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1. Hartree–Fock approximation for the one-dimensional ''helium atom''  
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2. One-dimensional models for two-electron systems  
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In reference 3. the ground state energy of helium atom is estimated numerically using delta function potentials for all interactions. There is only one eigenstate as corresponds to a delta function attractive potential. The total energy is  -3.05445337 au which is pretty near the HF value 

of -2.86 au. 
In this note we modify the nuclear potential to be Vnuc = – Z/abs(x) . It has been pointed out that a true Coulombic one dimensional potential should of proportional to the natural log , i.e. Vnuc ~ log(x).

In this calculation we show the consequences of using Vnuc= -Z/x. The ground state energy falls way below the true helium ground state. A series of eigenvalues appears with corresponding alternance of even and odd wave functions.
we go from the delta function  Hamiltonian 
H = -(1/2) d2 /dx12  -(1/2) d2 /dx22 + -Z δ(x1 ) -  Z δ( x2) + δ (x1 – x2)        (1)
to 

H = -(1/2) d2 /dx12  -(1/2) d2 /dx22 + -Z/ abs(x1 ) -  Z /qbs( x2) 
         + δ (x1 – x2)                                                                                  (2)
Assuming 

Ψ(x1 ,x2)  =  φ( x1)  φ (x2)                                                                    (3)

and applying perturbation theory we have the one particle equation
-(1/2) d2 φ( x1) /dx12  -{Z /abs(x1 )} φ( x1) = ε  φ( x1)                               (4)
The electron-electron potential δ (x1 – x2)   is treated as a perturbation.

The total energy is

E = 2 ε +   ∫ φ( x1)2  δ (x1 – x2) φ( x2)2  dx1 dx2
    =  2 ε +   ∫ φ( x)4  dx                          .                                (5)

In our numerical code we assume that φinitial =0  and  (dφ /dx)initial=1. The initial position is chosen as xi = ≈ -2.5*(-z/e) , where e is the orbital energy.
The DE is converted to a finite difference equation 

  phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vn*phi(i-1)

       + e*phi(i-1))

and integrated figuratively from  “-∞  to + -∞ ” . The eigenvalues are detected when the 
asymptotic value of φ( x) changes sign.

The following run from  Ref 3. shows that theres is only one eigenvalue (as should be thae case with a delta fuction) ε ≈ -2. (in au)  .
e,phifinal=   -0.250E+01    0.183E+03

Letting ε = -2 , normalizing φ( x)  gives 

Vee = ∫ φ( x)4  dx = 0.945198596
and 

E = 2(-2.) + Vee = -3.05480146                         
The total energy in the Hartree Fock is -2.8617 au

Plot of Psi resulting  with Vnuclear = -Z δ(x).
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Figure 1.
Now with the modified Vnuclear  as in (2)  ,we have an eigenvalue 

near  -119 au. Figure 2 shows the plot of Psi which is reduced to a very narrow range.

e,phifinal=   -0.120E+03    0.117E-02

 e,phifinal=   -0.118E+03   -0.334E-03
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Figure 2.

The first excited state has now energy  ε ≈ -1.99 au
e,phifinal=   -0.199E+01   -0.479E-01

 e,phifinal=   -0.198E+01    0.130E+00
Figure 3 shows that Psi is odd.
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Figure 3.

The  repulsive energy (ajc) and the total energy are ( via 1rst order perturbation theory)
RUN

2.*e,ajc,2,*e+ajc= -3.98000002  0.387549847 -3.59245014

ajc= 0.387549847   , Etotal = 2(e) +ajc= -3.59245014 au

We may  expect another excited state near   ε ≈ (1/4)( -2) = -.5 au

Our search gives immediately 

e,phifinal=   -0.520E+00   -0.471E+03

 e,phifinal=   -0.510E+00   -0.246E+03

 e,phifinal=   -0.500E+00   -0.252E+01

 e,phifinal=   -0.490E+00    0.256E+03

 e,phifinal=   -0.480E+00    0.522E+03

FORTRAN code

c helium with delta function potentials AJP v44 p.886  1976

      data z, niter, nstep /2.,40,4000/

      dimension phi(0:5000)

      ei=-.8

      efinal=-.4

      de=(efinal-ei)/float(niter)

      kp=int(float(nstep)/60.)

      e=ei

      do 20 it=1,niter

      xf=2.5*(-z/e)

      xi=-xf

      dx=(xf-xi)/float(nstep)

      kount=kp

      phi(0)=0.

      phi(1)=phi(0)+dx

c      print 150, xi ,phi(0)

      do 10 i =2,nstep

      x=xi+dx*float(i)

      phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vnuc(z,x-dx,dx)*phi(i-1)

     $ -0.*phi(i-1)**3  + e*phi(i-1))

c      if(abs(phi(i)).ge.1.e1)goto 10

c      print 160 ,x,phi(i),vnuc(x-dx,dx)

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 150, x,phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, e , phi(nstep)

      e=e+de

20    continue

c      print*,'  '

      if(niter.eq.1)call norm(phi,xi,dx,nstep,ajc)

      if(niter.eq.1)print*,'2.*e,ajc,2,*e+ajc=',2.*ei ,ajc ,2.*ei+ajc

c      call  phia(.5,1.,xi,dx,nstep,kp)

100   format(1x,'e,phifinal=',2(3x,e10.3))

150   format(1x,'x,phi(i)=',2(3x,e10.3))

160   format(1x,'x , phi ,vnuc=',3(2x,e10.3))

      stop

      end

      function vnuc(z,x,dx)

      if(abs(x).gt.dx)vnuc= -z/abs(x)

c      if(abs(x).gt.dx)vnuc= 0.

      if(abs(x).le.dx)vnuc=-z/(2.*dx)

      return

      end

      subroutine phia(alpha,beta,xi,dx,nstep,kp)

      phi(x)=exp(-beta*abs(x))/( 1.-alpha**2*exp(-2.*beta*abs(x)) )

      do 10 i=0,nstep,kp

      x=xi+dx*float(i)

      print 100,x , phi(x)

10    continue

100   format(1x,'x,phia=',2(4x,e10.3))

      return

      end

      subroutine norm(phi,xi,dx,nstep,ajc)

      dimension phi(0:5000)

      sum=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum=sum+(dx/2.)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1./sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      ajc=0.

      do 30 i=1,nstep

      ajc=ajc + (dx/2.)*(phi(i)**4 +phi(i-1)**4 )

30    continue

      return

      end

