AS-Mathematics and Statistics
Logarithmic Function (1994-2002)

	9410.
	A chemical plant discharges pollutant to a lake at an unknown rate of r(t) unit per month, where t is the number of months that the plant has been in operation.

Suppose r(0) = 0.

The government measured r(t) once every months and reported the following figures:

	
	

	
	
	t
	2
	4
	6
	8
	

	
	
	r(t)
	11
	32
	59
	90
	

	
	

	
	(a)
	Use the trapezoidal rule to estimate the total amount of pollutant which entered the lake in the first 8 months of the plant’s operation.
(2 marks)

	
	(b)
	An environmental scientist suggests that

r(t) = atb ,

where a and b are constants.

	
	
	(i)
	Use the graph paper on Page 10 to estimate graphically the values of a and b correct to 1 decimal place.

	
	
	(ii)
	Based on this scientist’s model, estimate the total amount of pollutant, correct to 1 decimal place, which entered the lake in the first 8 months of the plant’s operation.
(8 marks)

	
	(c)
	It is known that no life can survive when 1000 units of pollutant have entered the lake.  Adopting the scientist’s model in (b), how long does it take for the pollutant from the plant to destroy all life in the lake?  Give your answer correct to the nearest month.
(5 marks)
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	958.
	A merchant sells compact discs (CDs).  A market researcher suggests that if each CD is sold for $x, the number N(x) of CDs sold per week can be modelled by 

N(x) = ae(bx
where a and b are constants.

The merchant wants to determine the values of a and b based on the following results obtained from a survey:

	
	
	x
	20
	30
	40
	50
	

	
	
	N(x)
	450
	301
	202
	136
	

	
	(a)
	(i)
	Express ln N(x) as a linear function of x.

	
	
	(ii)
	Use the graph paper on Page 6 to estimate graphically the values of a and b correct to 2 decimal places.
(7 marks)

	
	(b)
	Suppose the merchant wishes to sell 400 CDs in the next week.  Use the values of a and b estimated in (a) to determine the price of each CD.  Give your answer correct to 1 decimal place.
(2 marks)

	
	(c)
	It is known that the merchant obtains CDs at a cost of $10 each.  Let G(x) dollars denote the weekly profit.  Using the values of a and b estimated in (a)

	
	
	(i)
	express G(x) in terms of x ;

	
	
	(ii)
	find G’(x) and hence determine the selling price for each CD in order to maximize the profit.
(6 marks)
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	9610.
	The monthly cost C(t) at time t of operating a certain machine in a factory can be modelled by

C(t) = aebt ( 1      (0 < t ( 36),

where t is in month and C(t) is in thousand dollars.

Table 1 shows the values of C(t) when t = 1, 2, 3, 4.

	
	Table 1

	
	
	t
	1
	2
	3
	4
	

	
	
	C(t)
	1.21
	1.44
	1.70
	1.98
	

	
	

	
	(a)
	(i)
	Express ln[C(t) + 1] as a linear function of t.

	
	
	(ii)
	Use Table 1 and the graph paper on Page 8 to estimate graphically the values of a and b correct to 1 decimal place.

	
	
	(iii)
	Using the values of a and b found in (a)(ii), estimate the monthly cost of operating this machine when t = 36.
(8 marks)

	
	(b)
	The monthly income P(t) generated by this machine at time t can be modelled by 

P(t) = 493 ( e0.2t       (0 < t ( 36),

where t is in month and P(t) is in thousand dollars.

The factory will stop using this machine when the monthly cost of operation exceed the monthly income.

	
	
	(i)
	Find the value of t when the factory stops using this machine.  Give the answer correct to the nearest integer.

	
	
	(ii)
	What is the total profit generated by this machine? Give the answer correct to the nearest thousand dollars.
(7 marks)
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	979.
	A stall sells clams only.  The relationship between the selling price $x of each clam and the number N(x) of clams sold per day can be modelled by 

ln N(x) = bx + ln a ,

where a and b are constants.  This relationship is represented by the straight line shown in Figure 1.

	
	(a)
	Use the graph in Figure 1 to estimate the values of a and b correct to 1 significant figure.
(3 marks)

	
	(b)
	Suppose the daily running cost of the stall is $ 5 000 and the cost of each clam is $2.  Using the values of a and b estimated in (a),

	
	
	(i)
	express the daily profit of selling N(x) clams in terms of x, and

	
	
	(ii)
	determine the selling price of each clam so that the daily profit of selling N(x) clams will attain its maximum.  What is then the number of clams sold per day? Give the answer correct to the nearest integer.

	
	(c)
	The stall has been running a promotion programme every day from April 15, 1997.  The number M(n) of clams sold on the n-th day of the programme is given by

M(n) = 1500 + 1000(1 ( e(0.1n) .

The stall will stop running the programme once the increase in the number of clams sold between two consecutive days falls below 15.  Determine how many days the programme should be run.  Give the answer correct to the nearest integer.


(5 marks)
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	Figure 1

	

	9810.
	A forest fire has started in a country.  An official of the Department of Environmental Protection wants to estimate the number of trees destroyed in the fire when the fire is out of control.  Let t be the number of days after the fire has started and r(t), in hundred trees per day,  be the rate of tree destroyed.  The official obtained the following data:

	
	
	t
	2
	3
	4
	5
	6
	7
	

	
	
	r(t)
	6.4
	15.7
	29.5
	48.3
	72.2
	101.2
	

	
	(a)
	It is suggested that r(t) can be modelled by either one of the following functions

	
	
	
	(I):
	r(t) = ( t(  or

	
	
	
	(II):
	r(t) = ( e(t ,

	
	
	where (, (, (  and ( are constants.

	
	
	(i)
	Express ln r(t) in terms of ln t and t in (I) and (II) respectively.

	
	
	(ii)
	Use the graph papers on Pages 8 and 9 to determine which function can better describe r(t).  Hence estimate graphically the two unknown constants in that function.  Give your answers correct to 1 decimal palce.
(10 marks)

	
	(b)
	Assume the fire is out of control and the function in (a) which describes r(t) better is used.

Estimate the total number, correct to the nearest hundred, of trees destroyed in the first 14 days of the fire.  How many days more will it take for the total number of trees destroyed to be doubled?
(5 marks)
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	0010.
	A researcher studied the growth of a certain kind of bacteria. 100 000 such bacteria were put into a beaker for cultivation. Let t be the number of days elapsed after the cultivation has started and r(t) , in thousands per day, be the growth rate of the bacteria. The research obtained the following data:

	
	
	t
	1
	2
	3
	4
	

	
	
	r(t)
	7.9
	12.3
	15.3
	17.5
	

	
	(a)
	The researcher suggested that r(t) can be modelled by r(t) = atb , where a and b are positive constants.

	
	
	(i)
	Express ln r(t)  as a linear function of ln t  .

	
	
	(ii)
	Using the graph paper on Page 6, estimate graphically the value of r(5) to 1 decimal place without finding the values of a and b .
(5 marks)

	
	(b)
	The researcher later observed that r(5) was 18.5 and considered the model in (a) unsuitable. After reviewing some literature, he used the model    r(t) = 20 (pe(qt    , where p and q are positive constants.

	
	
	(i)
	Express ln[20 ( r(t)] as a linear function of t .

	
	
	(ii)
	Using the graph paper on Page 7, estimate graphically the values of p and q to 3 significant figures.

	
	
	(iii)
	Estimate the total number of bacteria, to the nearest thousand, after 15 days of cultivation.
(10 marks)
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	023.
	A researcher modelled the number of bacteria N(t) in a sample t hours after the beginning of his observation by N(t) = 900 akt, where a (>0) and k are constants.  He observed and recorded the following data:

	
	
	t (in hours)
	0.5
	1.0
	2.0
	3.0
	

	
	
	N(t)
	1100
	1630
	2010
	2980
	

	
	The researcher made one mistake when writing down the data for N(t).

	
	Express ln N(t) as a linear function of t and use the graph paper on Page 2 to determine which one of the data was incorrect, and estimate the value of N(2.5) correct to 3 significant figures.
(4 marks)
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