CHAPTER 5 MODIFICATION OF THRESHOLD
TRANSFORMATIONS

ABSTRACT. After the graph structures of self-dual one-to- one transforma-
tions are described, a construction method of generating minimal one-to-one
threshold transformations from lower dimensional ones through face copies and
orbit modifications are presented. Theorems that concern one-to-one threshold
transformations and support the method are also proved. Then compression
and expansion of threshold transformations are described. Then in addition
to one-to-one threshold transformations in Chapter 4, some classes of incom-
pressible and compressible one-to-one threshold transformations are given. In
particular, all currently known one-to-one minimal incompressible threshold
transformations are proved to be reflective. Finally, it is proved that there
exists a threshold transformation of {0,1}"™ such that for any 1 < k < 2™ its
graph has a k-cycle that is the only cycle or loop. This enhanced Arimoto the-
orem has an important implication on dynamical systems of neural networks
described in the remaining chapters.

5.1 ORBIT MODIFICATION

If F is a threshold transformation, its graph drew considerable interest in the
1960s and early 70s (Arimoto, 1963; Masters & Mattson; 1966, Ishii, 1970; Ishii
& Miyazaki, 1972; etc.). These studies provided some construction procedures
for finding a threshold transformation that satisfies given conditions for its graph.
However, they were mainly concerned with proper subgraphs of GRAPH(F') and
did not bring out concrete results for the whole graph structure of a transformation
except the ones given in Arimoto (1963) and Masters & Mattson (1966). Since
what characterizes a transformation is its (whole) graph structure rather than the
structure of its particular proper subgraph, our goal here is to fill part of that
vacancy. In order to simplify the problem we limit our scope to graphs of one-
to-one transformations and use the results of Chapters 3 and 4, which dealt with
reflective transformations and circular one-to-one threshold transformations.

We have already proved that a one-to-one threshold transformation F is self-dual
(Theorem 4.3.3 of Chapter 4), so that F' can be represented by F = [f1,..., ful,
where f; = p; - —(p;F'). Further, by Corollary 4.3.5 of Chapter 4, F' is a threshold
transformation, if and only if each f; is a threshold function.

Theorem 2.3.5 of Chapter 2 completely determines the cycle structures of one-to-
one self-dual transformations. However, such a condition for one-to-one threshold
transformations is unknown. Therefore, it is necessary to try to construct a one-
to-one threshold transformation individually in order to determine whether a given
cycle structure is realized by a threshold transformation or not. In this section
we prove two properties concerning face copies of one-to-one threshold transforma-
tions. Then. based on these results, we discuss a method of constructing higher di-
mensional one-to-one threshold transformations from lower dimensional ones. The
method is orbit modification, which we applied in Chapter 3.5. It was part of more
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2 CHAPTER 5 MODIFICATION OF THRESHOLD TRANSFORMATIONS

general construction procedures given by Ishii & Miyazaki (1972). Here we formu-
late it in terms of [ ]-representations.

Lemma 5.1.1 Let M = {n+1,...,n+m} and C C QM be a complete set. If
g is a threshold function: Q"*™ — Q such that g = f - 1¢ for some f: QN — Q
and the characteristic function 1o : QM — Q , then C = QM.

Proof. Let g = f - 1¢ be a threshold function. Let g € g; then r = {n+1,...,n+
m} q€g. I q=(q1,,Gn, Ant1ys s Gnim) & g for some point (api1, ..., Gppm) €
Qirtlontm} then v/ = {n4+1,....,n+m} ¢/ ¢ g. Since g+ 1 = g/ + 1/, g is 2-
summable, so that we have a contradiction to the fact that g is a threshold function
(Corollary 4.2.2 of Chapter 4). |

Theorem 5.1.2 If G is a one-to-one threshold transformation of Q*™™, and
none of the (n + 1)th, ... and (n +m)th coordinates of any point of Q**™ changes
under G, then G is the (n + 1,...,n + m)th face copies of a one-to-one threshold
transformation of Q".

Proof. Let q be a point on a cycle of any transformation H of Q*™. For any i, if
q changes its ith coordinate from 1 to 0 under H, then another point on the same
cycle must change its ith coordinate from 0 to 1 under H. Moreover, on the same
cycle, the number of points that change their ith coordinates from 1 to 0 must be
the same as the number of points that change their ith coordinates from 0 to 1.
Let M = {n+1,...,n+m} and a be a point of QM.

From the given condition, each cycle of G is contained either in PA}la or outside
P]Qla, where Py is the projection function: Q**™ — QM. Therefore, the number
of q € P];Ila such that ¢ changes its ith coordinate from 1 to 0 under G and the
number of r € P];[la such that r changes its ith coordinate from 0 to 1 under G are
the same. Let G = [g1, .., gn, D, .., 0]; then the number of ¢ € g; such that Pyrg = a
and the number of r € g; such that Py;r = =a are the same. Let g be an arbitrary
point of g; and r = M ~q. If r € —g;, then there exist ¢/ € g; and r/ € —g; such
that Pyrq/ = =Pyrq and v/ = M~ qf. Hence, ¢ + g/ = r + r/, ¢ and ¢/ are points of
g;, and r and r/ are points of —g;, so that g; is 2-summable, contrary to the fact
that g; is a threshold function (Corollary 4.2.2 of Chapter 4). Hence, there exist
some f; : QN — Q and a complete set C; € QM such that g; = f; - 1¢;. Since
C; = QM by Lemma 5.1.1, we have G = F x Igu, where F' = [f1, ..., fu], and I is
a one-to-one threshold transformation. (]

Theorem 5.1.3 Let G be a minimal one-to-one threshold transformation of
Q™+L. Then there exists a self- dual threshold transformation F of Q™ such that if
both ¢ € Q"*! and (n + 1)~ ¢ change or neither changes their ith coordinate under
G for i =1,...,n, then Gg = (F X Iqn+1y)q.

Proof. Let G = [g1, ..., gnt1]- Let

fi = (9:|0) U (g:[1) or fi = (9:]0) N (gs[1)
for i = 1,...,n, where 0,1 € Q{"*1}. Then F = [fi,..., f.] is a threshold trans-
formation of Q™ by Corollary 4.2.4 of Chapter 4. If both a point ¢ € Q"' and
g’ = (n+1)~ ¢q change or neither changes their ith coordinate under G fori =1, ..., n,
and only one of them changes its (n + 1)th coordinate, then Gqg = Gq/, contrary
to the fact that G is one-to- one. Suppose both ¢ and ¢/ change their (n + 1)th
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coordinates. Then ¢ € ¢gp41 and ¢/ € =gn41, Or ¢ € Tgn4+1 and ¢/ € gpy1. By
Proposition 4.2.6 of Chapter 4, |gn,11| > 2”71 + 1; hence G is not minimal, be-
cause Var((n + 1)~ G) < Var(G). Therefore, neither ¢ nor ¢/ changes its (n + 1)th
coordinate, and F' satisfies the desired condition. ([l

Orbit modification Theorem 5.1.3 shows that any minimal one-to-one thresh-
old transformation G = [g1,...,gns1] of Q™! can be constructed from a self-
dual threshold transformation F = [fi, ..., f] through its (n + 1)th face copies
F x Igm+y = [f10 PN,y fn 0 PN, 0]; g; for i = 1,...,n is obtained by adding or
deleting a subset of either the face =p,41 or pn41 to or from f; - 1qnt1y. Further,
gn+1 is composed of ¢, =g, (n 4+ 1)"q or (n + 1)~ =¢ for some of these added or
deleted points g. The (n + 1)th coordinates of two of the four are 1, but g, 1 can
not contain both because of the minimality of G. By Theorem 5.1.2, g,11 # 0 for
G to be one-to-one, unless G = F' X Ign+13. The method of constructing G from
F X Ign+1y in this way is orbit modification described in 3.5. More generally, we
may construct a new threshold transformation G from F' X IQ{n+1,__,n+m} by orbit
modification.

5.2 EXPANSION AND COMPRESSION

let D = {D,..., Dy} be a partition of N = N,,, and let ¢ be a function from
N, to M = N,, defined by 65 = ¢ if j € D;. Let v be a function from M to N
such that ~yi is a representative element of D;. Further let € be a function from
N — {Iq,—} such that e; = Iq for every representative element j € yM.

Let the function H : Q™ — Q" be defined by

pjH = ¢€;ps; for every j € N. (5.2.1)

Clearly H is an injection. In particular, if ¢ € M and j = i, then p; H = ps;, since
07y is the identity and e,; = Iq for every i € M. Therefore,

pi = pyil fori € M,
so that ps; = ps;H. Therefore, from (4.2.1),
pj = (€j)pys; for every j on HQ™. (5.2.2)
Now, given a transformation F' of Q™, define a transformation E of Q™ by

—1 m
E:{HFH , on HQ™,

Identity — on (HQ™)®. (5.2.3)

E is caled an expansion of F.

Conversely given a transformation E of Q", define i ~p j for¢,j € N if z; = z;
for every x € CarE U E(CarE) or z; = —x; for every x € CarE U E(CarE).
Clearly ~f is an equivalence relation on N. Let D = {Dy, ..., D,,} be the set of all
equivalence classes defined by ~p. Let vi be a representative element of D;. Let
0 : N — M be defined by §j = ¢ if j € D;. Then p; = ¢;pys5; for every j € N
on CarE U E(CarE), where €; = Iq (matrmidentity) or —. In particular, e,; = Iq
for every i € M. Therefore, the function H : Q™ — Q" can be defined by (5.2.1).
Define the transformation F' of Q™ by

F=H'EH. (5.2.4)
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Then F is well-defined, since CarE U E(CarE) C HQ™. F is called a compression
of E. Further, E is called compressible, if |D;| > 2 for some j, and incompressible
otherwise. F' is self-dual if and only if F is self-dual.

Let E = [eq, ..., es], and let F = [f1, ..., fm] be defined by (5.2.4). Then,

fi = pj-—(H'EH);
= €yjDs~j - _‘(EH)’YJ (5 ) 5)
= pyjl€epsty s €nPsn) - 7By (€1Ps1, s €nPon) o
= e"/j(elpélv "'7€np5n)~

Conversely let E is defined by (5.2.3) from given F. Then, since (5.2.2) is
necessary on HQ™,
e; =pi B =p; - ~(HFH™");  Myen(pr(=)expysr),
and
pi-~(HEH™Y); = €pysi-—e;(EH Yy
(€ipsi - —€iFsi)(Py1s ey Dym)

Therefore,
| fsi(py1s o Dym) - Hien(pe(=)erpyer)  if 6 = Iq,
e =14 U . (5.2.6)
f5i(Py1s s Dym) - ken(Pr(=)expqor)  if € = .

Example 5.2.1 Let M = Ny, F = [p;] be the transformation of Q™, N = N,,,
D = {N}, v1 =1, and ¢, = Iq, for every i € M. CarE = {1...1,0...0}, and
Ex = =z. Therefore, E = (e),

€=DpP1DP2" " Pn-

Proposition 5.2.2 Let M = N,,, and N = Ny,,, D = {Ds,..,Dp,}, D; =

{i,m + i}, and vi =i, €y4; = — for every i. Let F' = ((f)),
f=p1-ap2-...- ¥mPm, where a; =Iq or — for every i.

Then the expansion F of F is (e),

€=P1-Q2P2 " ..t UyPm - Pl - TO2PmMmA2 " eee 0PI - (5.2.7)

Proof. Let p,, be the rotation (1...m) and pa,, be the rotation (1...2m). Let f =
{z}, prz = 1. Then, by (5.2.6),

€ = {(pmm_)i_lxv;<pmm_)i_1x)}

L4 2—iy -y Ly L1, T2y ooy Tppyo—(i41)) ) fOr i € M,
()=, ()= )}

Tomt2—is oy Ty "1, 7T, ooy TWompa—(i41)) ) for i € N\M.
Po (@1, oy Ty 2Ty ey~ )

Ly 2—iy Loy L1y ooy T—it1) } = €;  for ¢ € M,

Po (@1, oy Ty 221y ey )

Tom42—is Ly L1y -y _‘x2m—i+1)} =e¢; forie N\M

A~ I~ N~~~

Therefore, e; = pb Lep, that is, E is a circular ransformation (e) defined by (5.2.7).
O
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Example 5.2.3 The simplest case in proposition 5.2.2 is when f = p; - .. - pp.
Then E = (e),

€=D1 P2 oo " Pm* Pmtl * Pmt2 oo * P2me
The 2m-cycle of F is
1...10..0 — 01..10..0 — .. — 0..01...10
T l
1...10...01 « — 0..01..1

FE is uniquely minimal for m > 2.
Example 5.2.4 Let 0 < h — 1 < 2m be relatively prime with 2m, and let
F = ({f)) be a one-to-one skew-circular transformation described in Theorem 4.5.3.

f = D1-Q2p2 " ..  AmPm,
F = (pm™)""! on CarF.
Then we obtain the expansion E = (e),

€ =DP1°Q2P2 ..  AmPm * TPm41 " "A2PmMA42 " - T AmP2m-
Thereore,
E=p"!' on CarE.
As an example, let
e=1-2--3-4--5-—6-7--8.
and compare the cycles of F and E.

1101 — 0101 — 0100 — 0110

T !
1001 — 1011 — 1010 — 0010
11010010 — 01011010 — 01001011 — 01101001

T !
10010110 « 10110100 « 10100101 « 00101101

We have also the following proposition similar to Proposition 5.2.2.
Propositin 5.2.5 Let N = No,,,, D = {D1,..., Dy}, D; = {i,m + i}, vi = 1,
and e(m + i) = Iq for every i. Let F = (f),

f=p1-ap2-...- ¥mpm, where o; =Iq or — for every i.
Then the expamsion E of F' is a circular transformation (e},
€=DP1-€P2" ...  €EmPm " Pm+1 " €2Pn+2 " .- EmP2m-

Example 5.2.6 Let 0 < h — 1 < m be relatively prime with odd m, and let
F = (f) be a one-to-one skew-circular transformation described in Theorem 4.4.3.

f= pi-oopy- . ompm,
F = =p"! onCarF.
Then we obtain the expansion E = (e),
€ =DP1 - Q2P2 " .. AmPm " Pm+1 - C2Pm42 - OmP2am,

Therefore,
E==p""1 on CarE.
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In general, if F' is a threshold transformation, then its compression E is also
a threshold transformation, but the converse is not necessarily true. However, we
have the following theorem.

Proposition 5.2.7 F is a self-dual threshold transformation if and only if, for
its compression E = [e1, eg, .., €, defined by (5.2.2), e; is a threshold function for
every 7, and for each [ such that |M;| > 2 and for each j,

e; Spy or e; C py.

Proof. Let F = [f1, ..., fn] be a self-dual transformation of Q™ and E = [ey, ..., €]
be a self-dual transformation of Q™ defined by (5.2.2). Suppose that there exist
y,y! € e; such that y, = 0 and y/; = 1 for some ¢ such that [M;| > 2. Then there
exists some s such that s # vt and t = §s. Let i = vj, Hy = x, and Hy/ = x!.
Then §i = j. Also, z,2/ € es5;(Dy1s -, Pym)s Th = €xTysk, and x/y = €,xlys) for
every k, so that x, 2/ € f; by (5.2.3). Further,

Tyt =Y =0, 2l = 1, Ts = €5Yss = €Yt = €50, T/s = €51.
Let z and z/ of Q" be defined as

2 =0, 2s=¢€1, zy,=1m, for every other u;
2y =1, 213 =¢€,0, 2/, =/, for every other u.

Since vt ~p s, both z and z/ are fixed points of F', so that they are elements of
—f;. However, x + x/ = z + 2/ in R", i.e. f; is 2-summable, contrary to the fact
that f; is a threshold function. The ”if” part of this theorem is obvious. O

As seen from Proposition 5.2.7, an expansion of an incompressible threshold
transformation may be a threshold transformation or not. If there exists some
threshold transformation which is an expansion of a given threshold transformation,
then the given threshold transformation may be called expansible. Thus, threshold
transformations can be classified as follows.

Thresholdtrans formations

7N

Compressible Incompressible

Thresholdtrans formations

7N

FExpansible Inexpansible

5.3 INCOMPRESSIBLE TRANSFORMATIONS

We gave circular and skew-circular threshold transformations in Sections 4.4 and
4.5. In this section we try to construct general, minimal, non-compressible, one-
to-one threshold transformations by orbit modification discussed in Section 5.1,
although I have found only one example except trivial ones, which are face copies
of or isometrically similar to circular or skew- circular transformations.

In the end of Chapter 4, we raised an open question about whether all min-
imal one-to-one threshold transformations are reflective through some isometries
of order 2, so that their inverses are also threshold transformations. We have not
solved this question, but we will show that all currently known one-to-one threshold
transformations that are minimal and incompressible are reflective through some
isometries of order 2. Combined with the result in Chapter 3.2 that any isometry is
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reflective through some isometry of order 2, these results tentatively indicate that
one-to-one threshold transformations do not completely digress from isometries,
despite selectiveness for non-fixed points in the former. These results also help to
find a one-to-one threshold transformation.

Constructing a threshold bijection is in turn a good preparation for constructing
a neural network, since not only similar methods can be applied to the two subjects,
but also a dynamical neural network having an attractor is often constructed by
modifying a one-to-one threshold transformation, as shown in Chapters 6 and 7.
In the following, the expression of cycle structures introduced in Chapter 2.3 is used.

Example 5.3.1 Let n = 2m + 2. Consider the transformation F' of Example
5.3.2 (3) for dimension n — 1, i.e., ' = [f, pf, ..., p" "2 f], where

f = fiVvfe
fi = D1 DPmg1 s TPmt2 TD2m 1,
fo = D1 DPm TPmt1 - TP2me1-

The non-fixed points of the nth face copies of F' form four (n—1)-cycles, for example,

111001 — 011101 — 001111 — 100111 — 110011 — 111001,
110001 — 011001 — 001101 — 000111 — 100011 — 110001,
111000 — 011100 — 001110 — 100110 — 110010 — 111000,
110000 — 011000 — 001100 — 000110 — 100010 — 110000.

Since F is reflective through the linear permutation v of coefficients (—1, n), i.e.
v=(1,n-1)2,n—2)---(n/2—1,n/2+ 1), its nth face copies are also reflective
through v by Proposition 3.5.1 (i) of Chapter 3. Let ¢ be the point defined by ¢; = 1
for1<i<n/2—-1,¢,=0forn/2<i<n-—1,and ¢, =1, and let d be the point
defined by d; = 1for 1 < i <n/2,and d; =0 for n/2+1 < i < n (¢ = 110001,
d = 111000 in this example). Then applying Proposition 3.5.4 of Chapter 3, we
obtain

G = [91,9nls

g = prfivp Ty apafori=1,...,m+1,

g = pTlfipaVpiT i fofori=m+2,...,2m+1,
gn = f2pn.

G is a threshold transformation, since g; is a threshold function for every ¢. F' is
reflective through v, incompressible, inexapansible, and

CS(G) = {(1777’)7 (2777‘ - 1)7 (2n —3n+2, 1)}
In the above example, the four cycles are changed into

111001 — 011101 — 001111 — 100111 — 110011 — 111001,

110001 000111 — 100011 — 110001,
! /

111000 — 011100 — 001110

110000 — 011000 — 001100 — 000110 — 100010 — 110000.

As described above, all one-to-one minimal threshold transformations we have
found so far, including G in the above Example 5.3.1, are reflective through some
Boolean isometries of order 2. However, there exists a compressible, minimal, one-
to-one threshold transformation that is not reflective, as given in the following
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Example 5.3.2. On the other hand, there exists an incompressible, non-minimal,
one-to-one threshold transformation that is not reflective, as given in the following
Example 5.3.3. Therefore, incompressibility as well as minimality is necessary for
the conjecture.

Example 5.3.2 (Minimal, compressible, non-reflective one-to-one threshold trans-
formation). n =6. F = [f1,..., f¢,

fi = 1:-2-23--4-(=5V —6),
fo = 1:2.-3.=4-(=5V—6),

fs = f1=1-2-3-4-(=5V—6),
fs = fe=1-2.3-4.5.6.

F is compressible, since 3 ~p 4. Suppose F is reflective through 7J~. Since
Ifil = f2] = |fs] = |fa] =3 and | f5] = |fs| = 1, 7{5,6} = {5,6} by Corollary 3.3.3
of Chapter 3. Since fg 3 111111 —p 111100, J = {1,2,3,4} by Proposition 3.3.2
(i),(ii) of Chapter 3. However,

f2 110000 — 100000 — y- 011100 —, x ¢ fro,
which contradicts Proposition 3.3.2 (i) of Chapter 3.
Example 5.3.3 (Non-minimal, incompressible, non-reflective one-to-one thresh-

old transformation). Let G = ((g)) , g = p1-p2 -3 - pa, on Q% Let F = (3,4)17G.
Then Then F = [f17f27f3af4]7

fi = 1-(=2v-3Vv—4),
fa = -1-2-3-4,

fs = (-1v=2)-3--4,
fi = (-1--2V=3)-4.

Then |f1] = 7, |f2| = 1, |fs| = 3, |fa] = 5. Suppose that F is reflective through
T = 7J7. Then 7 = ¢ by Corollary 3.3.3 of Chapter 3. On the other hand,
{0000, 1111} is the set of fixed points of F. Therefore, J = () or J = Ny. In either
case, 2 = I, which is not true. Therefore, F is not reflective through any Boolean
isometry.

5.4 COMPRESSIBLE TRANSFORMATIONS

We gave circular, compressible, threshold transformations in Section 5.2. In
this section we seek general, compressible minimal, threshold transformations con-
structed by orbit modification described in Section 5.1. First, we determine the
cycle structures of threshold transformations obtained by expansion from the skew-
circular transformation of Example 5.3.2.

Proposition 5.4.1 For any n and even k such that k < 2n, the cycle structure
{(1,k), (2™ — k, 1)} is realized by a threshold transformation.

Proof. Let
£ = Ty Xy Tigq Xy, for i < k/2-—1,
T xxy, for i > k/2.
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Then F = [fi, ..., fn] realizes the desired cycle structure. E.g. if n =5, and k = 6,
then
11111 — 11000 — 10000 — 00000
— 00111 — 01111 — 11111.

O

The n-dimensional F' of Proposition 5.4.1 is obtained from the nth face copies
of the (n — 1)-dimensional F by orbit connection. Note that ¢ ~p j for every
i,j€{k/2,k/24+1,..,n}.

Proposition 5.4.1 can be further generalized into the following proposition.

Proposition 5.4.2 If n > 4 is even, then the cycle structure {(1,n),(2,n —
2), (2™ —3n +4,1)} is realized by a threshold transformation.

Proof. Let n = 2m + 2. Consider the transformation of Example 4.4.2 of Chapter
4 for Q?™. Specifically, F' = [f, pf, ..., p*™ 1 f], where

f:pl.p2...pm.—|pm+1...—|p2m'

From the (2m + 1,2m + 2)th face copies of F' through orbit connection, we obtain
G= [glv "'7g2m+2], where

gi = (pzilf) ! (_‘p2m+1 \ _‘p2m+2) for i = 15 -y T,
g = (") (P2mt1 V pamiz) for i =m+1,...,2m,
Gomt+1 = Gom+2 = f - P2am+1 - D2m—2-

The threshold transformation G realizes the desired cycle structure. E.g.

1000 — 0100 — 0111 — 1011 — 1000,
1010 — 0110 — 1010,
1001 — 0101 — 1001.

O

Proposition 5.4.3 For any n,m and even k such that 1 <m < n and k < 2m,
the cycle structure {(1,k+2), (2""™ —2,k), (2" — k2" ™ + k — 2,1)} is realized by
a threshold transformation.

Proof. Let the m-dimensional threshold transformation of Proposition 5.4.1 be
[fis-oes fm]- I G =91, ..., gn] is defined as

o fi(kPmy1 V..V o) fori=1,...,m,
gi DiPn fori=m+41,...,n,

then G realizes the desired cycle structure. E.g. if n =5, m = 3 and k£ = 4, then

10000 — 00000 — 00011 — 01111

— 11111 — 11100 — 10000,
10001 — 00001 — 01101 — 11101 — 10001,
10010 — 00010 — 01110 — 11110 — 10010,
01110 — 11110 — 10010 — 00010 — 01110,
01101 — 11101 — 10001 — 00001 — 01101.
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5.5 AN ENHANCED ARIMOTO THEOREM

Arimoto’s theorem (1963, Theorem 2, p. 20) proved that for any positive integer
k such that k < 2", there exists a threshold transformation F' of Q™ such that the
graph of F' has a k-cycle as its subgraph. Here we prove a stronger theorem using
[ ]-representations of self-dual threshold transformations and construction methods
introduced in Ueda (1992). Unlike Arimoto (1963), the present more combinatorial
and simpler proof does not require the concept of bordering points and the con-
struction of weight matrices and threshold vectors.

A special case of orbit modification is used in the proof of the next theorem. It
was first introduced by Arimoto (1963).

Consider a self-dual transformation F' = [f1,.., f»] of Q™. Let ¢ be a point of
Q". We modify f; into g; for each i in the following way. If ¢; = 1, then let
gi = fiUqif ¢ ¢ fi, and let g; = fi\q if ¢ € f;. If ¢; = 0 then let g; = f; U=¢
if =¢ ¢ f;, and let g; = fi\7q if =¢ € f;. We have Gq = =Fq, G(=q) = Fq, and
Gz = F'z for every other z for G = [¢1, .., g»] thus constructed. Let C be the cycle
or loop on which ¢ is located, and let k be the length of C. If =C = C then C' is
divided into two new k/2-cycles. If =C = D for another k-cycle D, then C and D
are united into one new 2k-cycle. These situations are illustrated in Figs. 1 and
2. In particular, G is one-to one, if F' is one-to-one. However, If F is a threshold
transformation, GG is not a threshold transformation except in special cases, since
g; are not necessarily threshold functions. The self-dual transformation G is called
Arimoto’s orbit modification of F at q.

o —- o — qgq — r — o

T !

(@] «— -_r «— ﬁq «— (@] «— (]

Fig. 1

o g < O <+ o
I
o — o — q — T — 0
T l
o “— T — T < O <« O
Fig. 2

Theorem 5.5.1 (Arimoto, 1963) There exist a threshold transformation F' of
Q" such that GRAPH(F') consists of one 2™-cycle, i.e. a Hamiltonian cycle.

Proof. We construct a desired F' by iterating copying and Arimoto’s orbit mod-
ification. (1) For n = 1, one 2-cycle is realized by the transformation F = [fi],
1—-0—1.
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(2) For n = 2, two 2-cycles are realized by the face copies F' = [fi, f2], f1 = p1,
fo = 0. GRAPH(F) is

11 — 01 — 11,

00 — 10 — 00.

(3) For n = 2, one 22-cycle is realized by F = [fi, f»], which is Arimoto’s orbit
modification at 11,

fi = pi\1l =p1 - —po,
fo = {11} = p1 - po,
where \11 means the deletion of 11. GRAPH(F') is now
11 01 — 11.
1 T
10 — 00

(4) For n = 3, two 22-cycles are realized by F = [f1, fa, f3],

fi = p1-p2,
fo = p1-pe,
fz = 0.

GRAPH(F) is
111 — 101 — 001 — 011 — 111,
000 — 010 — 110 — 100 — 000.

(5) For n = 3, one 23-cycle is realized by F' = [f1, fo, f3],

fi = (p1-—p2) ULl =p; - (=p2 V p3),
f2 = (p1-p2)\111 = p1 - p2 - s,
fs = {111} = p1 - p2 - ps,
where U111 means the addition of 111. GRAPH(F) is
111 101 — 001 — 011 — 111.
! T

010 — 110 — 100 — 000
In general, if one 2F-cycle
1k = @ @ M
is realized by F = [fi, .., fx], then two 2F-cycles
1R+ = (M7 — 21 - .. = PAcH — z(M1,
0F = (NpzW)0 — (Nyz@) — .. — (Nyz@Nho — (Nyz1)o

are realized by F/ = [fi o Pn,,., fx © Pn,,0]. Here 1¥ = 1---1 € Q* and
0F*1 =0...0 € QFtL. Therefore, one 28*+1-cycle

+(M1 1 — 31 R G . x(M1,
! AN
(F2®)0 = (=@ — ... = (=@ = (FaM)0
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is realized by a self-dual transformation G such that G(z(M1) = =F/(z(M1) and
G(291) = Fr(29)1) for every j # 1. This G = [g1, .., grs1] can be defined by
fio P \1FHLif 18 € f, 0 Py,
g; = f7 [e] PNk U 1k+1 lf 1k+1 ¢ f, o PNM
gr1 = {1711}
Further, if 1% € f; then 151 € f,0 Pn,; if 1% ¢ f; then 151 ¢ f, 0 Py, . Therefore,
if 1% € fkv 1* ¢ fk—l; 1" € fk—2a and 1% ¢ fk_g,..,fOI' F7 then 9k = fk‘ OPNk\1k+1a
Gk-1 = fr—10Pn, UTF g9 = fro 0 PN, \IFMY, grs = frog o Py, UL
By repeating the above process of constructing G from F, we obtain F =

[fla ~7fn]7

p1-(mp2 Vs (mpaVps - (—ps Vo7 (oo ((Pn—a VPn—3 - ("Pn—2 V Dn—1-"Pn))-.)
if n is even,

ho= p1- (P2 Vs (paVps - (mp6 V.. VP (Pn—3VPn2-("Pn-1Vpn)).)
if n is odd,
fn-3 = p1-pu-3 ("Pn—2VDPn-1°"Dn),
o2 = p1- P2 ("Pn-1Vpn),
fac1 = P1ecPn1c TDn,
fn = p1-Da

GRAPH(F) consists of one 2™-cycle, and f; is a threshold function for every i by
Proposition 4.1.2 of Chapter 4 (Read these equations upward from the bottom and
backward from the right). O

The next tables illustrate the process of creating F' for n = 3 in the proof of
Theorem 5.5.1. In the tables, each left column shows f1, .., f,, and each right col-
umn shows = f;, = fa, .., =f,, where a function f is expressed by f~'1, and * denotes

{0,1}.

Lx | 0x 1x\11 [0x\00 _ 10|01

O =419~ 71 Joo ~— 11|00
10+ | 01+ 10 % U111 | 01 % U00O 12? 8(1);

— 10 | 00% — T1x\111 [ 00%\000 =——-to
0|0 11 000 01 0L
111 | 000

Theorem 5.5.2 (Ueda, 1997) There exists a threshold transformation H of Q"
such that for any k < 2", GRAPH(H) has a k-cycle that is the only cycle or loop.

Proof. Consider the one-to-one self-dual threshold transformation F = [f1, .., f»]
of Q™ constructed in the proof of Theorem 5.5.1 such that GRAPH(F') consists of
one 2"-cycle, which is

1" =M — 22 5 @) (),
Let F7 be the transformation of Q"*! defined by F7 = [fi o PN, .., fn 0 Pn,#]. Then

) M1 — @1 - ... = z2"1 — M1,
ot = (s — (=@ — .. = (=20 — (52')0
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are the two 2"-cycles of Fr. The modification (V1 — ()1 and (=2M)0 —
(=20))0 changes GRAPH(F/) into

@1 - . = zUh
M1 = z@1 A Al N C )
(=)0 — — (52U~
!
(=zMo — (=20 - .. = (=@ - (32M)o,

which has two (2" — j + 2)-cycles that are the only cycles or loops. F/ has been
changed by this modification into G = [g1, .., gn, 0], where

e e =)

gi=1 frru1m! if g = 1and 2 =0,

fr\intt i 2P =0 and xz(j) =1

i
As shown in the proof of Theorem 5.5.1, g; is a threshold function for every i. Let
the transformation H of Q™ be defined by

Hi(xlv ) x’rb) = Gi(xla vy Ty 1)

for i = 1,..,n. Then H is a threshold transformation by Proposition 4.3.6 of
Chapter 4. Further, GRAPH(H) is

z® - . = 0D
D = g 5 2@ o ()
which has one (2" — j + 2)-cycle, and this cycle is the only cycle or loop. O

The next tables illustrate the process of creating H for n = 3 having one 5-cycle
in the proof of Theorem 5.5.2.

10 %% | 01 % = 10 %% | 01 * *
111x% 000
L1 | 000« 110+ | 001~
Fr: 110* | 001% - G
111% | 000 71111 0000
7 0 111% | 000%
) )
GRAPH(G) is
0101 — 1101 — 1001
!
1111 — 0001 — 1011 — 0011 — 0111 — 1111,
1010 — 0010 — 0110
!

0000 — 1110 — 0100 — 1100 — 1000 — 0000.
GRAPH(H) is
010 — 110 — 100

l
111 — 000 — 101 — 001 — 011 — 111.



