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In this note we characterize the free particle propagator giving some plots and perform an integration to obtain Ψ (x2 , t2) given an initial free particle wave  Ψ (x1 , t1).We also give a numerical FORTRAN code to do the job.
The propagator is the kernel K of the integral equation
Ψ (x2 , t2) =  ∫ K (x2 t2 ; x1 , t1 )  Ψ (x1 , t1)  dx1        .         (1)

The free particle propagator is obtained from (ref. 9)
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 (2).

In our units m=1 , hbar =1and letting t→ t2 – t1 ,
K becomes
K (x2 t2 ; x1 , t1 ) = (1/( 2π(t2 – t1 ) ) )1/2 exp( i (x2-x1)2/(2(t2 – t1) ) )  .  (3)
This expression is inserted into eq(1) with 

 Ψ (x1 , t1)  = exp( i (kx1-ωt1) )   and  Ψ (x2 , t2)  is calculated.

First we plotted K for different values of coordinate x2. We see that K is centered at x2 and quickly becomes highly oscillatory. This implies that the numerical integration over x1 , which in principle is from -∞ to  +∞ in eq (1)  is in practice only around      
                       x2 - length   ≤ x1 ≤ x2 + length                              . (4)

In the present  integration we chose length = 3 λ , where 

λ = 2π /k = 2π  and (k= 1).

Figure 1 shows 
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Figure 2.
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Figure 3. Imaginary part of K.
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Figure 4.Solution of  eq(1) .
Fortran code
c propagator Math Analysis of Physical Problems P. R. Wallace

c Dover publications   page 474

c http://www.ks.uiuc.edu/Services/Class/PHYS480/P480-99b-1.pdf one dim

c free particle propagator

      real length ,k ,lambda

      complex imag,kprop ,psi,sum

      data k,w ,t1 /1.,6.283185,0./

      data nxstep,nstep/20, 8000/

      data x2i /0./

      psi(x,t)=exp(imag*(k*x-w*t))

      kprop(x1,x2,t1,t2) = (1./(2.*pi*imag*(t2-t1)))**.5*exp(imag*

     $ (x2-x1)**2/(2.*(t2-t1)))

c the integration goes from xi to xf

c x1 is the variable in the X integration , x2 is fixed

      imag=cmplx(0.,1.)

      pi=2.*asin(1.)

      vel=w/k

      lambda=2.*pi/k

c here lambda =2.*pi

      period=2.*pi/w

      t2i=1.*period

c length   integration goes from -length to + length

      length=3.*lambda

      kp=int(float(nstep)/90.)

      kount=kp

      x2f=x2i+2.*lambda

      dx2=(x2f-x2i)/float(nxstep)

      print*,'t1,lambda=',t1,lambda

      print*,'t2i,x2i,x2f=',t2i,x2i,x2f

      print*,'  '

      do 20 ix=0,nxstep

      t2=t2i

      x2= x2i + dx2*float(ix)

      xi=x2-length

      xf=x2 + length

c      xi=-length

c      xf=+length

      dx=(xf-xi)/float(nstep)

      sum=cmplx(0.,0.)

c x1 is the integration variable goes from -infinity  to +infinity

      do 10 i=1, nstep,2

c      x1=(x2-length) + dx*float(i)

      x1=xi+dx*float(i)

      sum=sum+(dx/3.)*( Kprop(x1-dx,x2,t1,t2)*psi(x1-dx,t1)

     $ + 4.*kprop(x1,x2,t1,t2)*psi(x1,t1)+

     $ kprop(x1+dx,x2,t1,t2)*psi(x1+dx,t1) )

10    continue

      print 110 ,x2,real(sum),real(psi(x2,t2)),aimag(sum),

     $ aimag(psi(x2,t2))

20    continue

c          plotkpro(pi,x2,t1,t2,x1f)

c      call plotkpro(pi,4.,t1,4.,2.*lambda)

100   format('x,psinum,psir=',3(4x,e10.3))

110   format(5(4x,e10.3))

      stop

      end

      subroutine plotkpro(pi,x2,t1,t2,range)

      complex kprop,imag

       kprop(x1,x2,t1,t2) =  sqrt(1./(2.*pi*imag*(t2-t1)))*exp(imag*

     $ (x2-x1)**2/(2.*(t2-t1)))

      imag=cmplx(0.,1.)

      nstep=100

      dx=2.*range/float(nstep)

      print*,'x2,t1,t2=',x2,t1,t2

      do 10 i=0,nstep

      x1=(x2-range) + dx*float(i)

      print 100,x1,x2,real(kprop(x1,x2,t1,t2)),aimag(kprop(x1,x2,t1,t2))

10    continue

100   format('x1,x2,realK,imagK=',4(3x,e10.3))

      return

      end
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