sum2/sum1 =    0.36135E+02    0.83836E+00

  lambda ,sum2/sum1 =    0.36454E+02    0.85320E+00

  lambda ,sum2/sum1 =    0.36772E+02    0.86817E+00

  lambda ,sum2/sum1 =    0.37091E+02    0.88327E+00

  lambda ,sum2/sum1 =    0.37409E+02    0.89850E+00

  lambda ,sum2/sum1 =    0.37727E+02    0.91386E+00

  lambda ,sum2/sum1 =    0.38046E+02    0.92934E+00

  lambda ,sum2/sum1 =    0.38364E+02    0.94496E+00

  lambda ,sum2/sum1 =    0.38682E+02    0.96071E+00

  lambda ,sum2/sum1 =    0.39001E+02    0.97659E+00

  lambda ,sum2/sum1 =    0.39319E+02    0.99260E+00

  lambda ,sum2/sum1 =    0.39638E+02    0.10087E+01

  lambda ,sum2/sum1 =    0.39956E+02    0.10250E+01

  lambda ,sum2/sum1 =    0.40274E+02    0.10414E+01

  lambda ,sum2/sum1 =    0.40593E+02    0.10579E+01

  lambda ,sum2/sum1 =    0.40911E+02    0.10746E+01

  lambda ,sum2/sum1 =    0.41229E+02    0.10914E+01

  lambda ,sum2/sum1 =    0.41548E+02    0.11083E+01

  lambda ,sum2/sum1 =    0.41866E+02    0.11254E+01

  lambda ,sum2/sum1 =    0.42185E+02    0.11425E+01

  lambda ,sum2/sum1 =    0.42503E+02    0.11599E+01

  lambda ,sum2/sum1 =    0.42821E+02    0.11773E+01

  lambda ,sum2/sum1 =    0.43140E+02    0.11949E+01

  lambda ,sum2/sum1 =    0.43458E+02    0.12126E+01

  lambda ,sum2/sum1 =    0.43776E+02    0.12304E+01
FORTRAN code
c example of Fredholm equation ... page 226,227 F. B. Hildebrand

      real length ,lambda ,lambdai, lambdaf

      dimension yold(0:200) ,ynew(0:200)

      data length ,nstep ,iL ,iter/1.,100,30, 5/

      pi=2.*asin(1.)

c eigenvalues lambda= (n*pi/length)**2

      print*,'lambda1,lambda2=',pi**2 ,4.*pi**2

      print*,'   '

      lambdai=.5*pi**2

      lambdaf=1.5*pi**2

      lambda=lambdai

      dlam=(lambdaf-lambdai)/float(iL+1)

      dx=length/float(nstep)

      do 50 jL=1,iL

      do 10 i=0,nstep

      x=dx*float(i)

c tial function for first lambda

      yold(i)=x*(length-x)

c  the characteristic function for the  second lambda must include an

c interior node

c      yold(i)=x*(length/2.-x)*(length-x)

10    continue

c      call anorm(yold,nstep,dx,sum)

c do 20 iterates the integral equation

      do 20 j=1,iter

      call aiter(yold,ynew,dx,nstep,length,lambda)

      if(j.eq.iter-1) call anorm(yold,nstep,dx,sum1)

      if(j.eq.iter) call anorm(yold,nstep,dx,sum2)

c prints ynew ....

      do 30 ii=0,nstep,4

      x=dx*float(ii)

c      print 100,x,ynew(ii),sqrt(2./length)*sin(sqrt(lambda)*x)

30    continue

      do 40 in=0,nstep

      yold(in)=ynew(in)

40    continue

c      print*,'  '

20    continue

      print 115, lambda ,sum2/sum1

      lambda=lambda+dlam

50    continue

100   format(1x,'x,ynew(ii),sin(sqrt(lambda)*x)=',3(3x,e10.3))

115   format(1x,' lambda ,sum2/sum1 =',2(3x,e12.5))

      stop

      end

      subroutine aiter(yold,ynew,dx,nstep,length,lambda)

      real length ,lambda

      dimension yold(0:200) ,ynew(0:200)

      do 10 i=0,nstep

c initial yold(0)=0. is kept fixed

c      ynew(0)=0.

c      do 10 i=1,nstep

      x=dx*float(i)

      sum=0.

      do 20 ichi=1,nstep

      chi=dx*float(ichi)

      sum=sum+lambda*(dx/2.)*(akernel(x,chi,length)*yold(ichi)+

     $ akernel(x,chi-dx,length)*yold(ichi-1) )

20    continue

      ynew(i)=sum

10    continue

c      print*,'ynew(0),ynew(nstep)=',ynew(0),ynew(nstep)

      return

      end

      function akernel(x,chi,length)

      real length

      if(chi.le.x)akernel=(chi/length)*(length-x)

      if(chi.gt.x)akernel=(x/length)*(length-chi)

      return

      end

      subroutine anorm(f,nstep,dx,sum)

      dimension f(0:200)

      sum=0.

      do 10 i=1,nstep

      sum=sum+(dx/2.)*(f(i)**2+f(i-1)**2)

10    continue

c      do 20 i=0,nstep

c      f(i)=f(i)/sqrt(sum)

c20    continue

      return

      end

