© i) - Equation LL and Ly p.mmg Whraiugh A4, 3) are in the torm

AN V]

() let P=(x,0). Q= (0,b), the equation of L is

X,y o

B + . 1
it passes A4, 3}

1,3 0

i b

area of APOQ = 24.5

ab

K 245
solving ; ?% =1

.:?‘_b = 45

a.b) = (L1 or (=2, Z

equations of L are
Xx+y

and 9x + 16y = 84

y- 3 = -mix -4} where m 1 the slope

or mx -y +3 - d4m =0
Being /5 units from origm
mil) 7(()“.:37 r.sﬂE: NG
Vmied i
o (3-4m) = 5(n* +1)
im? - 2Xdm+4 = 0
(1lm-2){m~-2) = 0
5

- 2
m - i1 or -
. hence L,: 2&x-y-5 =0
and Ly: 2x—1ly+25 =0
(it} s’luptul’ Ly, m =
. slopeot by, m; =
. 20
ST
R E |

{a) Equation of L is given by
59% .- Ty + 46 + A(4dx — 2Ty +57) = O
or  (59+44x - (76 +27N)y +46+ 572 = O
X
rs e T
TRV TEvIN
0+ 5T
76 +27A
A=
103x - 103y + 103 =
of x—-y+l=
distance Ivom the origin to L
®-O1]
N Y S

y-inteweptof L = | =

Equation ol L:

oo

(b

=

d =

(a) area of triangle with vertices A(-1,

=

A= H-Da+1-a=D+G-NaE+2-D+a-a-1)
3 e

= %(lfa’—hfa—a’)

= %(l ~ 2a) sq. units

thy I A, B, C are collinear, the A = %(l ~-2) =0

) bgeanon ol BC:

yraol _ar2-a-|
xTa+vd T Ta-at3
x 3y+dath = 0
tdy A = 1 isthe intercepts form of BC
6 23+ 6
e
Pa( 2 6,0), Q=(0, :iﬁ)

(e} area ol AOPQ is umty

[ {.;(““(’)4 tl
(Qat6) = 23
Only (2a+6) = 3 ispossible
dat6 = 23
. . _62y3

D), Ba-3,a+1),C@,a+2)

6

(a) Line L:
hence

(I*+Mx+(3-Ny = ’(nsx)
X+tAx 43y~ dy -2~ 62
x+3y - 2¢A(x-y- 6)
sulving [X*3y~.=0

X-y-6=0
x =5
y=1

Q = (5, - 1) is the fixed’point which L must pass through.

() I LAL: 2x+3y =5,
then l_’i, 3=}
2 3
3.,
A= T
. 3 : N
L: Xy -2+ Sx-y-6)= 0 -
L 2x+3y-y = 0

(¢} L has x-intercept = 3, hence L. passes (3,0)
Q2 3) = 2(1+3n)

3+30 = 2+60
1
A= 3

if L passes (0 b) .
(504 G-5e) 20+3(4))

w®

b

3
o+
d

)

"ulu Nl o

[

y-intercept of L

Any line L passing through the intersection point of
Lt x-2y-4=10
L: 2x+y-4=0

is given by
L x-2y-4+AQCx+y-4)

{a) [If L hasslope2

1
=

T+#20
-2+ A
F+42A~4+2\ =

"

A =

Sw O

Li d(x-2y-4)+3(2x+ty—-4) =
L: 10x ~ S5y =28 =
(b) If L passes (3,-2)
2D -4+ ARV (-~ 4) =
~5+0XA =

(=31

oo

However, rewrite L as
dx+y - d+k(x -2y —4) =

and substitute (3, - )
13)H(-2) =4 +k[(3) - 2-2)- 4] =
k =

o

© woc

L: dxty -4 =
hence L concide with L;.

(¢} L isperpendicular to 5x+ 3y = 0
- 3 1+ 2
slopeoi L = sy

—6+3h+5+10K = 0

)\=l
L: 15x — 25y ~56 = 0 bl

(a) Equation of line L with slope m and passes A(1,3)
L: y-3 =m(x~1)
o mx-y+3-m =0

(b) I L is /2 units from (2.6),
23 = m(2)—(6)+3-m
vz VmI ¥l
2mP +1) = (m-3)
m+6m-—7 = 0
(m+7H(m-1) =0
1

m = or

the equationsof Lare L,:

(c) Line L': y — 6 = m(x — 2) passes D(2, 6)
if Land x-y+2=0 meetatB
Land 7x+y-10=0 meetat C

x-y+2 =0 and Ly: Tx+y-

10=0

-~

ta)

th

[

)

L,:3x—y+12 =0 and L,,L, pass through A (1, 1)
acute angle between Ly and L, = @

acute angle between L, and Ly = 8 and tang = %
Letslopeof L,,L; = m, slopeof L, = 3
m-3 |_1

tan ¢ l T+3m - 2

m-3 _ 1

1I+3m "2

Im-6 = 1+3m or Im-6=-1-3m

m = -7 or m= i

slopeof L, = 1; slopeof L, = -7

equationof L, :

x -1

x—-y =4
equation ot L, :

y=1 . _

X —1 7

Ix+y—8
o IN—y+i2 =0 = (o
Solving { -y =0 P = (~6,-6)
i (Y- T12=0 S (-2, 5%
Solving { Inry-850 Q=( 5%

In view of (a), A(1, 3) is the intersection L, and L, and D is equidistance from L, and L.

AD 1s the perpendicular bisector of i les triangle ABC.
slope of AD = (%:_3 =‘3
slepeof BC = m
as ADL1BC, m(3) = -1
meol
hence equation uf BC is,
y-6 5 —1x-2)
or x+Jy-20 =0 .
(4) Solving l x+3y-20 =0
x—-y+2 =0
we get
solving [ x+3y—-20
ITx+y- 1
we get
area of AABC = -3)+

(3 —-—))



{d)

(e}

i

1o,

faj Letthe equation of circle be (x +2)* +(y -2 + A(x +2)+ B(y —2) = 0 17

As Band C lie on this circle, we have
[ Q2P +(2-2PF +A2+2)+B2-2) = 0

L2427 +(=4-2F + A=242)3 B—4=2) = 0 The equation of the line of
From (1): 16+44A = O n of the line of centre is
i From (2): 36-6B=10 y _0-(-3)
B=e6 e e
The equation of the circle is *-7
({+2V2+()—2)7—4(x+2)*6(y42)=0 y =
N adxedeyt o ayeddn-Beby-12=0  Equationofthecommoniangentis )
X4yl 2y ~12 = 0 Equation of the common tangent is
& 2 2
(b) Distance from (-3,0)t0 x —~y —10=0 is Oy =Tt 1) - (2 +y7 —Axt 6y 8) = 0
| -3-10 | _ 13 —3x—6y+3 =0
| - 12 2y-1=0 ... 2)
| Jite1e 1 X+ (
VAt v Put y = 2x—7 into(2): x+2(2x-7)-1=0
Equation of thecircle s {x +3)’ +y? = 169 5x =15
: ; x=3
fc)  Let the centre of the circle be (a, b} ! and y =23)-7
(-2 +(b-3) = (a-2 +(6+3) =
{ b+3 2 ¢ r e O] Pis (3, ~1).
(= X5= @
From (1): (b—3) = (p+3)
(b-3F —(b+37 = 0 18. (aj Puty=xinto the equation of C.
2b(—6) = 0 | (x =2 +(x— 10} = 18
, b0 x? —ax+4+x2 - 20x+100 = 18
Putinto(2).  ( WEy= -1 { 2 —24x+86 = 0
a-2''3 X -12x443 = 0
2= -
2z a(a -2 =22 ; Discriminant = (—12)% — 4(43)
The centre is (0, 0). = -8<0.
Radius = I TS - 3 Hence, the equation (*) does not have real roots and L does not meet the circle C.
The equation of the required circl Ty? o= H
quired circle s X ¥y 13. ! ‘ (bj AsNand F are the nearest and furthest points from L, v
| NF is a diameter of the circle C and NF is perpendicular to L.
Let the equation of the required circle be Equation of NF is: N
(x7 +¥° — 2% — 3y — )+ kO 1yt —3x+y 100 = 0. Y—12°=_, EX vex
X—
As P lies on this circle. we have
M -10 = —x+
[(—2):+1’-2(—2)-3(1)-’.!]+k[(»2)1+l’-3(»2)*l—10] =0 Y x+2,
442 =0 y o= oxr
k= -2 Substitute into the equation of C,
x — 2P +[(—x+12)-10])? =
The equation of the required circle is { ) L(( _xz)z *)(ﬁ loxl)z - :g
(x:‘-y’-2x’3y—2)-2(x’*y’-3x+y710)=0 . c e o
_x? -yt +4x - Sy+18 =0 ' i(x—ﬂ;’) =918
2 4y _ 18 = <)y =
x?+y? —4x+5y-18 =0 x-2=3 o x-2=-3
Let the equation of the required circle be x=5 o x =1
Py - 2y+ N kix-ys1) = 0 Whenx =5 y=7
XAy 42T Rx -2+ Ky H(14K) = 0 When x = -1, ¥ =13
Fis(-1,13)and Nis (5, 7).
2ok
Centre of this circle is (— LI —2:—1( )
e 2
Hence, (o%y+ 3Ky =3
- “ 19. {a) (i) Theequation of ABis:
~2-k+6+3k =6 O +y? #ax—2y+1)— @+ +10x+dy+19) = O
—2+2k_0 . —bx —6y—18 = 0
k=1 . | x+y+3 =0
The equation of the required circle is x4y +3x-3y+2 =0 1 y=-x-3
x4y -dx-2y~11=0 (i) As the area of the required circle is minimum, AB is the diameter of the circle.
(2R Ay~ 1 =16 Put vy = —x — 3 into the equation of Cy,
. X 4(x =3P +ax - 2A-x-3)+1 =0
The centre of the given circle is (2. 1). W oax?+6x4GHAn X641
Let © be the radius of the required circle. %% 4 12x + 16
As the two circles touch each othes, X2 +6x+8
Drif+(—1r=4+r o CFIY+( -1y =4-r1 (x+2)(x +4)
3=4d44r oOf 3=4-71 x=-2 or x=—4
r=l When x = -2, y=~(-2)-3 = -l

= —1 (rejected)

The equation of the required circle is (x+ 17 +(y—17

X3 +y? +2kx —dky +6k* -2 =0
(x+k)P+(y -2k = 2K

For radius greater than 1. we have

VI-K > 1
2-K > 1
1>

-1 <k <L

1et P(x, y) be a point on the locus.
x = —k and y = 2K

Hence %: ~ ie 2x+y =0

The equation of the locus is 2x +y = 0.

The equations of C, and C, can be rewritten as

72, s
(X‘i) +y' = 3 and (x - 207 +(y+3)" = 5 respectively.

When x = =4, V= —(—4)-3= 1
Ais(=2,—1) and Bis(—4, 1)
Equation of the required circle is:
DD+ -1 =
xP+6x+8+y* —1 =
X4yt 4bx+7 =

0
0
0.

(b) Eguation of C, can be rewrittenas {x+ 2¢ +{y - 1P
As €, and Cj are concentric. centre of C3 is (-2, 1)

P 2+1+3 ]

| |

.. V7

Distance from {~2, )10 AB =

Na
The equation of Cy is~ (x +2) =17 = WIP =2

X2ty +4x+2y+4 =0
(x+2P +(y+ 1P =1
The centre is {—2, —1) and radius = 1.

b}

Distance from the centre to the line is

a=D+b(-Dre |l | ~2a-b+e|
{ Vv +b? | Ny e
Let the equation of the required tangent be 3x —4y +k = 0.
| —6+4+k | _ 1
| TETE |
P kon
RS
i3
k=2
= !

The equations of the required tangents are
3x-4y+7 =0 and 3x-4y—3 = 0.

(c) Siope of Lis %.

The equation of the line passing through the centre of C and perpendicular to Lis

y+l _ —4

x+2 3

3y+3 —4x — 8
4x+3y+11 - 0
The points of contact of the two tangents are given by solving

{4x+3y+11=0 and [ ax+3y+il =0 (3

3x—dy+7=0 | 3x-4y-3=0 ... @
AX(1)+3X(2) 25x+65=0 ax (3)+3X(4): 25x+38 =0

) x

v =

21. (a) Let the equation of the circle be
(o +v2 445 =2y — 1) +k(x+y~3} =0
x* +y? +(4+Kx+(k —2)y - (11 +3k) = 0
- —k+2
Centre = { _4., k . _—k{—)
—4 —k+2
As ABis a diameter, (—= k)‘*(——“—7 )
4ok—k+2
-2k
k
The equation of the required circle is x4y —6y+1 = 0.
fbj Let the equation of the required circle be
(A +y+ 4P = 1
X +y? —8x+8y+(32-1) = 0
The equation of the common chord is
(P +y? +Ax -2y — 1) — (7 +y? —Bx+By+32-1) =0
12%~10y-43+1r =0 ... *)
As this circle bisects the circumference of C. the common chord must be  diameter of C
Hence, the centre of C lies on (*).
ie. 12(-2)-10(1)-43+1r=0
=77
The equation of the required circle is X} +v: —8x+ 8y —45 = 0.
22, fa) nto the equation of C,

¥ mx =2 =1
(t+m?)x®> —dmx+3 =0 ..., *)
X1, Xo are roots of {*} and we have.
Xy +Xp = b 3
VxS s ad X = ey

=0 —x P+ -yl

= (x) ~ %)+ [ (mxy - 2) - (mx; -2) 1

= (% — X P +mi(x, ~ %) = (Frm?) %, —x,)?
= (1+m?) [ + %) —4xyx; ]

_ 2 16m’ 12
=W gy T e

4m? —12 _ 4m’ -3)
TiAmt
Jarwary
m’ -5
=2V Toge

=

1+m~




24.

(b}

fc!

(b

fa}

(i} If L meets C at two distinct points, then AB is real and AB > 0.

ie. m-3>0

(m=3)m+/3) >0

m>V3 o m< /3.
fii; IfLisatangenttoC, AB = 0 (éi} I L does not meei C, ABis not real.

ie. m~-3=0 ie. m -3 <0
(m-v3)m+V/3) <0

~3 <m <3

The two tangents are

y=+/3x-2 and v = —3x-2.
When m = +/3. equation (*) becomes
ax? —4/3x+3 =0
(22 -V3)7 =0
3
¥ =5
3 -1
When x = —\{Tj Y =
When m = —/3 . equation (*) becomes
4P +4/Ix+3 =0
(2x+/3) =0
3 . —/3
Whenx=‘*7/__ Cy s (VI =

V3 —1~ -3

The points of contact P, Q are (—,,3 s =) and (~%

Equation of PQis:

Equation of PQis y + & = 0.

Es

Equation of the circle ts
-0 (x-pitly-Ny-gq =0
x4y’ —px—(L+qQy+q =0
When y = 0. wehave
x* —px+g =0
Hence, a+f = p and af = q.

By comparing the equations x° +3x +1 =0 and (*). we have
p=-3 and q=1.

A circle with (0, 1)1 and (=3, 1) as ends of diameter is drawn as shown.

Hence, the roots are —0.4 and —2.6.

Y,

(i} Equation of C; can be rewritten as
x-4f -1 =i
Centre of C, is (4, 1) and radius = 1.
Distance from (4, 1) 1o x-axis = 1 = radius of C, .
Hence, C; touches x-axis. )
Further, the line joining (4, 1) and A s perpendicular to x-axis.

C; touches x-axis at A.

{ii) Letthe equation of OHbe y = mx.
Put into the equation of C;,

x? +(mx) —8x — 2mx)+16 = 0 Equation of BH is
(1+m?)x* —~(8+2m)x+16 = 0 y -8
ition of 1 -8~ 15
By the condition of tangency, 3
[{8+2m)]* - 4(16) (1 +m*) = O 15y = —Bx+64
64+32m+4m* ~ 64 ~64m’ = 0 Bx+15y = 64
32m - 60m* = 0

4m(8 ~ 15m) = 0
8
m=0 or m= 7

8
The equation of OHis v = T3 X.

—8
(iii) By symmetry, siope of BH = =

b}

fa)

b}

fc)

(d}

fij

fii)

(&}

(Ca):

Substitute ¥ = mx into the equation of C,. i
x? # (mx)* — 8x + 2i(mx)+¢c = O
(+m*)x* +Q2fm - &)x +c = 0 :
By the condition of tangency, fe)
(2fm - 8P —4(1+m?)(c) = 0
4f*m? ~32m+64 —dc —4em? = 0
(4F° —4c)m® —32m + (64 — 4¢) = 0
As the x-axis and the line 4x + 3y = 0 are tangents 10 C,, the roots of {*)are 0 and %4 .

Hence, [ 64-4c=0 1)
L3 s .
(F&%=3 W

¢ = 16.

326 -4
T 3
96f = —16{? + 256

162 +96f ~ 256 = ¢

16(f* + 6f — 16) [

i6(f+8)(f-2) 0

£ —8 (rejected) or 2

From (1}
Put into (2):

Equation of AHis x = 4.
The coordinates of H are given by solving
(x=4

e
YU 1F

A
ie. His(4, 32

)and the area of AOBH is l><8>< ESQN T
T15 2 i35 15

Similarly, AK I x-axis and the equation of AK is also x = 4.
The coordinates of K are given by

{’ x=4

L 4x+3y=0

ie. Kis (4, _Tm) and the area of AOBK = !

area of AOBH : area of 20BK = 228

Y x4yt 24y

=0
(v - 12 = 127
x2+y? +24x —6y +144 = 0
(x+127 +(y =37 = 32

The centres of (C,) and (C;) are (0, 12) and (~12, 3) respectively, and the radii of
{Cy }and (Cy ) are respectively 12 and 3.

Distance between the centres = /70 + 132 + 1z -3¢

Distance from (0. 12) to x-axis

Disiance from (~12, 3) to x-axis

=15
= sum of radii of the two circies
(Cy)and (C,) touch each other.

=12
= rvadius of (Cy)

= radius of (C;)

Hence, the x-axis touches both {Cy) and (C;) and it is a common tangent to the two circles.

(i)

(i)

P s the point of intersection of the x-axis and line of centres.
Equation of line of centre is:

y=12 12-3
x -0 0-(-12)
_ 9
T a7 3 Y
23 When y =0,  Zx= -12
4 x = ~16
= 3 -
Y o= gx+l2 Pis(~16,0).

As the other exiernal tangent also passes through P, the equation of the exiernal tangent
can be written as

y-0 _
ETT I .
Y = m(x+16) !

Put into the equation of (€, ):
x* 4 m¥(x + 16)* —24m(x + 16) = 0
x}(1 +m?) +(32m® — 24m)x + (256m® — 384m) = 0O
By the condition of tangency,
(32m* — 24m)? — 4(1 + m*) (256m* — 384m) = 0
64m? (4m ~ 3) — 4(128m) (1 + m?) (2m ~3) = 0
64m? (16m? - 24m + 9) — 4(126m) (2m +2m® — 3 - 3m2) = 0
64m [ 16m?® — 24m® + 9m — 16m — 16m> + 24 + 24m? ] =
64m{-Tm+24) = 0

4

N

m=0 or m=

+

The equation of the other external tangentis y =

The third common tangent 10 the 1wo circles is
(x? +y* _ 24ay) _(x? +y? +24x - 6y + 144)
—~24x ~ 18y ~ 144
4x +3y+24

coo





