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Fig 1. Barrier potential of width = a and height V0
A standard problem in quantum mechanics is that of the barrier potential  of width –a- and height V 0 where the transmission and reflection coefficients are sought.  Particles are incident from the left with energy E.

The Schrodinger equation is

  d2 Ψ/dx2  = -(2m/h* 2) ( E – V(x) ) Ψ                             ( 1)

Replace  h*=1 , m=1 . 

Two wave numbers are defined

k1 = ( 2E)1/2      for           x ≤  0  ,   x ≥ a                            (2)

k2 = ( 2(V0-E) )1/2                      0  ≤  x ≤   a                  (3)                   
A flux of particles is incident from the left (see Fig. 1)is represented by

                       A exp(ik1 x)  .

The reflected wave is represented by B exp(-ik1 x) .The wave in region I is 
ΨI = A exp(ik1 x)  +  B exp(-ik1 x)                                  ( 4 )

In region II ,
ΨII = E exp(k2 x)  +  F exp(-k2 x)              ,                    (5)    
and in region III

ΨIII = C exp( i k1 x)                    .                                   (6) 
Continuity conditions of   Ψ and dΨ/dx  at the potential disconuity     (x=0, x=a)     yield four equations for the five unknowns A,B,C,D, and E.

One  can solve B,C,D,E in terms of A.

The transmission coefficient is (see Ref. 1)

T =  v 1(C ∙ C*)/( v1 A ∙ A*)

= { 1 + ( sinh(k2a) )2 /( 4(E/V0)(1-E/V0) ) }-1             (7)

and the reflection coefficient is
R= 1-T                                                                       (8)

In this note we find T numerically by integrating Schrodinger equation backwards from x=a to x=0..

Assume C=1 and  thus ΨIII(x=a)  =  exp( i k1 a) . Let also 
ΨIII(x=a+dx)   = exp(i k1( a+dx)) . This is sufficient to start the integration  towards   x=0.

At x=0, from the integration  we have numerical values of Ψ(x=0) and  
(d Ψ/dx)x=0 . The coefficients  A and B are readily found , 

 A= (1/2) {ψ0 +(1/ik1) (dψ/dx)0 }                   (9)

 B =(1/2)  {ψ0 - (1/ik1) (dψ/dx)0 }          
 Since C was set equal to 1.0  , the transmission coefficient is just ,

 T =  v 1(C ∙ C*)/( v1 A ∙ A*)=  1./ (A ∙ A*)            (10)

The analytical result is (from Ref. 1)
T = {1 + sinh2(k2a)/[(4E/V0)(1-E/V0)] }-1 ,   E< V0    (11)

T = {1 + sin 2 (k2a)/[(4E/V0)(-1+E/V0)] }-1 . E > V0    (12)

A numerical examination reveals that for E/V0 ≥ 1  , the coeffcient T ≈ 1. It is slightly less than unity. It is exactly one when  k2a=n π. This is a result of the destructive interference between the reflection at x=0 and x=a. It was experimentally first observed in the scattering of electron by atoms and received the name Ramsauer effect. 
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Fig 2. Transmission coefficient as a function of (E/V0) , awidth=2 , 

V0 =5.Theoretically and numerically obtained T coincide.See the oscillations below T=1 , after E/Vo =1.
[image: image4.emf]E/V0=0.5 , a=2 , V0=5.
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Fig 2. Plot of real(psi) and Imag(psi) .
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Fig 3. A more detailed view of Psi  for      2<x<4 
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Fig 4. A more detailed viewof Psi for  0<x<2
data for Fig 1.
E/v0,T(num),Ta,Tapp=    0.500E-01    0.340E-05    0.336E-05    0.336E-05

 E/v0,T(num),Ta,Tapp=    0.149E+00    0.176E-04    0.174E-04    0.174E-04

 E/v0,T(num),Ta,Tapp=    0.248E+00    0.521E-04    0.516E-04    0.516E-04

 E/v0,T(num),Ta,Tapp=    0.347E+00    0.134E-03    0.132E-03    0.132E-03

 E/v0,T(num),Ta,Tapp=    0.447E+00    0.327E-03    0.324E-03    0.324E-03

 E/v0,T(num),Ta,Tapp=    0.546E+00    0.792E-03    0.787E-03    0.788E-03

 E/v0,T(num),Ta,Tapp=    0.645E+00    0.196E-02    0.195E-02    0.195E-02

 E/v0,T(num),Ta,Tapp=    0.744E+00    0.508E-02    0.506E-02    0.507E-02

 E/v0,T(num),Ta,Tapp=    0.843E+00    0.142E-01    0.141E-01    0.141E-01

 E/v0,T(num),Ta,Tapp=    0.942E+00    0.441E-01    0.441E-01    0.418E-01

 E/v0,T(num),Ta,Tapp=    0.104E+01    0.158E+00    0.158E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.114E+01    0.571E+00    0.571E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.124E+01    0.998E+00    0.998E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.134E+01    0.873E+00    0.872E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.144E+01    0.771E+00    0.771E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.154E+01    0.769E+00    0.769E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.164E+01    0.824E+00    0.824E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.174E+01    0.899E+00    0.899E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.184E+01    0.963E+00    0.963E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.193E+01    0.996E+00    0.996E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.203E+01    0.997E+00    0.997E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.213E+01    0.981E+00    0.981E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.223E+01    0.961E+00    0.961E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.233E+01    0.945E+00    0.945E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.243E+01    0.938E+00    0.938E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.253E+01    0.939E+00    0.939E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.263E+01    0.947E+00    0.947E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.273E+01    0.959E+00    0.959E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.283E+01    0.972E+00    0.972E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.293E+01    0.984E+00    0.984E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.303E+01    0.993E+00    0.993E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.312E+01    0.998E+00    0.998E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.322E+01    0.100E+01    0.100E+01    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.332E+01    0.998E+00    0.999E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.342E+01    0.995E+00    0.995E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.352E+01    0.990E+00    0.991E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.362E+01    0.986E+00    0.986E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.372E+01    0.983E+00    0.983E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.382E+01    0.980E+00    0.980E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.392E+01    0.979E+00    0.979E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.402E+01    0.980E+00    0.980E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.412E+01    0.982E+00    0.981E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.421E+01    0.984E+00    0.984E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.431E+01    0.987E+00    0.987E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.441E+01    0.990E+00    0.990E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.451E+01    0.994E+00    0.993E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.461E+01    0.996E+00    0.996E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.471E+01    0.998E+00    0.998E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.481E+01    0.999E+00    0.999E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.491E+01    0.100E+01    0.100E+01    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.501E+01    0.100E+01    0.100E+01    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.511E+01    0.999E+00    0.999E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.521E+01    0.998E+00    0.998E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.531E+01    0.997E+00    0.997E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.540E+01    0.995E+00    0.996E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.550E+01    0.994E+00    0.994E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.560E+01    0.993E+00    0.993E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.570E+01    0.992E+00    0.992E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.580E+01    0.992E+00    0.992E+00    0.1#RE+01

 E/v0,T(num),Ta,Tapp=    0.590E+01    0.991E+00    0.992E+00    0.1#RE+01
FORTRAN code

c potential barrier R. M. Eisberg (Fundamentals of Modern Physics,1961)

c Chapter 8 sec 3   ,pp  231 - 239

c V0 and awidth are adjusted

      real k1,k2,k3

      complex psi0,psi1,psi2 ,dpsi, a, b ,c,rooti,coef

      data niter,awidth,v0 / 60,2. ,5./

      rooti=cmplx(0.0,1.0)

      c=cmplx(1.0,0.0)

      energyi=.05*v0

      energyf=10.*v0

      de=(energyf-energyi)/float(niter)

      energy=energyi

c the integration is  carried out from the right to to the left

      xi=awidth

      xf=0.0

      nstep=1000

      kp=int(float(nstep)/70.0)

      kount=kp

      dx=(xf-xi)/float(nstep)

      do 20 it=1,niter

      k1=sqrt(2.0*energy)

      k2=sqrt(2.0*(v0-energy))

      if(e.gt.v0)k3=sqrt(2.0*(energy-v0))

c initial conditions for a step potential

c      psi0=c*exp(-k2*xi)

c      psi1=c*dexp(-k2*(xi+dx))

c initial conditions for a finite barrier

      psi0=c*exp(rooti*k1*xi)

      psi1=c*exp(rooti*k1*(xi+dx))

c      if(niter.eq.1)print 100,xi,real(psi0),aimag(psi0)

      do 10 i=2,nstep

      x=xi+dx*float(i)

      psi2=2.0*psi1-psi0+dx**2*(-2.0*(energy-V(x-dx,v0,awidth))*psi1)

      dpsi=(psi2-psi1)/dx

      psi0=psi1

      psi1=psi2

      if(niter.eq.1)then

      if(i.eq.kount)then

c      print 100,x, real(psi2), aimag(psi2)

      kount=kount+kp

      endif

      endif

10    continue

      a=.50*(psi2+dpsi/(rooti*k1) )

      b= .50*(psi2-dpsi/(rooti*k1) )

      coef=-rooti*(a-b)/(a+b)

c      print*,'  '

c      print*,'e,v0,k1,k2,k3=', energy,v0,k1,k2,k3

c      print*,' real(a), aimag(a)=',real(a) ,aimag(a)

c      print*,' real(b), aimag(b)=',real(b) ,aimag(b)

      Tapprox=16.*(energy/v0)*(1.-Energy/v0)*exp(-2.*k2*awidth)

      print 120,energy/v0,abs(c)**2/abs(a)**2 ,

     $transteo(energy, awidth,v0,k2,k3),tapprox

c      print*,'coef,k2/k1=',coef ,k2/k1

      energy=energy+de

20    continue

110   format(1x,'k2/k1,coef,psifin=',3(4x,e10.3))

100   format(1x,' x,Real(psi),aimag(psi)=',3(4x,e10.3))

120   format(1x,'E/v0,T(num),Ta,Tapp=',4(3x,e10.3))

      stop

      end

      function v(x,v0,awidth)

      if(x.lt.0.)v=0.0

      if(x.ge.0.0.and.x.le.awidth)v=v0

      if(x.gt.awidth)v=0.0

      return

      end

      function  transteo(e,awidth,v0,k2,k3)

      real k1,k2,k3

      sinch(k2,awidth)=(1.0/2.0)*(exp(k2*awidth)-exp(-k2*awidth))

      den(e,v0)=(4.0*e/v0)*(1.0-(e/v0) )

      if(e.lt.v0)transteo=1.0/(1.0+ sinch(k2,awidth)**2/den(e,v0))

      if(e.gt.v0)transteo=1.0/(1.0- sin(k3*awidth)**2/den(e,v0))

      return

      end
