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1. Quantum Mechanics: A First Course by B. Cameron Reed

Problem A-3  of Ref. 1 reads:

Cionsider a potential defined by

V(x) = ∞      ,        x ≤ 0                                      (1)

        =-A x exp(- α x2)    ,        x > 0

a) Show that the position x0 at  which this potential reaches a minimum

corresponds to  x0 = 1/(2α)1/2 . Show that 

 V(x0) = - A x0 / e1/2   where   e= 2.718..

b)Let x0 = 1 Angstrom and V(x0) = -10eV , find the ground state energy.
Answer:
a)  The derivative of V(x) is

dV/dx= -A exp(- α x2)  (1- 2α x2)                   .            (2)

Equated to zero gives  x0 = 1/(2α)1/2 .                         (3)
Substitution of x0 in V(x0) gives a minimum value

     v(x0) = -A (1/(2α)1/2) exp( -1/2)                          (4)        
b) In atomic units x0 = 1E-10/(5.292E-11) = 1.890 au .

Also V(x0) = -10(eV)/(27.21eV) = -.3675 au.         (5)
Equating 

V(x0) = -.3675 = -A x0 exp(-1/2) 

gives    A = 0.4213     .
The potential in atomic unit has the expression

V(x) = -0.4213 x exp( -.1400 x2 )            .             (6)
 In this note we solve the problem numerically reducing the Schrodinger equation to a difference equation and employing the asymptotic iteration method . 

The one dimensional Schrodinger equation is

-(hbar2 /(2m))  d2 Ψ/dx2   + V(x)  Ψ = E Ψ                 (2)
(hbar = 1.05 457 E-34  J –s , m=9.10939 E-31 kg,

1 eV=1.60218E-19 ,   1Angstrom = E-10 m )      (3)
The initial conditions are Ψ(0)=0.  , (dΨ /dx)x=0 = 1.
The difference equation is

Ψn =   2 Ψn-1 -   Ψn-2   -2 (∆x)2 ( E = V(x-∆x) ) Ψ n-1           (9)
where now V(x)  is given by (6) in adimensional units and ∆x<<1 .
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Fig 1. Plot of V(x).
The following run shows that the ground state energy is approximately 
( to five digits)     E = -.22170 au 

e,psifinal=   -0.222400E+00    0.110848E+00

 e,psifinal=   -0.222200E+00    0.817838E-01

 e,psifinal=   -0.222000E+00    0.511592E-01

 e,psifinal=   -0.221800E+00    0.232273E-01

 e,psifinal=   -0.221600E+00   -0.436128E-02

 e,psifinal=   -0.221400E+00   -0.329639E-01

 e,psifinal=   -0.221200E+00   -0.616917E-01

 e,psifinal=   -0.221000E+00   -0.889635E-01
A run with energies  in the range -.221 to 0.  shows that

this is the only negative energy state.
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Fortran code
c problem Appendix # 3 from Quantum Mechanics, B. Cameron Reed

      real me  , Ls

      data nstep, niter/1000, 40/

      data a,alfa /.4213, .14/

      kp=int(float(nstep)/50.)

      kount=kp

      e=-.225

      ef=-.217

      de=(ef-e)/float(niter)

      print*,'   '

      do 10 ie=1,niter

      xf=8.0

      dx=xf/float(nstep)

      psi0=0.

      psi1=psi0+dx

      if(niter.eq.1) print 110 ,0.,psi0

      do 20 ix=2,nstep

      x=dx*float(ix)

      psi2=2.*psi1-psi0 -2.*dx**2*( e-v(a,alfa,x-dx)) *psi1

      psi0=psi1

      psi1=psi2

      if(niter.eq.1)then

      if(ix.eq.kount)then

      print 110 ,x,psi2

      kount=kount+kp

      endif

      endif

20    continue

      print 100, e, psi2

      e=e+de

10    continue

100   format(1x,'e,psifinal=',2(3x,e13.6))

110   format(1x,'x,psi=',2(3x,e12.5))

      stop

      end

      function v(a,alfa,x)

      v= -a*x*exp(-alfa*x**2)

      return

      end

