Math 101, sections 2.3 Lec2

Limits laws:

o Lim(C=C, where C is constant.

xX—a

e Limx"=a", where n ispositive integer.
X—a

e Iff(x) is a polynomial function, then Lim f(x)= f(a),
1

o Lim(1+ x); =e, where e is the base of the natural logarithm.

X—a

o If l);il’gl f(x) exist and éin: g(x) exist, then
> Lim (f(x)*g(x))=Lim f(x)* Lim g(x),
> Lim f(x).g(x) = Lim f(x).Lim g(x),
> éil’zl C.f(x)= C{:il’zl f(x),

» Lim = 222 ,  provided that g(x) = 0,
e g(x)  Lim g(x)

» Lim C.f(x)=C.Lim f(x),

xX—>a

> Lim 4/ f(x) = u[Lim f(x).

4r -3

Example (1) find Lilz)a

Solution: Lim 4r=3 = 40) -3 - 36-3 2223'
r—9 11 11 11 11

2
Example (2) find Lim X +6

x>6 x—6

2
Solution Lim X +6 = 36+6 = —Z.
>6 x—6 -12 2

) .. 0 o .. ) ..
Remark: Notice that the quantities —, —, Oxoo is indeterminate quantities, and we should
o0

avoid them in our calculation by using any mathematical trick for the problem like factorizing or

multiplying by the conjugate or expanding the brackets or using the theorem that will be given.
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2
Example (3) Lim X o2

x—2 X —

2
X" —x 2=Lim(x 2)(x+1)

Solution Lim = Linzi(x +1)=2+1=3.

x—2 X — 2 x—2 (x — 2)
2
Example (4) find Lino1 (x+2)" -4
X—> X
2 2
Solution Lim M:Liryx faxt4-4 = Lim Hx+4) = Lim(x+4)=0+4=4.
X X x— X x—> X x—>

Example (5) find %11%1 f(x+h2—f(x) , where f(x)=x"-3.

Solution . f(x)=x" -3

S f(x+h)=(x+h) =3=x"+2xh+h*-3.

S(x+h)-f(x)
h

Now the difference quotient will be simplified as:

S(x+h)—f(x) (x* +2xh+h* =3)—(x* =3)
h - h
3 x*4+2xh+h*-3-x*+3
- h
3 2xh+h? _hQx+h)
= p = p =

2x+h.

Thus, Lim ZEFD =T _ o ny = 2x+0) = 2x.

h—0 h h—0

2 —
Example (6) find %11101 W )

Solution

2_ 2_
Lig G216 JOX8R R 216 8y =840 =8,

h—0 h h—0 h h—0

Example (7) find Lilg1 o=t

34t
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Solution

. 9-—¢ 9—t (B+t) .. 9-)B+A)
Lim ——— = Lim = Lim—~—— 22"
P 3-4t 0 3-4t (3+\/_) il (9-1)

Example (8) find Lim Nx+2-3 ,

x—7 x=7

:Liga(3+ﬁ)=3+ﬁ=3+3=6.

Solution

Nx+2-3 .oAXx+2 3(\/x+2+3) — Lim (x+2)-9 _ Lim (x—=17)

Lim ————=Lim
=7 x—=17 =7 x=T  (Wx+243) 27 (x-T)Wx+2+3) 7 (x-T)Wx+2+3)
_ Lim 1 1 1 l

x—’7(\/x+2+3) T (WT12+3) (J9+3) 3+3 6

n

Theorem 1 the well known limit lim Al

xX—>a X—a

" = ()@

x> =32

x—=2

Example (9) find Li1721

Solution: we can compare our problem with the general form of the above theorem. And then

have a=2 and n=5. Now,

x>=32 x°=2°

Lim = =5(2)* =5(16) = 80.
Lim =5 = 7= 5(2)* =5(16)
4 —
Example (10) find Lim >0
=2 x—=2
4 4 4
Solution Lim ~ 16 = Lim > 2 using the theorem, then
x—2 x_2 x—2 x_2
x* =16 xt=2¢
Lim = Lim =4(2)° = (4)(8) =32.
-2 x=2 =2 x—=2 ( ) ( )( )
x* -8l

Example (11) find Lim

x—9 \/;_3 ’

Solution we can solve this limit directly by multiplying conjugate (\/; +3) in both the numerator

2
. .oXT =
and denominator of the quantity

8
N

problem is by using the theorem; where you may notice that:

: and then simplifying. Another way of solving this
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2 4 a4 _ 4
Lim X 81 = Lim —(\/;) 3 (\/_) 3
x—9 \/;_3 Vx>0 \/;_3 f—>3 \/_ 3
-81_ . ('-35 -3
-9 \/_ 3 faz. \/_ 3 -3 y-3

Now, it is clear that we can apply the theorem where n =4 and a = 3, therefore:

Let y = Jx , then Ll

2 __n4
Lim X80 g, )3 = 4(3)° = 4(27) = 108.

=9 x—=3 3 y-3

Theorem 2: If f(x) < g(x) when x is near a point a (except possibly at a) and the limits of f(x)
and g(x) both exist as x approaches a, then
lim f(x) < lim g(x).

Theorem 3 (The squeeze theorem) If f(x) < g(x) < A(x) when x is near a point a (except
possibly at a), and
lim f(x) =limA(x) = L.

Then,
limg(x) = L.

The previous theorem (squeeze theorem) is useful in calculating the limit of the following

example.

Example (12) prove that L11701 x’ sml =0.,
- X

Solution as we have previously discussed Lim sin— doesn’t exist, therefore we can’t use limit

x—0 X

1
laws to calculate Lim x* sin—. Now, we know that

x—0 X

—ISsinlsl
X

Multiplying each part of this inequality by x?, then we obtain
—-x?<x’ sinl <x’
X

Taking the limit to each part of this inequality as x approaches to zero we obtain:
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1

. 2 . 2 . . 2
lim(—x") <limx~ sin— < limx
x—0 x—0 X x—0

It is clear that l_irrol(—xz) =1_in3(x2) =0.

Assume that f(x)=-x>, g(x)=x" sint and h(x) = x*. Then we have:
x

J(x) < g(x) < h(x)

And lim f(x) = limA(x) = 0. Using the squeeze theorem, we obtain lim g(x) = 0.

1

. . 2 .

1.e., Lim x“sin—=0.
x—0 X

Home work: Solve pages 111 and 112 in your book, problems No. 3, 11, 16, 18, 22, 34, 37, 41.
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