Applications of Derivatives

The derivative is a measure of instantaneous speed and many applications.  In this course we will examine only a few.  The classical applications include the physical sciences (physics, chemistry and astronomy) but in recent decades have expanded to include the life sciences such as biology.

I. Related rates

Find an algebraic relationship between the variables that are changing.  Differentiate both sides with respect to time.  Substitute in known function and derivative values and solve for the unknown rate.

II. Linear approximation

A.  Tangent lines can approximate functions

       Differentiable functions are locally linear and can be approximated by a 

       straight line.  The equation of the tangent line to the function 
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B.   Tangent lines can approximate increments.

       The increments of a function are: 
[image: image3.wmf]x

D

 is a small change in x and 
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 is the corresponding change in y.  The change in y 

       may be approximated using the tangent line
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C.   Tangent lines can be used to approximate solutions to equations.
 
 Some equations such as 
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 are impossible to solve using 

       traditional algebraic methods.  It is much easier to approximate the 

       function near the zero with a tangent line and find where the tangent 

       line crosses the x-axis.  Repeating this process leads to a recursion 

       formula known as Newtons’s method.
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III.   Curve sketching

A.  Monotonicity

       If 
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B.  Concavity

       If 
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C.  Local maximums and minimums
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D.  Global extrema

       

Find all the critical points 
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Evaluate the original function at each of the critical points to obtain the list 
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 and select the global maximum or minimum

 provided they exist

E.  Horizontal and vertical asymptotes 

      If  
[image: image24.wmf]L

x

f

y

x

=

=

±¥

®

)

(

lim

 is finite then 
[image: image25.wmf]L

y

=

 is a horizontal asymptote.  

      If the limit is not finite the
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      If 
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IV.   Optimization

Write a primary equation for the quantities to be maximized or minimized.

If the primary equation has more than one variable then use secondary 

equations to reduce the primary equation to a function of one variable.  Find

the global maximum or global minimum of the function.
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First derivative test 


Applies to points c where � EMBED Equation.3  ��� and where � EMBED Equation.3  ��� is undefined.


(i)   If � EMBED Equation.3  ��� changes from positive to negative at � EMBED Equation.3  ���, then� EMBED Equation.3  ��� is 


      a  local maximum.


(ii)  If � EMBED Equation.3  ��� changes from negative to positive at � EMBED Equation.3  ���, then� EMBED Equation.3  ��� is


       a  local minimum.





Second derivative test 


Applies only to points c where � EMBED Equation.3  ��� (smooth extrema)


(i)   If � EMBED Equation.3  ��� then� EMBED Equation.3  ��� is a local minimum.


(ii)  If � EMBED Equation.3  ��� then� EMBED Equation.3  ��� is a  local maximum.


(iii) If � EMBED Equation.3  ��� then the test fails.





Definition [Critical Points]  


The point c is a critical point of � EMBED Equation.3  ��� if 


(i)   � EMBED Equation.3  ���


(ii)  � EMBED Equation.3  ��� is undefined


(iii) c is an end point
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