Vectors & analytic geometry





Vector algebra





Vector





      Two dimensions      � EMBED Equation.3  ���


      Three dimensions    � EMBED Equation.3  ���





Standard basis vectors





      Two dimensions      � EMBED Equation.3  ���


      Three dimensions    � EMBED Equation.3  ���





Standard basis representation of vectors





      Two dimensions      � EMBED Equation.3  ���





      Three dimensions     � EMBED Equation.3  ���





Length of a vector





      Two dimensions     � EMBED Equation.3  ���


      Three dimensions   � EMBED Equation.3  ���





Scalar multiplication





Geometric scalar multiplication:  


Increase/decrease the length of a vector and/or reverse the direction of a vector.


Algebraic scalar multiplication:


      Two dimensions        � EMBED Equation.3  ���


      Three dimensions       � EMBED Equation.3  ���





�
Vector addition





Geometric vector addition:   Arrange the vectors head to tail.  The sum is the vector


      beginning with tail of the first vector and ending with the sum of the last vector.  Use


      the law of sines and the law of cosines to solve for the length of the vector the angle.


� EMBED Equation.3  ���   and   � EMBED Equation.3  ���


Algebraic vector addition: 


Two dimensions:  


If necessary break the vectors into x-components and  y-components


� EMBED Equation.3  ���.


Combine the x-components and y-components separately


� EMBED Equation.3  ���.


Three dimensions:


� EMBED Equation.3  ���.





Dot product





Multiply two vectors to obtain a scalar.  Defined for n-dimensional space.


Algebraic definition


      Two dimensions      � EMBED Equation.3  ���


      Three dimensions    � EMBED Equation.3  ���


Geometric definition


� EMBED Equation.3  ���


Length of a vector


� EMBED Equation.3  ���


Angle between two vectors


� EMBED Equation.3  ���


Orthogonal projections


To decompose a vector � EMBED Equation.3  ��� into a sum of two vectors, one parallel to the vector � EMBED Equation.3  ���and


the other perpendicular to the vector � EMBED Equation.3  ��� use


� EMBED Equation.3  ���





Work done by a constant force


� EMBED Equation.3  ���


Cross product





      Multiply two vectors to obtain a vector.  Defined only for three dimensional space.


      Determinants


      � EMBED Equation.3  ���





      Algebraic definition


      Strictly a memory aid since the first row of the “determinant” contains vectors not


      scalars.


� EMBED Equation.3  ���


      Geometric definition


      Length


    � EMBED Equation.3  ��� 


      Direction


      Right hand rule:  Point your fingers in the direction of � EMBED Equation.3  ��� and  rotate your fingers in


      the direction of � EMBED Equation.3  ���.   Then your thumb points in the direction of� EMBED Equation.3  ��� 


      


      Triple scalar product


       � EMBED Equation.3  ���





      Torque


      Vector quantity that measures the ability to produce rotational motion.


      Depends on the force, the displacement and the angle between them.


        � EMBED Equation.3  ���


�
Analytic geometry





Equation of a line (use a vector parallel to the line)





      The parametric equations for a line passing through the point � EMBED Equation.3  ��� and parallel


      to the vector � EMBED Equation.3  ���


      � EMBED Equation.3  ���.





Equation of a plane (use a vector perpendicular to the plane)





      The equation of a plane passing through the point � EMBED Equation.3  ��� and normal to the


      vector � EMBED Equation.3  ��� is given by


� EMBED Equation.3  ���





Distance problems involving planes





      The distance between the point � EMBED Equation.3  ��� and the plane � EMBED Equation.3  ��� is


      � EMBED Equation.3  ���


      To compute the distance between two parallel planes compute the distance between 


      one plane and an arbitrary point on the second plane.


      To compute the distance between two skew lines compute the distance between the 


      parallel planes containing them.





Quadric surfaces





      Spheres, ellipsoids, hyperboloids and paraboloids. 


�
Differential Geometry





Vector functions





Definition


� EMBED Equation.3  ���


Limits


� EMBED Equation.3  ��� means that � EMBED Equation.3  ���approaches � EMBED Equation.3  ��� in both magnitude and direction.


Compute limits componentwise 





� EMBED Equation.3  ���





Derivatives


� EMBED Equation.3  ��� is tangent to the graph of � EMBED Equation.3  ���and points in the direction of increasing parameter.


      Compute derivatives componentwise





� EMBED Equation.3  ���


Chain rule


� EMBED Equation.3  ���





Derivative of dot and cross products





� EMBED Equation.3  ���


Integrals


Compute integrals componentwise





� EMBED Equation.3  ���





�
Arclength parameter





Arclength is the natural parameter to use for curves since position and velocity are


best described in terms of distance along the curve.





� EMBED Equation.3  ���





Unit tangent, normal and binormal vectors





      The vectors � EMBED Equation.3  ���and � EMBED Equation.3  ���form a moving, orthonormal right-handed coordinate system


       known as the moving trihedral.  In terms of an arbitrary parameter t





� EMBED Equation.3  ���





Curvature





� EMBED Equation.3  ���





Torsion


� EMBED Equation.3  ���





Frenet-Serret formulas





Rates of change of the fundamental vectors �EMBED Equation.3���and �EMBED Equation.3���with respect to arclength s.





�EMBED Equation.3���





�
Motion along a space curve





Note the acceleration vector has no binormal component and thus lies in the plane


      determined by � EMBED Equation.3  ���and � EMBED Equation.3  ���called the osculating plane.





      � EMBED Equation.3  ���





      The most convenient formulas for the tangential and normal components of 


      acceleration are in terms of the original position vector.





� EMBED Equation.3  ���





Convenient formulas


       


      The formulas presented for �EMBED Equation.3���and �EMBED Equation.3��� are not practical since it is very difficult


      parameterize most curves in terms of arclength.  In this section we give formulas for 


      �EMBED Equation.3���and �EMBED Equation.3��� in terms original position vector as a function of an arbitrary


       parameter t





       � EMBED Equation.3  ���





      �EMBED Equation.3���








