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Linear approximation of a given function 

We know that 
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)()(lim)( ,   when x is very close to (a) we can omit the limit sign 

and the last equation can be rewritten as: 
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≈′ )()()( , this implies that )()())(( afxfaxaf −≈−′ , and by solving this equation 

for f(x) we obtain: 
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The last equation is called a linearization of the function of f(x) with respect to a fixed point 

))(,( afa . The linearization is symbolized by )(xL . 

 

Example (1) Find the linearization of the function 3)( += xxf  at 1=a  and use it to 

approximate 98.3  and 05.4 . 

Solution 

Since 3)( += xxf  then 
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Now,  98.0)(398.3 =⇒=+= xxfx , since )()( xLxf ≈  then 

995.1
4
98.0

4
7)98.0(98.3 =+== L . 

Similarly, 0125.2
4
05.1

4
7)05.1(05.4 =+== L . 

Example (2) Find the linearization of the function xxf sin)( =  when x is very small. 

Solution  

When x is very small then 0≈x , so we may choose the fixed point 0=a . 

Then 00sin)( ==af , and 1)0cos()( ==′ af . 

Now, xxaxafafxLx =−+=−′+=≈ )0(10))(()()(sin , i.e.  when x is very small then xx ≈sin  

 



MATH 101                                Section 3.11   Linear approximation and differentials 

Prepared by Ahmed Ezzat Mohamed Matouk                                                                                 2 

 

Example (3) Find the linearization of the function xxf cos)( =  when x is very small. 

Solution  

When x is very small then 0≈x , so we may choose the fixed point 0=a . 

Then 10cos)( ==af , and 0)0sin()( =−=′ af . 

Now, 1)0(01))(()()(cos =−+=−′+=≈ xaxafafxLx , i.e.  when x is very small then 1cos ≈x  

 

Example (4) Find an estimation of 07.1ln  

Solution 

Let )1ln()( xxf += , then we may choose 07.0=x  and the point (a) very close to (x), i.e. .0=x  

Therefore, 0)1ln()01ln()0( ==+=f  and .1
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By approximating f(x) near the point a = 0, we obtain 

xxxffxLx =+=−′+=≈+ )(10)0)(0()0()()1ln( . 

Now, 07.0)07.0()07.1ln( =≈ L . 

 

Differentials 
Let )(xfy =  be a differentiable function, then the differential of y is dy  and is defined as: 

xxfdy ∆′= )( , 

When xy = , 1)( =′⇒ xf then xdxxddy ∆=== .1)( , Thus, the differential of can be redefined as 

dxxfdy )(′= . 

The last equation indicates that the derivative of a function can be written as quotient of two 

differentials. Since both of dy  and dx  represents algebraic quantities we may write: 

)(
1
xfdy

dx
′

= . 

 

The question now is what is the difference between dy  and y∆ ? 
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From the figure CQxfxxfy =−∆+=∆ )()(  

From the above figure 
dx
CR

x
CR

PC
CR

=
∆

==θtan , 

Since θtan  equal to the slope of the tangent line to the curve at the point ))(,( xfx , therefore 

)(tan xf ′=θ . So using the above relation, then 
dx
CRxf =′ )(  this implies that dxxfCR )(′=  

Finally we have dyCR = . 

Now, the difference  between dy  and y∆  is clear (see the above figure), but when x∆  is very 

small then dxy ≈∆ .   

 

Example (5) If xxxy 223 −+=  and x changes from 2  to 05.2 , compare between dy  and y∆ . 

Solution  

Let 2=x ,  as x changes from 2  to 05.2 , then 05.0==∆ dxx  

9)2( =f   and  7176.9)05.2( =f , then 

7176.097176.9)2()05.2()()( =−=−=−∆+=∆ ffxfxxfy . 

Also, 223)( 2 −+=′ xxxf     142)2(2)2(3)2( 2 =−+=′f . 

Now, 7.0)05.0)(14()2( ==′= dxfdy . 

Remark from the above example we can see that 7176.0=∆y  is close to 7.0=dy , because we 

have the change in x is very small  ( 05.0=∆x ). 
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Using differential for estimating numbers: 

The linear approximation of the function )(xfy =  about the point ))(,( afa  is given by: 

))(()()( axafafxf −′+≈  

Let axx −=∆ ,  x∆Q  is always equal to dx    axdx −=⇒  ⇒ dxax += . Substituting in the 

above equation we have: 

dxafafdxaf )()()( ′+≈+ , 

And this is reduced to 

dyafdxaf +≈+ )()(  

The last equation is the equation of linearization of any nonlinear function f(x) using differentials. 

 

Example (6) Use the differential to estimate 05.4 . 

Solution 

Let 3)( += xxf , by comparing 3+x  and 05.4 , we have 05.1=x . 

But dxax += ,   05.1=+ dxa . Hence we may choose 1=a  and 05.0=dx . 

Thus, 2)1( =f  and 0125.0)05.0(
4
1)05.0)(1()( ==′=′= fdxafdy  

dyafdxaf +≈+ )()(Q  is the linearization of f(x) about the point ))(,( afa . 

Then,  0125.20125.02)1()1()(05.4 =+=+=+≈= dyfdxfxf . 

 

Example (7) Use the differential to estimate 07.1ln . 

Solution 

Let xxf ln)( = , by comparing xln  and 07.1ln , we have 07.1=x . 

But dxax += ,   07.1=+ dxa . Hence we may choose 1=a  and 07.0=dx . 

Also, 0)1ln()1( ==f     and      
x

xf 1)( =′Q       1
1
1)1()( ===′⇒ faf . 

Thus, 07.0)07.0(
1
1)07.0)(1()( ==′=′= fdxafdy  

dyafdxaf +≈+ )()(Q  is the linearization of f(x) about the point ))(,( afa . 

Then,  07.007.00)1()1()()07.1ln( =+=+=+≈= dyfdxfxf . 

i.e.  07.0)07.1ln( ≈ . 


