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Abstract: The inverse  Laplace transform is evaluated numerically using a complex FORTAN code.
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Prob 5.4 or 5.6 from ref. 1 sates that an RC circuit is  subject to an applied voltage that satisfies the equation

      R dq/dt  + q/C = V (t/t0)      ( 0 < t < t0 )                  (1)

                              = 0      ( t>t0) 

Taking the Laplace transform of (1) and applying the initial condition q(0)=0 , leads to the transform of the current I(s) = sQ(s) , with three terms ,

I(s) = (V/Rt0) (1/(s(s +α)) 
       - (V/Rt0) (1/(s(s +α)) exp(-t0s) 

        –(V/R)(1/(s+α)) exp(-t0s)                                      (2)
where α=1/(RC) .
The inverse Laplace transform of  (2) consists of three parts

i(t) = (V/(Rt0α))( 1- exp(-αt))                                   (3)
        - (V/(Rt0α)){ 1- exp(-α(t-t0 ) ) } u(t-t0)

        - (V/R) exp(-α(t-t0 ) )  u(t-t0) 

where u(t-t0) = 0   (t  <  t0)

                     =1    (  t ≥ t0 ).
As shown in Ref 6 the inverse Laplace transformr can be obatined numerically  integrating the Bromwich integral   (s→z (complex) ) using a circle contour,

f(t) = (1/(2πi) ) ∫Circle containing all singularites  exp(zt) F(z) dz.   (4)         
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Fig 1. Circle containing all singularities. 
For t < t0 one uses in (4)
F(z)= I(s) =(V/Rt0) (1/(s(s +α)) .

For t≥ t0 one uses in (4)

F(z)=I(s)= (V/Rt0) (1/(s(s +α)) 

       - (V/Rt0) (1/(s(s +α)) exp(-t0s) 

        –(V/R)(1/(s+α)) exp(-t0s)   

The radius , R, of the complex plane circle just has to be larger than  α.

We set it equal to 2α .

Data : R=100 ohms  , C= 1.E-6 F , V= 6 volts , t0 = RC , α=1/t0 .
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Fig 2. Numerical and analytical solution (3) . 
c FORTRAN code for Inverse Laplace Transform

c INVERSE LAPLACE TRANSFORM  complex integration

c a circle of radius R is drawn to surround  all poles

c problem 5.6 Schaum's Basic Electrical Engineering

      real L

      complex z ,z2, sum1 ,sum2, f ,g ,rooti  ,dz,dz2

      data ti, nt ,nstep/0., 50, 2000/

      data res , C, L ,v/1E2,1.E-6 ,0.150 , 6./

c      capitalf(t) = (V/res)*(1.-exp(-res*t/L))

c g(z) is the Laplace transform  commonly labeled F(s)

c      g(z)=(V/(res*t0))*(1./(Z*(Z+alfa)))

c     $ -(V/(res*t0))*(exp(-t0*z)/(Z*(Z+alfa)))

c     $  -(V/res)*( exp(-t0*z)/(z+alfa))

c      f(z) = (1./(2.*pi*rooti))*exp(z*t)*g(z)

      f(z) = (1./(2.*pi*rooti))*exp(z*t)*g(z,t,t0,res,v,alfa)

      t0=Res*c

      alfa=1./t0

      rooti=cmplx(0.,1.)

      pi=2.*asin(1.)

      tscale=t0

      tf=2.*t0

      r=2.*abs(alfa)

      thetai =0.

      thetaf=2.*pi

      dt=(tf-ti)/float(nt)

      dtheta=(thetaf-thetai)/float(nstep)

c each integral for a fixed value of t is composed of semicircle

      do 50 it=0,nt

      t=ti+dt*float(it)

      sum1=cmplx(0.,0.)

c integral along semicircle of radius r

      do 10 i=1, nstep

      theta=thetai+float(i)*dtheta

      z=r*exp(rooti*theta)

      dz=r*exp(rooti*theta)*rooti*dtheta

      sum1=sum1 + (dz/2.)*(f(z) + f(z-dz))

10    continue

c      print*,'real(sum1), aimag(sum1)=',real(sum1) , aimag(sum1)

      print 100, t,amp(v,res,alfa,t,t0)  , real(sum1)

50    continue

100   format('t,i(t),real(sum1) =',3(3x,e11.4))

      stop

      end

      function amp(v,res,alfa,t,t0)

      if(t.lt.t0) amp=(V/(res*t0*alfa))*(1.-exp(-alfa*t))

      if(t.ge.t0) amp= (V/(res*t0*alfa))*(1.-exp(-alfa*t))

     $ -(V/(res*t0*alfa))*(1.-exp(-alfa*(t-t0)))

     $ -(V/res)*exp(-alfa*(t-t0))

      return

      end

      complex function g(z,t,t0,res,v,alfa)

      complex z

      if(t.lt.t0)g=(V/(res*t0))*(1./(Z*(Z+alfa)))

      if(t.ge.t0)g=(V/(res*t0))*(1./(Z*(Z+alfa)))

     $ -(V/(res*t0))*(exp(-t0*z)/(Z*(Z+alfa)))

     $  -(V/res)*( exp(-t0*z)/(z+alfa))

      return

      end

                                      t(s)                 i(t)                num int.

t,i(t),real(sum1) =    0.0000E+00    0.0000E+00   -0.1473E-08

t,i(t),real(sum1) =    0.4000E-05    0.2353E-02    0.2353E-02

t,i(t),real(sum1) =    0.8000E-05    0.4613E-02    0.4613E-02

t,i(t),real(sum1) =    0.1200E-04    0.6785E-02    0.6785E-02

t,i(t),real(sum1) =    0.1600E-04    0.8871E-02    0.8871E-02

t,i(t),real(sum1) =    0.2000E-04    0.1088E-01    0.1088E-01

t,i(t),real(sum1) =    0.2400E-04    0.1280E-01    0.1280E-01

t,i(t),real(sum1) =    0.2800E-04    0.1465E-01    0.1465E-01

t,i(t),real(sum1) =    0.3200E-04    0.1643E-01    0.1643E-01

t,i(t),real(sum1) =    0.3600E-04    0.1814E-01    0.1814E-01

t,i(t),real(sum1) =    0.4000E-04    0.1978E-01    0.1978E-01

t,i(t),real(sum1) =    0.4400E-04    0.2136E-01    0.2136E-01

t,i(t),real(sum1) =    0.4800E-04    0.2287E-01    0.2287E-01

t,i(t),real(sum1) =    0.5200E-04    0.2433E-01    0.2433E-01

t,i(t),real(sum1) =    0.5600E-04    0.2573E-01    0.2573E-01

t,i(t),real(sum1) =    0.6000E-04    0.2707E-01    0.2707E-01

t,i(t),real(sum1) =    0.6400E-04    0.2836E-01    0.2836E-01

t,i(t),real(sum1) =    0.6800E-04    0.2960E-01    0.2960E-01

t,i(t),real(sum1) =    0.7200E-04    0.3079E-01    0.3079E-01

t,i(t),real(sum1) =    0.7600E-04    0.3194E-01    0.3194E-01

t,i(t),real(sum1) =    0.8000E-04    0.3304E-01    0.3304E-01

t,i(t),real(sum1) =    0.8400E-04    0.3410E-01    0.3410E-01

t,i(t),real(sum1) =    0.8800E-04    0.3511E-01    0.3511E-01

t,i(t),real(sum1) =    0.9200E-04    0.3609E-01    0.3609E-01

t,i(t),real(sum1) =    0.9600E-04    0.3703E-01    0.3703E-01

t,i(t),real(sum1) =    0.1000E-03   -0.2207E-01   -0.2207E-01

t,i(t),real(sum1) =    0.1040E-03   -0.2121E-01   -0.2121E-01

t,i(t),real(sum1) =    0.1080E-03   -0.2038E-01   -0.2038E-01

t,i(t),real(sum1) =    0.1120E-03   -0.1958E-01   -0.1958E-01

t,i(t),real(sum1) =    0.1160E-03   -0.1881E-01   -0.1881E-01

t,i(t),real(sum1) =    0.1200E-03   -0.1807E-01   -0.1807E-01

t,i(t),real(sum1) =    0.1240E-03   -0.1736E-01   -0.1736E-01

t,i(t),real(sum1) =    0.1280E-03   -0.1668E-01   -0.1668E-01

t,i(t),real(sum1) =    0.1320E-03   -0.1603E-01   -0.1603E-01

t,i(t),real(sum1) =    0.1360E-03   -0.1540E-01   -0.1540E-01

t,i(t),real(sum1) =    0.1400E-03   -0.1480E-01   -0.1480E-01

t,i(t),real(sum1) =    0.1440E-03   -0.1422E-01   -0.1422E-01

t,i(t),real(sum1) =    0.1480E-03   -0.1366E-01   -0.1366E-01

t,i(t),real(sum1) =    0.1520E-03   -0.1312E-01   -0.1312E-01

t,i(t),real(sum1) =    0.1560E-03   -0.1261E-01   -0.1261E-01

t,i(t),real(sum1) =    0.1600E-03   -0.1211E-01   -0.1211E-01

t,i(t),real(sum1) =    0.1640E-03   -0.1164E-01   -0.1164E-01

t,i(t),real(sum1) =    0.1680E-03   -0.1118E-01   -0.1118E-01

t,i(t),real(sum1) =    0.1720E-03   -0.1074E-01   -0.1074E-01

t,i(t),real(sum1) =    0.1760E-03   -0.1032E-01   -0.1032E-01

t,i(t),real(sum1) =    0.1800E-03   -0.9918E-02   -0.9918E-02

t,i(t),real(sum1) =    0.1840E-03   -0.9529E-02   -0.9529E-02

t,i(t),real(sum1) =    0.1880E-03   -0.9155E-02   -0.9155E-02

t,i(t),real(sum1) =    0.1920E-03   -0.8796E-02   -0.8796E-02

t,i(t),real(sum1) =    0.1960E-03   -0.8452E-02   -0.8451E-02

t,i(t),real(sum1) =    0.2000E-03   -0.8120E-02   -0.8120E-02

