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Sec. 12.4 Implicit differentiation 

 

Example (1) If 922 =+ yx , find 
dx
dy . 

Solution  

By differentiating both sides of this equation with respect to x. Then 

9)( 22

dx
dyx

dx
d

=+  

022 =+⇒ y
dx
dx

dx
d  

022 =+⇒
dx
dyyx  

Now solving the last equation for 
dx
dy , then  

y
x

dx
dyx

dx
dyy −=⇒−= 22 . 

 

Example (2) If 3222 +=+ xyyx , find 
dx
dy . 

Solution  

By differentiating both sides of this equation with respect to x. Then 

)32()( 22 +=+ xy
dx
dyx

dx
d  

3222

dx
dxy

dx
dy

dx
dx

dx
d

+=+⇒  

02222 ++=+⇒ y
dx
dxx

dx
dy

dx
dyyx  

dx
dyxy

dx
dyyx 2)1(222 +=+⇒  

Now solving the last equation for 
dx
dy , then  

xy
dx
dyx

dx
dyy 2222 −=−+  
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)(2)(2 xyxy
dx
dy

−=− , 

Therefore  1
)(2
)(2
=

−
−

=
xy
xy

dx
dy  ,       for   xy ≠ . 

 

Example (3) If yxexy =ln , find 
dx
dy . 

Solution  

By differentiating both sides of this equation with respect to x. Then 

)()ln( yxe
dx
dxy

dx
d

=  

)(.)(.)(ln)(.ln yy e
dx
dxx

dx
dex

dx
dyy

dx
dx +=+⇒  

dx
dyexe

x
y

dx
dyx yy ).()1.()1(.ln +=+⇒  

x
ye

dx
dyex

dx
dyx yy −=−⇒ ).(.ln  

Now solving the last equation for 
dx
dy , then  

x
yexex

dx
dy yy −=−⇒ )ln(  

)ln()ln(

][

)ln( 2 y

y

y

y

y

y

exxx
yxe

xexx
x
yex

xex
x
ye

dx
dy

−
−

=
−

−
=

−

−
=⇒ . 

 

Example (4) If 511 =−− xyxy , find 
dx
dy   at )5,0( − . 

Solution  

By diff. both sides of the equation w. r. to x 

5]11[
dx
dxyxy

dx
d

=−−  

511
dx
dx

dx
dy

dx
dxy

dx
d

=−−⇒  
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,0)1(11 =−−+⇒
dx
dy

dx
dyxx

dx
dy  and by solving the equation for 

dx
dy  we obtain: 

011)1()1( =−−+⇒ x
dx
dyy , then yx

dx
dy

−=− 11)1( , this implies that 
)1(

11
−
−

=
x
y

dx
dy  

Now, 
dx
dy  at (0,−5) is 16

1
511

10
)5(11

5
0

−=
−
+

=
−
−−

=
−=

=
y
xdx

dy . 

 

Example (5) Find the slope of the curve 223 )( xyx −=  at )2,1(  

Solution 

By diff. both sides of the equation w. r. to x 

223 )( xy
dx
dx

dx
d

−=  

)()(23 222 xy
dx
dxyx −−=⇒  

)).((23 222 x
dx
dy

dx
dxyx −−=⇒  

)2).((23 22 x
dx
dyxyx −−=⇒  

322222 44).(23)(4).(23 xxy
dx
dyxyxxyx

dx
dyxyx +−−=⇒−−−=⇒ , by solving for 

dx
dy : 

dx
dyxyxxyx ).(2443 232 −=−+⇒ , then 

)(2
443. 2

32

xy
xxyx

dx
dy

−
−+

= . 

The slope at the point is at (1, 2) is .
2
7

)1(2
483

)12(2
)1(4)2)(1(4)1(3 32

2
1

=
−+

=
−

−+
=

=
=
y
xdx

dy  

 

Example (6) Find the rate of change of q with respect to p, if 2)5(
20
+

=
q

p  

Solution 

The rate of change of q with respect to p is 
dp
dq  

Since 2)5(
20
+

=
q

p  then 122 20)5(20)5( −=+⇒=+ pq
p

q  
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Now, by diff. both sides of the last equation w. r. to p, we obtain: 

12 20)5( −=+ p
dp
dq

dp
d  

220)1()5()5(2 −−=++⇒ pq
dp
dq  

2

20)5(2
pdp

dqq −
=+⇒    which implies that 

)5(
10

2 +
−

=
qpdp

dq , 

Now, since 2)5(
20
+

=
q

p  then 4
2

2
2

)5(
400]

)5(
20[

+
=

+
=

qq
p . Substituting for 2p  in 

dp
dq , we obtain 

.
40

)5(

)5(
40

1

)5(
)5(

400
10 3

34

+
−=

+

−
=

+
+

−
=

q

q
q

q
dp
dq   

 

Home work: Solve the book page 613, the following problems: 

 

[10]  Find 
dx
dy  if  .02 22 =−+ yxyx  

 

[18]  Find 
dx
dy  if  .ln2 xyy =+  

 

[24]  Find 
dx
dy  if  ).ln(2 yxy +=  

 

[26] If   11 +=+ xyyx , then find  
dx
dy  at (3, 3). 

 

[34] Find the rate of change of q with respect to p, if .
3

10
2 +

=
q

p  

 

 

 

 


