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The Thomas –Fermi is the non linear DE

        d2 y /dx2 =  y3/2 /x1/2                                           .                (1)

 y(x) is a screening function that multiplies the atomic potential 

      (Z e2/r) y(x) in the Thomas Fermi atomic model.

The boundary conditions are y(x=0)=1 and lim(x→∞) =0.

We work out a simple numerical approximation that compares very well with more thorough treatments.

We write  the finite difference solution of (1) as

                yn = 2 yn-1 – yn-2 + ( ∆x )2 ( yn-1)3/2 /(xn-1)1/2  .        (2)

Our initial conditions will be xi=20 , y(x=20)=0 , (dy/dx)x=20 will be varied.The integration is carried backwards toward the origin (x=0) . The correct choice of (dy/dx)x=20  would be that which yields a final value y(x=0) =1. 
The following run shows that an intial dy/dx=-1.6250E-3 gives a final y(x=0)= 0.10006E+01   and a final dy/dx= -0.15432E+01 .

Run

dydx,yfinal,dydx0=   -0.16255E-02    0.10016E+01   -0.15452E+01

 dydx,yfinal,dydx0=   -0.16250E-02    0.10006E+01   -0.15432E+01

 dydx,yfinal,dydx0=   -0.16245E-02    0.99964E+00   -0.15412E+01

 dydx,yfinal,dydx0=   -0.16240E-02    0.99867E+00   -0.15392E+01
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Fig 1. Numerical solution obtained from(2) with IC y(20)=0.

(dy/dx)x=20 =-1.6250E-3 .
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Fig 2.Parametric  solution given in ref 4  from eqs (39). 
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Fig 3. Same as fig 1. but for  x≤ 5. ,the  compare with fig 2.
FORTRAN code
c Thomas-Fermi equation

      implicit real*8(a-h,o-z)

      data xi,xf,nstep /20.d0,0.d0,20000/

      data dydxi,dydxf/-1.63d-3,-1.60d-3/

      data niter /60/

      dx=(xf-xi)/dfloat(nstep)

      delta=(dydxf-dydxi)/dfloat(niter)

      dydx=dydxi

      do 10 i=1,niter

      y0=0.0d0

      y1=y0+dydx*dx

      do 20 j=2,nstep

      x=xi+dx*dfloat(j)

      y2=2.d0*y1-y0+dx**2*y1**(3.d0/2.d0)/dsqrt(x-dx)

      if(y2.lt.0.0d0)then

      print 100,x,dydx,y1

      goto 60

      endif

      y0=y1

      y1=y2

20    continue

      dydx0=(y1-y0)/dx

50    print 100, dydx,y2,dydx0

60    dydx=dydx+delta

10    continue

100   format(1x,'dydx,yfinal,dydx0=',3(3x,d12.5))

      stop

      end

