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Abstract

We propose a logic language for agents and their
composition in a limited discrete space where they can
perform activities in mutual competition. We suppose
that each agent has the same activity capability which
they try to apply over a given space of resources. This
logic is based only on external observations of agent’s
activities in this scenario, and does not take into con-
sideration the internal knowledge structure of agents.
In this framework an event is considered as the simplest
kind of agents whose activity is just its presence in a
given space/time. The data structure of basic agents in
this logic theory are ground atoms of a Herbrand base
over a given domain/universe for agents. The composi-
tion operations for the agents are based on the complete
lattice of agents w.r.t. their observational qualities.
Such compositions of agents are parameterized by dif-
ferent kinds of conjunctive/disjunctive activity strate-
gies, and integrated into this propositional language for
agents, augmented by statements that are able to reason
about agent’s activities. Finally, we show how the com-
plex algebraic structure of agents can be fully-embedded
in the multi-modal 2-valued propositional logic where
we are able to express higher level statements about
agents, as, for example, their overlapping in a work-
ing space, and we show that such multi-modal frame-
work can be flattened into Constraint Logic Program-
ming. The flattened agent’s structures can be conve-
niently saved in the standard Relational Databases.

1 Introduction

Over the last few years there has been an increas-
ing number of efforts to build agents that can inter-
act and/or collaborate with other agents. Shoham was
perhaps the first to propose an explicit programming
language for agents, based on object-oriented concepts,
and based on the concept of an agent state.
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In the Agent Oriented Programming (AOP) paradigm
as defined by Yoav Shoham, an agent is determined
by its beliefs, his capabilities, and his commitments,
which together comprise its mental state [1]. A similar
approach is proposed in Hindriks agent programming
language based on BDI-agents (BDI stands for ”Belief,
Desires, Intentionality”) [2], where he proceeds upon
the assumptions that an agent language must have the
ability for updating beliefs, goals and for practical rea-
soning: finding means to achieve goals. Another re-
lated effort is that of Rosenchein, who was perhaps the
first to say that agents act according to states, and
which actions they take are determined by rules [3].
Another recent approach is in modeling other agents
from observations, for example in [4], involving learning
and reasoning about actors based only on observations
of their behavior, i.e., their interaction with environ-
ment and with each other.
All the above frameworks differ from ours in numer-
ous ways. First, we start to build our formal language
from an arbitrary Herbrand base where data structures
of agents are encoded. We do not propose a new lan-
guage for development (programming) of agent’s capa-
bilities, but a simple observational language, external
to agent’s properties, in which we are able to reason
about the intensity of their activities in a limited space
where they can perform their actions in a competi-
tive framework, and make the classification (ordering)
of their capability to offer their services (to ’commer-
cially’ survive) in such an environment. An agent in our
framework is viewed as an entity which contains one
logic component, represented by a propositional for-
mula (composed by ground atoms of a given Herbrand
base for basic agents: such formula defines the exter-
nally observable data structure of an agent, and the
subspace where it is active), together with agent’s ob-
servable activity distribution intensity over the mutual-
competition space.
Second, we define a formal language based on the
propositional logic, for a composition of agents: the
conjunction, disjunction, implication and negation of
agents produce new agents (holds the closure property
for a composition of agents) with the same monadic
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activity capacity. Based on such compositional lan-
guage for agents, we enrich the propositional language
for agent’s properties with linear inequality constraints,
in order to be able to reason about agent’s observable
activity intensities in the activity-space.
Finally, we propose a multi-modal logic extension for
such logic language, where the activity-space is viewed
as a set of possible worlds, where we are able to ex-
press the formulae in a 2-valued logic, not only about
the agent’s activities but also about the agents higher-
level relationships.
Motivating examples:
The initial consideration for a logic of agents in mu-
tual competition over limited resources is based on our
experience in building a formal frameworks for Web
based P2P database systems and grid computation
[5, 6, 7, 8], where each peer database, completely in-
dependent from other peers, can be mapped to a grid
node, and can answer to an user query employing some
non irrelevant time, so that other contemporary re-
quests for answering to different queries, for different
agents, can not be executed during this time. We con-
sider that thousands and thousands of peer databases
and web datawarehouses will be developed in Semantic
Web applications, and that a different number of soft-
ware companies will develop variety of query-agents to
offer their query-answering services in such enormous
context: a big number of different query-agents will try
to access the same finite number of grid nodes, thus,
they will be in a competition, and we need the metrics
to classify the qualities of such query-agents, because
it will have a big ’commercial’ importance.
But we do not limit this approach to a single kind of
application and we present a number of possible in-
terpretations for the proposed compositional logic for
agents/events, in order to obtain this theoretical foun-
dation as general as possible.
Example 1: Optimization of resource
consumption.
Let us consider the case when we have a limited amount
of resources S, and a number of agents Ed, with the
same consumption capacity of these resources, denoted
by 1 (normalized value), which can access these re-
sources in order to perform their activities. Each agent
Ed will use a subset of these resources, denoted by
EM

d ⊆ S, and the consumption of a resource s ∈ S will
be denoted by ps ≤ 1, in the way that

∑
s∈EM

d
ps = 1.

Informally, it means that, whatever is the number of
resources accessed by an agent, it will use all its con-
sumption (or computation) capacity for them.
We consider that each resource can be contemporary
used by only one agent. The agents are in compe-
tition for occupation of these resources, and, conse-

quently, they try to reach the maximal extensions over
resources, with their limited activity-power consump-
tion equal to 1. Thus, they will try to use these re-
sources in an uniform and optimal way: they do not
know the actual state of consumption of each resource
and they try to distribute their consumption capacity
in order to have a better probability to survive when
some of their actual resources becomes completely con-
sumed. In such a framework, the agent who is able
to use all resources in the uniform way is the best
quality agent. Thus, we introduce the partial order-
ing ¹ between agents as follows: Ea ¹ Eb iff
EM

a ⊆ EM
b . We will interpret the negation operation

for agents Ea as ideally complementary agent, denoted
by ¬Ea : ’complementary’ means that it consumes the
rest of resources not consumed by Ea , and ’ideally’
means that such consumption is without any prefer-
ence (that is, uniform). By conjunction of the agents
Ea, Eb , we assume a new agent Ec = Ea f Eb , which
consumes the common resources of both agents.
Example 2: Optimization of activities.
Let us consider the case when the set of possible states
is the set of time-instances in an interval of time, and
that we are looking at the intensity of agent activity:
in a time-instance (world) s ∈ S, and agent Ea is idle if
the value of its activity ps at this time-instance is zero;
otherwise the percentage of its full activity at this time-
point is 0 < ps ≤ 1 and the time-constraint for agent
activity is

∑
s∈EM

a
ps = 1, where EM

a is the subset of S
where this agent is active. In this framework we con-
sider an agent which is active in all time-instances the
best agent, and the worst agent is the agent idle in all
time-instances. The conjunction of any two agents is
considered as the common-activity agent.
The ideally complementary agent is an agent active in
the states where the original agent is idle, and idle in
the states where the original agent is active.
Example 3: The best random algorithm.
Let us consider the set of agents, where each agent is
a software program which simulates random algorithm
for a generation of natural numbers between 1 and L.
In this case, the set of possible states (activity space)
is the closed interval of integers S = [1, L]. Let us con-
sider that each agent can generate a prefixed number
N of outputs (N = L · n, where n ≥ 10), and that
EM

a ⊆ S is a subset of numbers generated by its algo-
rithm. Then ps = ns/N is its normalized measure of
activity in the state s ∈ S, with ns the number of cases
when the algorithm generated the output s.
Thus, holds the full activity constraint

∑
s∈EM

a
ps = 1.

The best quality agent is the agent which has the prob-
ability ps = 1/L for all possible worlds s ∈ S, while
the worst agent 0E is the agent unable to generate any



valid output (for example, the software with blocking
errors). The conjunction of any two random algorithms
is the algorithm which generates the intersection set
of outputs of these two algorithms. The ideally com-
plementary algorithm generates uniformly the comple-
ment set of outputs w.r.t. the original algorithm.
Example 4: The maximal coverage in
a temporal-probability distribution.
Let us consider the case when the agents are temporal-
probabilistic events for which we know that they have
happened. Here the set of states (activity space) is the
time interval, with a given time-granularity, where such
events may occur.
In order to obtain the optimal time-coverage we wish
that the best events occurs by the same probability
(uniformly) in any time-point (state) in S, that is, the
most uncertain event. The worst event is not able to
appear in any time-point, that is an impossible event.
The conjunction of any two events is the event which
has as the probability distribution, the probability dis-
tribution obtained by a probabilistic conjunction strat-
egy [9, 10] for temporal-probabilistic events. The ide-
ally complementary event is an event which may ap-
pear, with an uniform (constant) probability, only in
the time-instants where the original event can not ap-
pear. ¤
The plan of this paper is the following: in Section 2
we introduce the formal and general theory for obser-
vational logic for agents, based on the propositional
logic extended with an activity-intensity distribution
for agents which satisfies Kolmogorov axioms; for the
agents, which are complex items, we define the agent-
based algebraic language where we are able to compose
complex agents, from the set of basic (atomic) agents
founded over a Herbrand base. We define the satis-
faction relation for this algebraic logic, and we intro-
duce the (higher-order) Herbrand interpretations [11]
for agent-based knowledge base. In Section 3 we ex-
tend the expressive power of such language by introduc-
ing the inequality constraints for agents activities in a
given actual state of the working space. Finally, in the
last section 4 we introduce the higher level represen-
tation language as a multi-modal propositional logic,
where we are able to express statements about agents,
their overlapping in a working space, etc., and we show
that it can be flattened into the Constraint Logic Pro-
gramming framework also.

2 Formal theory

In what follows we will consider the set of basic
agents as ground atoms (facts or primitive proposi-
tions) of a given Herbrand base with a same given

activity capacity, normalized to 1. Such agents can
perform their activity only in a given discrete activity
space, called also the set of states, S, with finite cardi-
nality |S|. In this framework the events may be seen as
a strict subset of passive agents, which unique activity
is to show their presence or absence in these states.
From the observational point of view an agent is a pair
Eφ =< φ, µφ > of its logic data structure φ and its ac-
tivity property µφ over a space S: for a basic agent φ
is a ground atom r(d) of a predicate r with a tuple of
constants in d.
Based on the theory of probability spaces [12] we de-
fine its generalization to the theory of activity-spaces,
as follows:

Definition 1 Let H be the union of a Herbrand base,
which describes the data-attributes of agents, with the
set composed by two atomic propositions t (truth) and
f (falsehood).
We define the agent’s activity-intensity distribution by
a mapping ΛH : H → [0, 1]P(S), where S is the ac-
tivity space for all agents, P(S) is a set of measurable
sets (here the set of all subsets of S), and [0, 1] is the
closed interval of reals from 0 to 1, such that for any
r(d) ∈ H its activity measure function is a mapping
µr(d) = ΛH(r(d)) : P(S) → [0, 1]. We say that an
agent r(d) is consistent iff (∃s ∈ S)µr(d)({s}) > 0,
otherwise is inconsistent. This mapping satisfies Kol-
mogorov axioms [13]
A.1 µr(d)(X) ≥ 0 for all X ∈ P(S).
A.2 µr(d)(S) = 1, if agent is consistent; 0, other-
wise.
A.3 µr(d)(

⋃
i≥1 Xi) =

∑
i≥1 µr(d)(Xi), if Xi’s

are nonempty pairwise disjoint members of P(S),
such that µf and µt are measure functions for
the falsehood and truth agents respectively, such that
(∀s ∈ S)(µf ({s}) = ΛH(f)({s}) = 0) and (∀s ∈
S)(µt({s}) = ΛH(t)({s}) = 1/|S|).
Let πH : S → 2H be the truth assignment, such that
for any φ = r(d) ∈ H and a state s ∈ S holds
πH(s)(φ) = t, if µr(d)({s}) > 0; f, otherwise (where
2 = {f, t} is the set of truth values). We define the
extension of φ, the subspace of S where it is active,
denoted by φM = {s ∈ S | µr(d)({s}) > 0} = {s ∈
S | πH(s)(φ) = t},
so that fM = ∅ is empty set and tM = S.

The property A.2 tells us that the the normalized
activity of a consistent agent is fully consumed in a
given activity space S. The property A.3 is called fi-
nite additivity for the activity intensities in a space
S. The properties A.1, A.2 and A.3 characterize ac-
tivity measures in finite spaces. In our case of fi-
nite set S we obtain, form A.1 and A.2, that for



any X ∈ P(S), holds µr(d)(X) =
∑

s∈X µr(d)({s}),
µr(d)(S) =

∑
s∈S µr(d)({s}) = 1, and µr(d)(∅) = 0 (the

bottom agent f , with fM = ∅ satisfies Kolmogorov ax-
ioms also, with µf (∅) = ΛH(f)(∅) = 0, but it is an
inconsistent agent). It is easy to verify that for any
consistent agent holds µd(X) = 1−µd(X), where X is
the set complement of X w.r.t. the space S.
The activity measure function defined above is a strict
extension of the concept of a probability distribution:
if we exclude inconsistent agents (events in the case we
consider probabilities) we obtain the standard proba-
bilistic distribution as explained in the example 4: the
fact is that in standard probabilistic theory for events,
we exclude the impossible events from the theory, while
here they are the worst events (bottom element in the
lattice of agents, as will be shown in subsection 3.2).
We make also another extension. We introduce ex-
plicitly the 2-valued logic in this frame, so that these
mathematical structures (activity measure function)
can be logically translated into higher-order [11] Her-
brand models (Proposition 4), and, successively, into
modal logic language for agents. By flattening these
higher-order Herbrand models, we can obtain the stan-
dard Herbrand models for the whole family of ”com-
plex many-valued” logics as, for example, temporal-
probabilistic logic [7].
Notice that the extension of φ is the set of worlds
(states) where it is true (in fact, the falsehood f , which
is inconsistent, is not true in any world, while the truth
t is true in all possible worlds). In this way we are able
to define the satisfaction relation |= for our proposi-
tional logic.

2.1 Propositional language with activity-
intensity distribution:
We will develop a propositional logic language Φ with
activity-intensity distribution extension, such that
H ⊂ Φ, with the following closure property : each well
founded formula, obtained as recursive application of
logic connectives over the set of ground atoms (of basic
agents), defines a new formula (of a new agent) which
satisfies all Kolmogorov axioms. For instance, we de-
sire that, if Eφ and Eψ are any two agents, then their
conjunction Eφ f Eψ defines a new agent with the nor-
malized activity capacity equal to 1 (from the closure
property of logic connectives), which intuitively ex-
press the ’coincidence, correlation, co-presence, etc..”
of these two agents in the space S.
Consequently, we need a coherent extension of the
activity-power distribution mapping ΛΦ : Φ →
[0, 1]P(S), for all derived propositional formulae (which
specify the logic component of agents) in this propo-
sitional language Φ. Such extension may be seen as
the generalization of the probabilistic theory for events

with the probabilistic conjunctive/disjunctive strate-
gies: we define the conjunctive strategy ⊗, [9, 10], such
that for any pair x, y ∈ [0, 1] the x⊗ y =: min{x, y},
for the weak conjunction strategy; max{0, x+ y− 1},
for the strong conjunction strategy; x · y, for the mul-
tiplicative conjunction strategy; 0, for the mutually
exclusive conjunction strategy. The disjunctive strat-
egy ⊕ is defined by de Morgan laws x⊕y = ¬(¬x⊗¬y),
where ¬x = 1− x.

Definition 2 We define the mapping ΛΦ : Φ →
[0, 1]P(S), for logic connectives for the propositional
language Φ inductively, as follows: given any two
propositions φ, ψ ∈ Φ
1. ΛΦ(φ) = ΛH(φ), for all φ ∈ H ⊂ Φ, with the
extension φM .
2. Negation ¬: ΛΦ(¬φ)({s}) = 1/|S−φM | if s /∈ φM

and |S − φM | > 0; 0 otherwise.
3. Conjunction ∧: let 4 =∑

s′∈φM
T

ψM ΛΦ(φ)({s′})⊗ ΛΦ(ψ)({s′}), then
ΛΦ(φ ∧ ψ)({s}) = (ΛΦ(φ)({s}) ⊗ ΛΦ(ψ)({s}))/ 4 if
s ∈ φM

⋂
ψM ; 0 otherwise.

4. Disjunction ∨: ΛΦ(φ ∨ ψ)({s}) =
= (ΛΦ(φ)({s}))⊕ ΛΦ(ψ)({s}))/4 if s ∈ φM

⋂
ψM ;

= (ΛΦ(φ)({s})⊕ 0)/4 if s ∈ φM − (φM
⋂

ψM );
= (ΛΦ(ψ)({s})⊕ 0)/4 if s ∈ ψM − (φM

⋂
ψM );

= 0, otherwise, where
4 =

∑
s′∈φM

T
ψM ΛΦ(φ)({s′})⊕ ΛΦ(ψ)({s′}).

5. Implication ⇒: φ ⇒ ψ =def ¬φ ∨ ψ.
The mapping πΦ : S → 2Φ is the truth assignment,
such that for any proposition ψ ∈ Φ and a state s ∈ S
holds πΦ(s)(ψ) = t , if ΛΦ(ψ)({s′}) > 0; 0, otherwise.
Thus, for any proposition ψ ∈ Φ, its extension is
ψM = {s ∈ S | πΦ(s)(ψ) = t}.

Proposition 1 The mapping ΛΦ : Φ → [0, 1]P(S) sat-
isfies all Kolmogorov axioms. Thus, it is the extension
of the activity-intensity distribution ΛH to all proposi-
tional logic formulae, such that for any propositional
formula ψ ∈ Φ, the pair < ψ, ΛΦ(ψ) > is an agent,
denoted by Eψ.

Proof: We have to prove that for any consistent
proposition ψ ∈ Φ, for its activity measure function
µψ = ΛΦ(ψ) : S → [0, 1] hold the three Kolmogorov

axioms. It is enough to prove the A2 axiom, that
is, that µψ(S) =

∑
s∈S µψ({s}) = 1. It can be

verified by structural induction over ψ. For exam-
ple, if ψ = ¬φ, then µψ(S) =

∑
s∈S µ¬φ({s}) =∑

s/∈φM 1/|S − φM | =
∑

s∈S−φM 1/|S − φM | = |S −
φM | · (1/|S − φM |) = 1. Notice that µ¬t = ΛΦ(¬t) =
ΛΦ(f) = µf = 0 for all s ∈ S, and µ¬f = ΛΦ(¬f) =
ΛΦ(t) = µt = 1/|S| for all s ∈ S. Moreover, for any
consistent ψ ∈ Φ holds µψ(ψM ) = 1. ¤



It is easy to verify that in this logic we have that ¬¬ 6=
id, where id is an identity operator, while ¬¬ ≈ id,
that is, for any ψ ∈ Φ we have that (¬¬ψ)M = ψM .
Thus, we will introduce the uniform operator, ∼= ¬¬,
which satisfies the following properties: ∼∼=∼, ∼
¬ = ¬ ∼= ¬.

Definition 3 (Satisfaction relation) We define the
activity-intensity structure N = (S,ΛΦ, πΦ) and the
satisfaction relation, where N |=s ψ is read ’ψ is true
(or satisfied) in a state s ∈ S of the structure N”, by
induction on the structure of ψ:
N |=s r(d) iff πΦ(s)(r(d)) = t, for all r(d) ∈ H,
N |=s ¬ψ iff N 2s ψ,
N |=s φ ∧ ψ iff N |=s φ and N |=s ψ,
N |=s φ ∨ ψ iff N |=s φ or N |=s ψ,
N |=s φ ⇒ ψ iff N 2s φ or N |=s ψ,
while, for all s ∈ S, N |=s t and N 2s f .

Proposition 2 For any ψ ∈ Φ holds that ψM = {s ∈
S | N |=s ψ is true }, that is, N |=s ψ iff s ∈ ψM , so
that (¬ψ)M = S − ψM , (φ ∧ ψ)M = φM

⋂
ψM , (φ ∨

ψ)M = φM
⋃

ψM , and (φ ⇒ ψ)M = (S − φM )
⋃

ψM .

Proof: Let us prove, for example, that
(φ ∧ ψ)M = φM

⋂
ψM . In fact, we have that

(φ ∧ ψ)M = {s ∈ S | πΦ(s)(φ ∧ ψ) = t} = {s ∈
S | ΛΦ(ψ)({s′}) > 0} = (by point 3 of Def. 2)
= φM

⋂
ψM . Analogously, we can prove the prop-

erties for other connectives. Now we can prove that
ψM = {s ∈ S | N |=s ψ is true } inductively on the
structure of ψ. For atomic (basic) ψ if holds form a def-
inition. Let us suppose that it holds for all ψ ∈ Φ with
a maximum k logic connectives. Let φ be a formula
with k + 1 connectives, and, for example, φ = ψ ∧ ψ1.
Then φM = {s ∈ S |N |=s ψ∧ψ1 } = {s ∈ S | N |=s ψ,
N |=s ψ1 } = {s ∈ S | N |=s ψ}⋂{s ∈ S | N |=s ψ1} =
(by hypothesis) = ψM

⋂
ψM

1 .

2.2 The Agent-based Algebra:
We are able to define the truth partial ordering
between them, as follows:

Definition 4 (Agent ordering) We define the truth or-
dering ¹ in the set of agents ΦA = {Eψ =
< ψ, ΛΦ(ψ) > | ψ ∈ Φ}, as follows: for any two agents
Eψ and Eφ holds Eψ ¹ Eφ iff ψM ⊆ φM .
We will tell that they are behaviorally equivalent, Eψ ≈
Eφ iff Eψ ¹ Eφ and Eφ ¹ Eψ . They are equal,
Eψ = Eφ iff Eψ ≈ Eφ and ΛΦ(ψ) = ΛΦ(φ). The
falsehood agent Ef is the bottom, while the truth agent
Et is the top member of this complete lattice ΦA of
agents.

Now we will show that this complete lattice of agents
is the base for the introduction of an agent-based lan-
guage with a set of algebraic connectives f,g, ↪→, cor-
respondent to logic propositional connectives ∧,∨,⇒
respectively; for a negation we will use the same sym-
bol ¬ (its interpretation will be clear from the context).

Definition 5 (Agent-based Algebraic Language) The
operations of conjunction, f, and disjunction, g, are
the meet and join operations of the agent-lattice ΦA,
so that Ef f Eψ ≈ Ef , Ef g Eψ ≈ Eψ, Et f Eψ ≈
Eψ, Et g Eψ ≈ Et.
Negation operation ¬ is defined by ¬Eψ = E¬ψ for
any ψ ∈ Φ, such that hold De Morgan laws for the
equivalence ≈, Eψ f Eφ ≈ ¬(¬Eψ g ¬Eφ) , and
Eψ g Eφ ≈ ¬(¬Eψ f ¬Eφ) .
The implication is equivalent to the relative pseudo-
complement,
Eψ ↪→ Eφ ≈ max¹{Eα ∈ ΦA | Eα f Eψ ¹ Eφ}, with
Eψ ↪→ Ef ≈ ¬Eψ, so that Eψ ≈ Eφ iff Eψ ↪→ Eφ

and Eφ ↪→ Eψ are both equivalent to Et.

Notice that, if we uniform these equivalences we obtain
the strict identity, that is,
∼ (Eψ f Eφ) = ¬(¬Eψ g ¬Eφ) , and ∼ (Eψ g Eφ) =
¬(¬Eψ f ¬Eφ) , for De Morgan laws (recall that ¬ =∼
¬), and∼ (Eψ ↪→ Eφ) = ∼ max¹{Eα ∈ ΦA | EαfEψ ¹
Eφ}.
The following proposition explains why we can use sim-
ply ψ instead of more complex term < ψ, ΛΦ(ψ) > to
denote an agent Eψ. If we consider Eψ as an application
of the function E =< , ΛΦ( ) > on the propositional
formula ψ ∈ Φ, than we obtain the following isomor-
phism between the 2-valued propositional language Φ
and the agent-based (many-valued) language ΦA.

Proposition 3 The mapping E =< , ΛΦ( ) >:
Φ → ΦA, which transforms propositional formulae in
Φ into agents in ΦA, is the following isomorphism be-
tween the propositional and agent-based languages:
E : (Φ,¬,∧,∨,⇒) ' (ΦA,¬,f,g, ↪→). The in-
verse mapping of E is the order-preserving homomor-
phism, from the agent-based lattice into the truth-
ordered propositional lattice, E−1 = π1 : (ΦA,¹) →
(Φ,≤), where π1 is the first projection, such that for
any agent E−1(Eψ) = π1(< ψ, ΛΦ(ψ) >) = ψ, and for
any two agents, such that Eψ ¹ Eφ, this homomorphism
preserves the ordering, that is, holds ψ ≤ φ (where ≤
is the truth ordering, i.e., ψ ≤ φ iff ψ ⇒ φ is true).

Notice that from the isomorphism E the following prop-
erties, for example, hold:
E¬ψ = E(¬ψ) = ¬E(ψ) = ¬Eψ, Eψ∧φ = E(ψ ∧ φ) =
E(ψ) f E(φ) = Eψ f Eφ.
This isomorphism justifies the name ”propositional”



for the agent-based language, but it is more selec-
tive than the propositional language: in fact, we may
have two logically equivalent formulae ψ ≡ φ but with
Eψ ≺ Eφ (when ψM ⊂ φM ), so that the agent-based
language is strict and conservative extension (preserves
all propositional laws) of the propositional language.
Now we will formalize what is the Herbrand interpre-
tatin for the agents with a Herbrand base H and the
structure N = (S, ΛΦ, πΦ) .

Proposition 4 Let the mapping I : H → T , where T
is the higher-order type S ⇒ ([0, 1] ⇒ 2), denoted also
by (2[0,1])S, (here A ⇒ B, or BA, denotes the set of
all functions from the set A to B), be such, that for
any ground atom r(d) ∈ H, s ∈ S and a ∈ [0, 1] holds:

I(r(d))(s)(a) = t, if a = ΛΦ(r(d))({s}) > 0; 0,
otherwise.
Then I is the higher-order Herbrand interpretation for
agents, based on the structure N = (S, ΛΦ, πΦ).

Proof: We have to show that for any r(d) ∈
H and s ∈ S holds N |=s r(d) iff

I(r(d))(s)(ΛΦ(r(d))({s})) = t. Left-to-right: if
N |=s r(d) then (from Def. 3) πΦ(s)(r(d)) = t,
and from Def. 2 we have ΛΦ(r(d))({s}) > 0, thus
I(r(d))(s)(ΛΦ(r(d))({s})) = t. Analogously for right-

to-left.

3 Reasoning about activities

We are interested in making statements about agent
activities, so that we will introduce the mapping $ :
ΦA → [0, 1], such that $(E( )) = ΛΦ( )({s}) : Φ →
[0, 1] for the ”actual state s”, so that the syntax $(Eψ),
means ’the activity of the agent Eψ in the actual state”.
By applying a function $ over agents (algebraic terms)
we obtain terms which can be used to compose the
logic statements of the form $(Eψ f Eφ) ≥ 0.3 and
$(Eψ f Eφ) < 2$(¬Eα), and can be interpreted as ”in
the actual state the (normalized) activity of the com-
posed agent Eψ fEφ is greater or equal to 0.3”, and ”in
the actual state the (normalized) activity intensity of
the composed agent Eψ fEφ is less than twice the activ-
ity intensity of the agent ¬Eα”. So we can extend the
agent-based language ΦA with these activity-formulae
of the form a1$(Eψ1) + ... + ak$(Eψk

) ≥ b, where
a1, .., ak, b are arbitrary real numbers and Eψ1 , ..., Eψk

are arbitrary agents. We also use a number of abbre-
viations, such as $(Eψ) ≤ b for −$(Eψ) ≥ −b, and
$(Eψ) = b for ($(Eψ) ≤ b ∧$(Eψ) ≤ b).

Definition 6 (Agent-based Linear Inequality Lan-
guage) We define this language LΦA as the set of all
inequality terms, as follows:

LΦA = {(∑n
1 ai$(Eψi

)) ≥ b | ai, b ∈ R, 1 ≤ i ≤ n, 1 ≤
n, and, ψi ∈ Φ},
and we extend the definition for the satisfaction rela-
tion by:
For any ψ = (a1$(Eψ1) + ... + ak$(Eψk

) ≥ b) ∈ LΦA ,
holds
N |=s a1$(Eψ1) + ... + ak$(Eψk

) ≥ b iff
a1ΛΦ(ψ1)({s}) + ... + akΛΦ(ψk)({s}) ≥ b.

As usual, we say a formula ψ is valid with respect to
the structure N = (S, ΛΦ, πΦ), written N |= ψ if
N |=s ψ for all s ∈ S. The following system, analo-
gous to the system in [12] is the axiom system for linear
inequalities of agent’s activities:
1. (a1$(Eψ1) + ... + ak$(Eψk

) ≥ b) ⇔ (a1$(Eψ1) +
... + ak$(Eψk

) + 0$(Eψk+1) ≥ b)
2. If j1, ..., jk is a permutation of 1, ..., k, then
(a1$(Eψ1)+ ...+ak$(Eψk

) ≥ b) ⇔ (aj1$(Eψj1)+ ...+
ajk$(Eψjk

) ≥ b)
3. (a1$(Eψ1)+ ...+ak$(Eψk

) ≥ b) ∧ (a′1$(Eψ1)+ ...+
a′k$(Eψk

) ≥ b′)
⇒ ((a1+a′1)$(Eψ1)+ ...+(ak +a′k)$(Eψk

) ≥ (b+b′))
4. if d > 0 then (a1$(Eψ1) + ... + ak$(Eψk

) ≥
b) ⇔ (d · a1$(Eψ1) + ... + d · ak$(Eψk

) ≥ d · b)
5. Dichotomy: if t is a term then (t ≥ b) ∨ (t ≤ b)
6. Monotonicity: if t is a term and b > c, then
(t ≥ b) ⇒ (t ≥ c).
Axioms for agent’s activities: $(Eψ) ≥ 0, and
$(Eψ) = $(Eφ) iff Eψ = Eφ.

4 Multi-modal extension

It is very suggestive to consider the space S together
with activity intensity distribution over it as the con-
text where an agent realize its observable objectives:
the transformation of such context into a modal frame-
work, by replacing them with the whole set of possible
worlds W = S × [0, 1] is direct and natural. In that
case the subset of worlds Q = {w = (s, a) | w ∈ W
and a = ΛΦ(ψ)({s}) > 0} of an agent Eψ, defines the
observational semantics for this agent, i.e., the points
of space with its activity measure. It is clear that the
first projection of this set is equal to the set ψM , so
that ψ is true in all points of this set and false in the
rest of the space S. But the set ψM ⊆ S without the
agent’s activity intensity distribution is an incomplete
observation, and that is reason that S alone is not good
candidate to represent set of possible worlds.
Given a set W of possible worlds, we are able to define
the Kripke frame in order to express the facts inher-
ent to agents, as for example, the fact that a given
agent Eψ, which is an item, ”necessarily exists”. The
intuitive way to represent such fact is by using the uni-



versal modal operator ¤Eψ
with the accessibility re-

lation REψ
which incorporates the activity-power dis-

tribution of the agent (its observational semantics Q),
REψ

= W × Q, so that the modal formula ¤Eψ
ψ is

true formula which express the fact that ”the agent Eψ

necessarily exists” in this model.
We are able to canonically transform [11] the higher-
order Herbrand interpretation I : H → T for the
agents, which maps each ground atom to complex func-
tions (higher-order truth type) instead to truth values
in 2 = {f, t}, into the Kripke model of the multi-modal
logic language as follows:

Definition 7 (Kripke model for agents) .
Let I : H → T , where T denotes the functional space
W1 ⇒ (...(Wn ⇒ 2)...), be a higher-order Herbrand
interpretation type with W = W1 × ... × Wn, and P
be the set of predicates in a Herbrand base H. Then
MI = (W, {Rr(d) | r(d) ∈ H}, D, V ) is the Kripke
model for this interpretation, such that:
1. Accessibility relations: for any r(d) ∈ H
Rr(d) = W ×QW (r(d)),

where QW (r(d)) = {(w1, .., wn) ∈
W | I(r(d))(w1)...(wn) = t}.
2. V : W × P → ⋃

n<ω 2Dn

, such that for any
w = (w1, ..., wn) ∈ W, r ∈ P , and d ∈ Dn holds:

V (w, r)(d) = I(r(d))(w1)...(wn),
where, for a non empty set of constants D, Dn denotes
the set of all n-tuples of constants, and 2Dn

the set of
all functions from the set Dn to the set 2.

From this Kripke model for the higher-order
Herbrand interpretation types, in our case when
T = S ⇒ ([0, 1] ⇒ 2), W = S × [0, 1], we obtain
the accessibility relation for an agent r(d) ∈ H,
the cartesian product of the W and the set

QW (r(d)) = {(s, a) ∈ W | I(r(d))(s)(a) =
t} = {(s, a) ∈ W | a = ΛΦ(r(d))({s}) > 0}, which
is equal to the set of possible worlds which define the
observational semantics of this agent, based on our
intuition described in precedence.

Proposition 5 [11] Let MI = (W, {Rr(d) | r(d) ∈
H}, D, V ) be the Kripke model for the agent’s database
based on the activity-power structure N = (S, ΛΦ, πΦ),
with the higher-order Herbrand interpretation I : H →
S ⇒ ([0, 1] ⇒ 2).
Then, for any consistent agent Eψ, with ψ = r(d) ∈ H,
the modal formula ¤Eψ

is true in this canonical
Kripke model MI .

It is easy to extend such modal language from basic
agents (ground atoms in a Herbrand base) to composed
agents also, thus the truth of the formula ¤ψ∧φ(ψ ∧φ)

will mean that two consistent agents Eψ and Eφ overlap
in the space S, etc..
We can tell that the formula ¤Eψ

encapsulates the ob-
servational semantics of an agent w.r.t. the agent’s
activity-intensity distribution. In fact, by the construc-
tion of the accessibility relation of an agent Eψ =<
ψ, ΛΦ(ψ) > follows that the formula ψ is true in all
possible worlds contained in this accessibility relation,
and false in the rest: so, this accessibility relation de-
fines completely the truth of ψ and the activity inten-
sity distribution of this agent. What we have done is
to transform the relativized truth of ψ in the context
of possible worlds into the absolute truth of the modal
formula ¤Eψ

.
Let HF be the new Herbrand base, obtained from the
original base H by substituting each original predicate
r with a new predicate rF enriched with two new at-
tributes {s, a} for state/activity-intensity, taken from
the context W = S × [0, 1]. That is, HF =
{rF (d, s, a)} | r(d) ∈ H, (s, a) ∈ W}.

Now we will show how the modal propositional
agent-based logic with linear inequalities can be embed-
ded into an ordinary Constraint Logic Programming,
by flattening the original higher-order Herbrand inter-
pretation I : H → (2[0,1])S into the ordinary 2-valued
Herbrand interpretation IF : HF → 2.

Proposition 6 Given an activity-intensity structure
N = (S, ΛΦ, πΦ), the satisfaction relation |= for the

flattened 2-valued Herbrand interpretation IF : HF →
2, is defined by: for any original basic event of the
atom r(d) ∈ H, and s ∈ S, a ∈ [0, 1], holds that
IF |= rF (d, s, a) iff a = ΛΦ(r(d))({s}) > 0.

Proof: For any r(d) ∈ H, s ∈ S, a ∈
[0, 1] we have, from the commutative diagram
above, that IF (rF (d, s, a)) = eval ◦ ((eval ◦ (I ×
idS)) × id[0,1](r(d), s, a) = eval(eval(I(r(d)), s), a) =
I(r(d))(s)(a). And from Proposition 4 we have that

I(r(d))(s)(a) = t, if a = ΛΦ(r(d))({s}) > 0.
¤
By this flattening we lose the synthetic way to rep-
resent agents, as in S5 Kripke multi-modal logic,
so that a basic agent Er(d) in this 2-valued Her-
brand model, corresponds to the set of ground atoms
{rF (d, s, a) | IF (rF (d, s, a)) = t}.
But the agent’s linear inequalities may be substituted
by ordinary linear inequalities over variables with a do-
main in [0, 1]. That is, for example, the original in-
equality in the current space point s ∈ S, c1$(Eψ1)+
... + ck$(Eψk

) ≥ b can be substituted by the conjunc-
tive formula r1F (d1, s, a1)∧...∧rkF (dk, s, ak)∧(c1a1+
... + ckak ≥ b) .



5 Conclusion

In this paper we proposed a logic language for an
observational composition of agents/events, which is
the conservative extension of the propositional logic
in the sense that there exists the homomorphism for
ordinary propositional logic language into this agent-
based language, which preserves the truth ordering of
the propositional calculus: the truth is mapped into
the top agent, which performs activity in all points
of a space, while the falsity into the bottom (incon-
sistent) agent which is unable to perform activity in
any point of space. Differently from the propositional
logic language, agents are not simple logic formulae but
the items with an observational structure, composed by
propositional formula which represents the observable
data of an agent, and its activity-intensity distribution
over a space S which represents the context where we
observe the agents properties.
Such agent-based language can be embedded into linear
inequalities to define complex properties about agents
activities in a current point of space, in order to be able
to reason about their activity intensities.
We show that such observable activity-intensity struc-
ture of agents in a given finite space can be character-
ized by a higher-order Herbrand interpretations which
have the canonical multi-modal Kripke model coun-
terpart, so that we are able to specify the agents by
simple modal formulae, and incorporate them in this
enriched propositional logic language. Finally, we have
shown the transformation of the multi-modal agent-
based theory, by flattening it into an ordinary Con-
straint Logic Programming. Such transformation ren-
ders visible the activity context of agents, which was
hidden previously in the frame of the canonical multi-
modal Kripke model, by enlarging original predicates
of a Herbrand base for basic agents with two new at-
tributes: the space position and the activity measure.
We presented also a number of examples which can
use this new observational logic theory for agents, in-
timately connected with the optimization and classifi-
cation of the agents w.r.t. their activity intensities in
a limited space/resources, where they are in a mutual
competition.
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