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1. One-dimensional models for two-electron systems  
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2.Perturbative and nonperturbative studies with the delta function potential  
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3.The attractive nonlinear delta-function potential  
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4.
Supersymmetric quantum mechanics: Examples with dirac functions  
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5.One dimensional hydrogen molecule ( Part 2) 
6.One dimensional hydrogen molecule ( Part 1) 

7. Lithium with Vee delta function potentials
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9.W. Heitler and F. London , Z. f. Physik ,44 ,455 (1927)

The Hamiltonian of the hydrogen molecule using delta function potentials for all interactions is
 H= -(1/2) d2 /dx12  -  (1/2) d2 /dx22    - Zδ (x1 –a)    - Zδ (x1+a)   
- Z δ (x2 –a)   - Z δ (x2+a)     +δ(x1 – x2)    .      (1)
The two atoms are located at x= -a   and x  = +a .The internuclear distance is R= 2a.
The Heitler and London treatment (ref. 9) of H2 consists in defining  symmetric and an antisymmetric wave functions.

ΨSym = ( ψ1      +   ψ2  ) /[2( 1+S2)]1/2                              (2)

ΨAntisym = ( ψ1    -  ψ2  ) /[2( 1-S2)]1/2                              (3)

With   

ψ1    = φ+(x1 )  φ- (x2 )                                                       (4)
ψ2 = φ-(x1 )  φ+ (x2 )                                    ,                  (5)  

 and                                                
φ+ / - (x )  = (Z)1/2 exp [ - Z abs(x +/ - a ) ]        .            (6)
In ψ1 , electron 1 is ascribed to  the left hand side nuclei while electron 2 is ascribed to the right hand side nuclei.

In ψ2 , electron 1 is ascribed to  the right hand side nuclei while electron 2 is ascribed to the left hand side nuclei.

The symmetric state has an energy

Esym =∫ ΨSym H ΨSym dx1 dx2        where    - ∞  ≤  xi ≤ + ∞ ,(7)

        = -{ 1 +(4+ 2R +R**2)exp(-2R) }/

                                        [ (1+(1+R)**2 * exp(-2R) }      (8)

To clarify further the method used here is  called the valence bond method to distinguish it from an alternate method of linear combination of atomic orbitas or LCAO. An excerpt follows taken from Wikipedia , http://www.wikinfo.org/index.php/Quantum_chemistry
Quantum chemistry is the application of quantum mechanics to problems in chemistry. 

The description of the electronic behavior of atoms and molecules as pertains to their reactivity is an application of quantum chemistry. 

Since quantum-mechanical studies on atoms are considered to be on the borderline between chemistry and physics, and not always included in quantum chemistry, what is often considered the first true calculation in quantum chemistry was that of the German scientists Walter Heitler and Fritz London (though Heitler and London are generally classed as physicists) on the hydrogen (H2) molecule in 1927. Heitler and London's method was extended by the American chemists John C. Slater and Linus Pauling to become the Valence-Bond (VB) [or Heitler-London-Slater-Pauling (HLSP)] method. In this method, attention is primarily devoted to the pairwise interactions of atoms, and this method therefore correlates closely with classical chemists' drawing of bonds between atoms. 

An alternative approach was developed by Friedrich Hund and Robert S. Mulliken, in which the electrons are described by mathematical functions delocalized over an entire molecule. The Hund-Mulliken approach [or molecular orbital (MO) method] is less intuitive to chemists, but since it turns out to be more capable of predicting properties than the VB method, it is virtually the only method used in recent years. 

In this note we calculate numerically the expression (7).
A FORTRAN code is provided.

In subroutine Hij all steps of the integration are carried out.

The grid consists of (1200x 1200) squares of size dx2.

The variables x1 and  x2 go from  -a-5 to  (a+5).
The kinetic of electron one is approximated as follows

ek1= ∫ {ΨSym (x1 ,x2)( -(1/2) d2 ΨSym/dx12 } dx1 dx2   

     ≈   (-1/2)∑ i, j {ΨSym (x1i ,x2j)(  ΨSym(x1i +∆x,x2j ) 

       -2ΨSym(x1i ,x2j )  +    ΨSym (x1i-∆x, ,x2j)  ) }              (9)

Notice that (∆x1)2 appears in the denominator of the second derivatives, canceling with ∆x1 ∆x2 of the integrand expression.
An analogous expression for the kinetic energy of the second electron is ,
ek2= ∫ {ΨSym (x1 ,x2)( -(1/2) d2 ΨSym/dx22 } dx1 dx2   

     ≈   (-1/2)∑ i, j {ΨSym (x1i ,x2j)(  ΨSym(x1i ,x2j +∆x) 

       -2ΨSym(x1i ,x2j )  +    ΨSym (x1i, ,x2j -∆x)  ) }              (9)

The nuclear attractive potential is calculated from
   Vnuc =   (∆x)2  ∑ i, j ΨSym (x1i ,x2j) 2 {  - Zδ (x1i –a)    - Zδ (x1i+a)   

- Z δ (x2j –a)   - Z δ (x2j+a)     }                                  .   (10)
The repulsive potential is

Vrep = (∆x)2  ∑ i, j ΨSym (x1i ,x2j) 2 {  - Zδ (x1i –x2j)  }  .    (11)    

The delta function is approximated by
 δ ( u)  = 1./(2∆x)    when         abs(u) ≤ ∆x
           = 0                when      abs(u) > ∆x         .            (12)
.    
Run
esym  is the numerical result while ea is the analytical result given by eq (8)

ea  = -{ 1 +(4+ 2R +R**2)exp(-2R) }/

                                        [ (1+(1+R)**2 * exp(-2R) } 
ratio,r,esy,ea=    0.100E+01    0.100E+00   -0.228E+01   -0.223E+01

ratio,r,esy,ea=    0.100E+01    0.195E+00   -0.206E+01   -0.203E+01

ratio,r,esy,ea=    0.100E+01    0.290E+00   -0.177E+01   -0.187E+01

ratio,r,esy,ea=    0.100E+01    0.385E+00   -0.172E+01   -0.174E+01

ratio,r,esy,ea=    0.100E+01    0.480E+00   -0.145E+01   -0.162E+01

ratio,r,esy,ea=    0.100E+01    0.575E+00   -0.153E+01   -0.153E+01

ratio,r,esy,ea=    0.100E+01    0.670E+00   -0.147E+01   -0.145E+01

ratio,r,esy,ea=    0.100E+01    0.765E+00   -0.136E+01   -0.139E+01

ratio,r,esy,ea=    0.100E+01    0.860E+00   -0.133E+01   -0.133E+01

ratio,r,esy,ea=    0.100E+01    0.955E+00   -0.113E+01   -0.128E+01

ratio,r,esy,ea=    0.100E+01    0.105E+01   -0.120E+01   -0.124E+01

ratio,r,esy,ea=    0.100E+01    0.115E+01   -0.120E+01   -0.121E+01

ratio,r,esy,ea=    0.100E+01    0.124E+01   -0.114E+01   -0.118E+01

ratio,r,esy,ea=    0.100E+01    0.134E+01   -0.115E+01   -0.115E+01

ratio,r,esy,ea=    0.100E+01    0.143E+01   -0.117E+01   -0.113E+01

ratio,r,esy,ea=    0.100E+01    0.153E+01   -0.108E+01   -0.111E+01

ratio,r,esy,ea=    0.100E+01    0.162E+01   -0.108E+01   -0.109E+01

ratio,r,esy,ea=    0.100E+01    0.172E+01   -0.106E+01   -0.108E+01

ratio,r,esy,ea=    0.100E+01    0.181E+01   -0.106E+01   -0.107E+01

ratio,r,esy,ea=    0.100E+01    0.191E+01   -0.107E+01   -0.106E+01
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Fig 1. Energy of the symmetric state.The numerical calculation is plotted together with the analytical result.
The energy of the molecule in the antisymmetric state is

E antisym =∫ Ψantisym H Ψantisym dx1 dx2  ,   where    - ∞  ≤  xi ≤ + ∞ (13)

The analytical answer is

 Eantisym =-{ 1 -(1+ 4R +R**2)exp(-2R) }/

                                        [ (1-(1+R)**2 * exp(-2R) }  
The same code can be used changing from Ψsym to Ψantisym in the subroutine Hij.
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FORTRAN code 

c H2 molecule one dimensional with delta function potentials

c  Richard Lapidus ,AJP v43 p.790  1975 length of molecule =2.*a

      data a, af,na,z,  nstep /.05,1.,20,1.,1200/

      equivalence (R,beta)

      elapd(beta)=-(1.+(4.+2.*beta + beta**2)*exp(-2.*beta))/

     $ (1.+(1.+beta)**2*exp(-2.*beta) )

c phi + atom at x=-a (left side of molecule)

      phiplus(x)=sqrt(z)*exp(-z*abs(x+a))

c  phi - atom at x=+a (right side of molecule)

      phiminus(x)=sqrt(z)*exp(-Z*abs(x-a))

      psi1(x1,x2)=phiplus(x1)*phiminus(x2)

      psi2(x1,x2)=phiminus(x1)*phiplus(x2)

      psisym(x1,x2)=(psi1(x1,x2)+psi2(x1,x2))/sqrt(2.*(1.+sover**2) )

      psianti(x1,x2)=(psi1(x1,x2)-psi2(x1,x2))/sqrt(2.*(1.-sover**2) )

      da=(af-a)/float(na)

      do 10 ia=1,na

      beta=2.*a

      xi=-a-5.

      xf=-xi

      call overlap(xi,xf, a,z,nstep,sover)

      steor=(1.+R)*exp(-r)

      ratio=steor/sover

      call HIJ(xi,xf, a,z,nstep,sover,esym)

c      esym=(chi-eta)/(1.+sover**2)

      print 100 ,ratio ,R,esym,elapd(R)

      a=a+da

10    continue

100   format('ratio,r,esy,ea=',4(3x,e10.3))

      stop

      end

      function delta(u,dx)

      if(abs(u).le.dx)delta=1./(2.*dx)

      if(abs(u).gt.dx)delta=0.

      return

      end

      subroutine overlap(xi,xf,a,z,nstep,sover)

      phiplus(x)=sqrt(z)*exp(-z*abs(x+a))

c  phi - atom at x=+a (right side of molecule)

      phiminus(x)=sqrt(z)*exp(-Z*abs(x-a))

      f(x)=phiplus(x)*phiminus(x)

      dx=(xf-xi)/float(nstep)

      sum=0.

      do 10 i=1,nstep,2

      x=xi+dx*float(i)

      sum=sum+(dx/3.)*( f(x-dx)+ 4.*f(x)+f(x+dx))

10    continue

      sover=sum

      return

      end

      subroutine Hij(xi,xf, a,z,nstep,sover,esym)

c phi + atom at x=-a (left side of molecule)

      phiplus(x)=sqrt(z)*exp(-z*abs(x+a))

c  phi - atom at x=+a (right side of molecule)

      phiminus(x)=sqrt(z)*exp(-Z*abs(x-a))

      psi1(x1,x2)=phiplus(x1)*phiminus(x2)

      psi2(x1,x2)=phiminus(x1)*phiplus(x2)

      psisym(x1,x2)=(psi1(x1,x2)+psi2(x1,x2))/sqrt(2.*(1.+sover**2) )

      psianti(x1,x2)=(psi1(x1,x2)-psi2(x1,x2))/sqrt(2.*(1.-sover**2) )

      dx=(xf-xi)/float(nstep)

      sumkin1=0.

      sumkin2=0.

      vnuc=0.

      vrep=0.

      do 10 ix1=1,nstep

      x1=xi+dx*float(ix1)

      do 20 ix2=1,nstep

      x2=xi+dx*float(ix2)

      sumkin1=sumkin1+ psisym(x1,x2)*(-1./2)*(psisym(x1+dx,x2)

     $ -2.*psisym(x1,x2)+psisym(x1-dx,x2) )

      sumkin2=sumkin2+ psisym(x1,x2)*(-1./2)*(psisym(x1,x2+dx)

     $ -2.*psisym(x1,x2)+psisym(x1,x2-dx) )

      vnuc=vnuc+dx**2*(-z*delta(x1+a,dx)-z*delta(x1-a,dx)-

     $ Z*delta(x2+a,dx)-z*delta(x2-a,dx) )*psisym(x1,x2)**2

      vrep=vrep+dx**2*delta(x1-x2,dx)*psisym(x1,x2)**2

20    continue

10    continue

      esym=sumkin1+sumkin2+vnuc+vrep

      return

      end

