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( A numerical mehod is used to solve the KG equation.The FORTRAN code is given below.)
The Klein Gordon equation is the tool to explore pionic atoms.
Understandably relativistic quantum mechanic has to resort to 
approximations to obtain  analytic expressions for the energy.
The energy levels for a particle  of mass m in a central potential 

V(r) = –Z/r are given approximately by  (Ref. 1.)
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      (1)

The energy is a function of the principal quantum number n and the orbital quantum number ,“small L”.

Other facts that must be taken into account for pionic atoms

are (ref.  1)
[image: image3.png]In comparing this prediction to experimental data on pionic atoms, various correc-
tions are required

i) the reduced mass
mA

m o+ M

must be utilized in place of the pion mass m

ii) account must be taken of the fact that the central nucleus is not a point charge
but has a radius 12 ~ 1.2 x A¥fm

iii) correction must be made for the so-called vacuum polarization, wherein a virtual
photon, responsible for the Coulomb potential betveen pion and nucleus, trans-
forms temporarily into an electron-positron pair

iv) finally, since the radius of the lowest Bohr orbit

1
o= — (3.3%)
Vi,

i5 117 /m,. ~ 300 times smaller than the corresponding electron Bohr radius, the
pion wavefunction has significant overlap with the central nucleus, requiring a
correction factor for the strong pion-nuclear interaction

Vhen these modifications are made, agreement is excellent over a wide range of nuclei




We take the Klein Gordon equation to be

( p2 c2 + c4 ) Ψ = ( E – V(r ) )2  Ψ                                     (2)

where p2 is the Laplacian operator.

Let the angular momentum be  zero , l=0.

Eq(2) gives the differential equation

-[ ∂2 /∂r2 + (2/r)  ∂/∂r] Ψ = { - c2  + ( E- V)2 /c2 } Ψ
                                             ≡ g(r) Ψ                                .   (3)
Eq (3) is solved by the finite difference method. The solution is

Ψi  = 2 Ψi-1 - Ψi-2  - (∆r)2 { (2/ri-1)( Ψi-1 - Ψi-2 )/ ∆r + g(ri) Ψi-1 } .  (4)
We employ the initial conditions,  Ψ(0)=1. ,   (∂ Ψ/∂r)r=0 =-1 .

As a first test let the atomic number be  Z=20.

We compare the numerical result with that of formula (1).

The energies of the Bohr , Klein Gordon and Dirac equations are listed for comparison.
z,ebohr,edkg,edir=  20. -200. -205.325135 -201.076523
According to eq(1) the energy is
E= -205.325135 au 

We obtain an energy of about    -0.205200E+03    .

e,phifinal=   -0.205400E+03    0.313489E+00

e,phifinal=   -0.205333E+03    0.223713E+00

e,phifinal=   -0.205267E+03    0.133685E+00

e,phifinal=   -0.205200E+03    0.434041E-01

e,phifinal=   =   -0.205200E+03    -0.471304E-01

e,phifinal=   -0.205067E+03   -0.137919E+00

e,phifinal=   -0.205000E+03   -0.228963E+00

e,phifinal=   -0.204933E+03   -0.320262E+00

e,phifinal=   -0.204867E+03   -0.411817E+00

FORTRAN code

c numerical determination of the  energy and eigenfunction for the

c Klein Gordon equation

      implicit real*8(a-h,o-z)

      real*8 nprime,nprinc

      data z , nprinc,al,ajtotal, niter, nstep /20.d0,1.d0, 0.d0,.5d0

     $ ,30 ,9990/

      data c /137.035999679d0  /

      dimension phi(0:10000)

      ebohr(z,nprinc)= -.5d0*(Z/nprinc)**2

      den(z)=( nprime+dsqrt( (ajtotal+.5d0)**2- (z/c)**2 ) )**2

      edirac(z)=-c**2 + c**2/dsqrt(1.d0 + (Z/c)**2/den(z) )

      ekg(z,nprinc)=ebohr(z,nprinc)*( 1.d0 +(z/(nprinc*c))**2*(

     $nprinc/(al+.5d0) -.75d0 ) )

c      g(r)= -c**2 + ((E-v(r))/c)**2

      pi=2.d0*dasin(1.d0)

      nprime=nprinc-(ajtotal+.5d0)

c      enri=-1.06d0*z**2/2.d0

      enri=-206.d0

c      enrf=-.999d0*z**2/2.d0

      enrf=-204.d0

      denr=(enrf-enri)/dfloat(niter)

      kp=int(float(nstep)/60.)

      enr=enri

      E=enr+c**2

      print*,'z,ebohr,edkg,edir=',z,ebohr(z,nprinc) ,ekg(z,nprinc),

     $ edirac(z)

      print*,'    '

      do 20 it=1,niter

c ri , rf limits of integration

      rf= 6.5d0*(-z/enr)

      ri=0.d0

      dr=(rf-ri)/dfloat(nstep)

      kount=kp

      phi(0)=1.d0

      phi(1)=phi(0) -dr

      if(niter.eq.1) print 150, ri ,phi(0),0.d0

      do 10 i =2,nstep

      r=ri+dr*dfloat(i)

      phi(i)=2.d0*phi(i-1)-phi(i-2) -dr**2*( (2.d0/(r-dr))*

     $ (phi(i-1)-phi(i-2))/dr +g(r-dr,z,c,e)*phi(i-1) )

c      print*,'dphi, d4phi=',dphi, d4phi

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 150, r , phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, enr , phi(nstep)

      enr=enr+denr

      e=enr+c**2

20    continue

      print*,'  '

      if(niter.eq.1)call norm(phi,dr,nstep)

c      if(niter.eq.1)call plotphi(phi,ri,dr,nstep,kp)

100   format('e,phifinal=',4(3x,d13.6))

150   format(1x,'x,phi(i)=',2(3x,d13.6))

      stop

      end

      function g(r,z,c,e)

      implicit real*8(a-h,o-z)

      v(r)=-z/r

      g= -c**2 + ((E-v(r))/c)**2

      return

      end

      subroutine norm(phi,dr,nstep)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      sum=0.d0

      do 10 i=1,nstep

      sum=sum+(dr/2.d0)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1.d0/sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine plotphi(phi,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,d10.3))

      print 100, r, phi(nstep)

      return

      end

