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First we recall some of the basic laws of logarithmic function: 

• xbwherey yx
b ==log , 

• nmmn bbb loglog)(log += , 

• nm
n
m

bbb logloglog −= , 

• mrm b
r

b loglog = , 

• b
a

m
am

b log
log

log = , 

• xx
e lnlog =     (here the number e is called the base of the natural logarithm ln x). 

• 
b
mm

b ln
lnlog = , 

• 1log =aa . 

 

Rule (1)   

                                                   
x

x
dx
d 1ln = . 

 

Example (1) Find 
dx
dy  if  xy ln2= . 

Solution  

xx
x

dx
dy 2)1.(2ln2 ===′ . 

 

Now, consider   y = ln u,      u = f(x), we need to calculate 
dx
dy , 

From the chain rule we have  
dx
du

du
dy

dx
dy .= ,  and  

udu
dy 1

= . Thus, 
dx
du

udx
dy .1

=  and we have the 

following rule: 

Rule (2)  If  y = ln u,      u = f(x),    then 

                                                   
dx
du

udx
dy .1

= . 
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Example (2) If  )1ln( 2xy −= ,  find  
dx
dy . 

Solution  

Let 21 xu −=   then y = ln u  and  
udu

dy 1
= ,                x

dx
du 2−= , 

From rule 2 we have,  
dx
du

udx
dy .1

=    then 21
2)2).(1(
x
xx

udx
dy

−
−=−= . 

 

Example (3) If  )73ln( −= xy ,  find  
dx
dy . 

Solution  

Let 73 −= xu   then y = ln u  and  
udu

dy 1
= ,                3=

dx
du , 

From rule 2 we have,  
dx
du

udx
dy .1

=    then 
73

3)3).(1(
−

==
xudx

dy . 

 

Example (4) Find  
dx
dy  if  

x
xy
ln

12 −
= . 

Solution 
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)(ln
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=
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=
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Example (5) Find  
dx
dy  if  32 )54ln( ++= xxy . 

Solution 

Let 542 ++= xxu  then 3lnuy = , and this implies that uy ln3= . Also, 42 += x
dx
du  and 

udu
dy 3

= . 

Since 
dx
du

du
dy

dx
dy .=    then 

)54(
)42(3)42(3

2 ++
+

=+=
xx

xx
udx

dy . 

 

Example (6) Find  xx
dx
d ln2  . 

Solution 

).1(ln

)1ln2(ln2)1()2)((lnlnlnln

2

2222

+=

+=+=+=+=

xx

xxxxx
x

xxxx
dx
dxx

dx
dxxx

dx
d

 

 

Example (7) If )
1
1ln()(
l
llf

−
+

= ,  find  
dl
ldf )( . 

Solution  

Let 
l
lu

−
+

=
1
1   then ulf ln)( = , this implies that 

udu
df 1

= ,  and 

.
)1(

2
)1(
11

)1(
)1)(1()1)(1(

)1(

)1()1()1()1(

2

222

l

l
ll

l
ll

l

l
dl
dll

dl
dl

dl
du

−
=

−
++−

=
−

−+−−
=

−

−+−+−
=

 

Now, from the chain rule we know that 
dl
du

du
ldf

dl
ldf .)()(
= , then 

)1)(1(
2

)1(
2).

1
1(

)1(
2.1)(

22 llll
l

ludl
ldf

+−
=

−+
−

=
−

= . 
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Example (8) Differentiate xy 2log= . 
 
Solution  

Notice that, 
2ln

lnlog2
xy x == , then 

2ln
11.

2ln
1)(ln

2ln
1)

2ln
ln(

xx
x

dx
dx

dx
d

dx
dy

==== . 

 
 

Example (9) Find the marginal-revenue function if the demand function is 
)2(ln

25
+

=
q

p  

Solution  

The marginal revenue function is 
dq
dr , 

Since r = p . q,   then 
)2(ln

25)(
)2(ln

25
+

==
+

===
q
qpq

q
ppqr  

.
)]2)[ln(2(

25)2(ln)2(25
)]2[ln(

)2(
25)2ln(25

)]2[ln(

)
)2(

1(25)25).(2ln(

)2(ln
25arg
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2
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=
+

+
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=

+
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−+
=

+
=∴
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qqq

q
q
qq

q
q

qq

q
q

dq
d
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drrevenueinalmthe

 

 
 

Example (10) A total-cost function is given by: 

12)1(ln25 ++= qc , 

                        Find the marginal cost when q = 6. 

Solution  

The marginal cost is 
dq
dc  

.
1

250)1(ln25]12)1(ln25[
+

=++=++=
q

q
dq
dq

dq
d

dq
dc  

 

When q = 6 the marginal cost is 
7
25

1)6(
25

6

=
+

=
=qdq

dc . 



Math 121                 Sec. 12.1  Derivative of logarithmic functions                                       Lec 9                           

Prepared by Ahmed Ezzat Mohamed Matouk                                                                                5 

 
Home work: solve the book page 595, the following problems: 

 

[18] Differentiate xxy 2
2 log= . 

 

[20] Find the derivative of 
x
xy

ln

2

= . 

 

[26]  If )
1

ln()( 2

4

tt
ttf
++

= ,  find   )(tf ′ . 

 

[32] If ])38()25ln[( 64 −+= xxy ,  find  
dx
dy . 

 

[50] A manufacture’s average cost function, in dollars, is given by 

,
)2(ln

350
+

=
q

c  

         Find the marginal cost (approximated to the nearest two decimal places) when q = 40. 

 

 


