Applications of Integration

Integration is a slicing and summing process that can be used to break a complex problem into many simple problems.  This divide and sum approach has many applications in math, science and engineering.

I.    Areas of regions bounded by curves

         Recall the integral yields the “net area” where areas above the x-axis are counted as positive and areas below the x-axis are counted as negative.  In this section we want the “total area” where all areas are counted as positive.  This is the area that would be painted.  

       A.  Vertical strips

  The area of a region 
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bounded above and below by functions and on the left and right by constants is given by
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       B.  Horizontal strips

  The area of a region 
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bounded above and below by constants and on the left and right by functions is given by


[image: image4.wmf]ò

-

=

d

c

dy

y

g

y

f

A

 

)

(

)

(


II.  Volumes of solids with known cross sectional areas

      A.  Constant cross sectional areas

Recall that the area of a right cylinder is equal to the area of the base times the height.  For example the volume of a rectangular solid is 
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 and the volume of a cylinder is 
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      B.  Variable cross sectional areas

            We can compute the volume of solids with known but variable cross sections.  The cross sections can be circles, triangles, squares, rectangles or any other geometric shape that we know how to find the area of.  For example we can compute the volume of a cone because the cross sections are circles.  We can also compute the volumes of pyramids with rectangular or triangular cross sections.  The overall process is outlined below.

1. Slice the solid.

2. Compute the cross sectional area of one slice.

3. Compute the volume of the one slice.

4. Use integration to add up the volumes of the slices.

III.  Solids of revolution

         Solids of revolution are obtained by rotating a curve about an axis.  Solids of revolution are special cases of solids with known cross sectional areas since the cross sections are always circles or washers.

       A.  Volume by disks


  Find the volume of a single disk using the formula 
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 and use integration to sum up the volumes of all of the disks.  For example to compute the volume of the solid obtained by rotating the region 
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about the x-axis we use the following calculation.

	Radius
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	Volume of a single disk
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	Total volume
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               Do not memorize this formula since there are many formulas depending on the axis of rotation, but use the slicing and summing process to set up the integrals.

       B.  Volume by washers

Use this method to find the volumes of hollow solids.  The cross sections of hollow solids are disks with their centers removed and are referred to as washers.  Find the volume of a single disk using the formula 
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and use integration to sum up the volumes of all of the washers.  For example to compute the volume of the solid obtained by rotating the region 
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about the x-axis we use the following calculation.

	Inner radius
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	Volume of a single washer
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	Total volume
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               Do not memorize this formula since there are many formulas depending on the axis of rotation, but use the slicing and summing process to set up the integrals.

IV.  Arc length


Suppose 
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 can be computing using the formula
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V.   Work

 
The work done by a constant force is 
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 where F is force and d is displacement.  When the force is changing, we must use a slicing and summing process to compute the force.

        A.  Rigid objects


For rigid objects we can compute the work done by a variable force using work increments of the form 
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 where the distance is incremented.  If a rigid object is moved from a to b using the variable force 
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 into n subintervals on which the force is approximately constant.  Choose a point 
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.  Compute the total work by summing the work done on each of the subintervals 
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.  Hence for rigid objects we may use the formula
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        B.  Fluids


For fluids we use work increments of the form 
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 where the force is incremented.  To compute the work done in pumping a fluid, slice the fluid into thin layers.  The force required to move each layer is incremental (small) but the distance moved is not.  Hence the previous does not apply.  In this case no general formulas exist and you must set up the integral using slicing and summing principals.  

Example:  Compute the work done in emptying an inverted conical tank that is 15 ft tall and has a diameter at the top of 20 ft and that has a water level of 10 ft.  Note the weight density of water is
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	Force increment 
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	Distance moved
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	Total force
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