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Coordinate Geometry:

Chapter 6  Coordinates in Three Dimensional Space

I.
Planes in Space
Question
How to fix a plane in space?

(1) Fix three points

(2) A point and 2 vectors on the plane

(3) Normal and a point on the plane

(4) 
Normal and distance from the origin


A.
The Normal Form of a Plane
Theorem 1
Suppose a is the position vector of a fixed point A in a plane with normal vector n.  If r is the position vector of a variable point P in the plane, then r satisfies the equation

(r ( a)(n = 0.
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Proof
Since 
[image: image1.wmf]AP

 lies on the plane, (
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(n = 0.

i.e. (r ( a)(n = 0, which is the equation of the plane.

Example

Find the equation of the plane which passes through (1, 3, (4) with normal vector         2i + 2j + k.

Remark

If 
[image: image3.wmf]n

ˆ

 is a unit normal vector to the given plane, then we have (r ( a)(
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ˆ

= 0

( r(
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 = a(
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.

However, a(
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ˆ

=
[image: image8.wmf]a

cos( which equals the perpendicular distance from the origin to the plane.

(the vector equation of the plane becomes r(
[image: image9.wmf]n

ˆ

= p where p is the perpendicular distance from the origin to the plane.

Theorem 2
The normal form of a plane is xcos( + ycos( + zcos( ( p = 0 where (, (, ( are the direction angles of the normal to the plane and p is the perpendicular distance from the origin to the plane.

Proof

Consider r = xi + yj + zk and 
[image: image10.wmf]n

ˆ

= icos( + jcos( + kcos(.

Then r(
[image: image11.wmf]n

ˆ

= p ( xcos( + ycos( + zcos( ( p = 0.

Remark
If p = 0, we choose ( < 90(.


If p = 0 and ( = 90(, we choose ( < 90(.


If p = 0 and ( = ( = 90(, we choose the normal following the direction of the x-axis.

Corollary 3
The equation of a plane must be a general equation of the first degree.  i.e. an equation of the form Ax + By + Cz + D = 0.

B.
General Equation of the First Degree
Theorem 1
A general equation of the first degree must represent a plane.

Proof

Consider the equation Ax + By + Cz + D = 0.

Multiply both sides by k =
[image: image12.wmf]2
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, we have kAx + kBy + kCz + kD = 0 and

(kA)2 + (kB)2 + (kC)2 = 1.

Hence, the above equation can be written as xcos( + ycos( + zcos( ( p = 0 where (, (, ( are the direction angles of certain line.

Remark

According to theorem 1, solving a system of 3 linear equations in 3 unknowns is equivalent to find the intersection points of the 3 given planes in space.

Corollary 2
(a)
The direction cosines of the normal of the plane Ax + By + Cz + D = 0 are cos( =
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cos( =
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(b)
The direction ratio of the normal of the plane is A : B : C.


(c)
The normal form of the plane is 
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Remarks
1.
If D ( 0, the plane does not pass through the origin and p > 0.  The sign of 

 should be opposite to that of D.


2.
If D = 0, C ( 0, the plane passes through the origin.  In such case, the positive direction of the normal of the plane is pointing upward and hence cos( > 0.  It follows that the sign of k should be the same as C.


3.
If D = C = 0, B ( 0, then p = 0 and cos( = 0.  Thus the plane contains the z-axis.  In such case, the positive direction of the normal of the plane is pointing in the direction cos( > 0.  Hence the sign of k should be the same as B.

4. If D = C = B = 0, A ( 0, then p = 0 and cos( = cos( = 0.  The plane is coincident with the y-z plane.  In such case, the positive direction of the normal of the plane is pointing forward and hence ( = 0.  Thus the sign of k should be the same as A.

Example

Transform the equation of the plane x – 2y + 2z + 3 = 0 in normal form and hence write down the direction cosines and its distacne from the origin to the plane.

Theorem 3
The equation of a system of planes passing through the point (x0, y0, z0) and having its normal with direction ratio [A : B : C] is
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Theorem 4
Given two planes A1x + B1y + C1z + D1 = 0 and A2x + B2y + C2z + D2 = 0.

Then
(a)
the two planes are parallel if and only if 
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(b)
the two planes are perpendicular if and only if A1A2 + B1B2 + C1C2 = 0.


Theorem 5
(a)
Ax + By + D = 0 is a plane perpendicular to the xy-plane.



By + Cz + D = 0 is a plane perpendicular to the yz-plane.



Ax + Cz + D = 0 is a plane perpendicular to the xz-plane.


(b)
Ax + D = 0 is a plane perpendicular to the x-axis.



By + D = 0 is a plane perpendicular to the y-axis. 



Cz + D = 0 is a plane perpendicular to the z-axis. 

C.
Distance from a Point to a Plane
Theorem 1
The distance from a point P1(x1, y1, z1) to the plane

( : xcos( + ycos( + zcos( ( p = 0 is d =
[image: image19.wmf]g
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Proof

Construct a plane (1 parallel to ( and passing through P1.

Case 1:
P1 and the origin are lying on the opposite side of (.

Distance from the origin to (1 = p + d.

(equation of (1 becomes xcos( + ycos( + zcos( ( (p + d) = 0.

As P1 is a point on (1, (d = x1cos( + y1cos( + z1cos( ( p.

Case 2:
Both P1 and the origin are lying on the same side of (.

Distance from the origin to (1 = p ( d.

(equation of (1 becomes xcos( + ycos( + zcos( ( (p – d) = 0.

As P1 is a point on (1, (d = ((x1cos( + y1cos( + z1cos( ( p).

(combining both cases, we have d =
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Corollary 2
The distance from a point P1(x1, y1, z1) to the plane Ax + By + Cz + D = 0 is 
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D.
Angle between Two Planes
Theorem 1
The angle ( between the planes r(n1 = q1 and r(n2 = q2​ is given by cos( =
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Theorem 2
Suppose ( is the angle between the planes (1: A1x + B1y + C1z + D1 = 0 and      (2: A2x + B2y + C2z + D2 = 0.  Then cos( =
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Example 1
Find the equation of the plane through (1, 0, –2) and perpendicular to each of the planes 2x + y – z = 2 and x – y – z = 3.

Example 2
Find the equation of the plane passing through P(0, –1, 0) and Q(0, 0, 1) and making an angle 120o with the plane ( : y – z – 2 = 0.

Example 3
Find the equation of the plane passing through the points P(3, 1, –1) and Q(2, –1, 3) and being parallel to the x-axis.

E.
Three-point Form of a Plane
Theorem 1
The vector equation of a plane through three non-collinear points with position vectors r1, r2, r3 is 
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Proof

Notice that r ( r1, r1 ( r2, r2 ( r3 are coplanar as they are lying on the given plane.

(
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Theorem 2
The parametric equation of a plane through three non-collinear points with position vectors r1, r2, r3 is r = r1 + (
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 where (, ( are some scalars, not both zero.

Proof

Since r ( r1, r2 ( r1, r3 ( r1 are coplanar vectors, they are linearly dependent.

Hence, there exist scalars ( and (, not both zero, such that

r – r1 = (
[image: image28.wmf](
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 ( r = r1 + (
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Remark

If we rearrange the above equation as r = (1 ( ( ( ()r1 +(r2 + (r3 and let

( = 1 ( ( ( (, then we have r = (r1 + (r2 + (r3 where ( + ( + ( = 1, which is also known as a parametric equation of the plane passing through r1, r2, r3.

Example 1
Find the equation of the plane containing the point (1, 1, 0) with vectors

u = (2i + 3j + 5k and v = (3i ( 2j + k lying on it.

Theorem 3
The Cartesian equation of the plane which passes through P1(x1, y1, z1), P2(x2, y2, z2) and P3(x3, y3, z3) is 
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First Proof

Let ri = xii + yij + zik where i = 1, 2, 3.  By theorem 2, we have r – r1 = (
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, i.e. it is a nontrivial solution to the above system of linear equations,

(
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As 
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The result follows.

Second Proof

Let the equation of the plane be Ax + By + Cz + D = 0.

(A, B, C are not all zero,

(without loss of generality, we may let A ( 0 and rearrange the equation as 
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(the plane passing through the points P1, P2, P3,

(we have a system of linear equations 
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i.e. 
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By Cramer’s Rule, we have 
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(if we put A =
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, the result follows.

Example 2
Find the equation of the plane which passes through P1(1, 1, 1), P2(2, (3, 0) and P3(5, 0, 6).

Corollary 4
The intercept form of the plane making intercepts a, b, c on the x-, y-, z-axes respectively is 
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Proof
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( bcx + acy + abz = abc (
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F.
Equation of the Plane Passing through (or Containing) the Line of Intersection of Two Fixed Planes

Let the planes (1: A1x + B1y + C1z + D1 = 0 and (2: A2x + B2y + C2z + D2 = 0 intersect at the line L.

Then the plane passing through (or containing) the line L is 

A1x + B1y + C1z + D1 + k
[image: image55.wmf](
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Note
The plane (2 is excluded from this family.

Example

Find the equation of the plane which passes through the intersection of the planes

(1: 6x + 4y + 3z + 5 = 0 and (2: 2x + y + z – 2 = 0 and also 3 units away from the origin.

II.
Lines in Space
Question
How to fix a line in space?

(1) Fix three points

(2) A point and 2 vectors on the plane

(3) Normal and a point on the plane

A.
Parametric Form of a Line
Theorem 1
P is a variable point on a line which is parallel to the unit vector 
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 and passes through the point M whose position vector is r1.  Suppose r is the position vector of P.  Then r satisfies the vector equation r = r1 + (
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 where ( is the parameter which equals MP.

Proof

By definition, 
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(r = r1 + (
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Theorem 2
The equations of a line which passes through M(x1, y1, z1) with direction angles (, (, ( is 
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 where ( is the parameter which is the length MP.

Corollary 3
The equations of a line which passes through M(x1, y1, z1) with direction ratio

a : b : c is 
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Remark

t =
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Example

Find the points of intersection of the line joining the points P1(2, 13, 13) and   P2(5, (14, (11) and the sphere (: x2 + y2 + z2 = 50.

B.
Symmetric Form of a Line
Theorem 1
The equations of a line passing through M(x1, y1, z1) with direction angles (, (, ( is 
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Proof

Rearrange the parametric equations of theorem 2 as ( =
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Corollary 2
The equations of a line which passes through M(x1, y1, z1) with direction ratio  a : b : c is 
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Remarks
1.
If the line is perpendicular to the x-axis, the equations will become the following form: x = x1, 
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2.
If the line is perpendicular to both the x-axis and y-axis, the equations becomes: x = x1, y = y1.

C.
Two-point Form of a Line
Theorem 1
The vector equation of a line through two given points P1 and P2 whose position vectors are r1 and r2 is r = r1 + t
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Theorem 2
The equations of a line passing through the points P1(x1, y1, z1) and P2(x2, y2, z2) is 
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D.
General Form of a Line
(two non-parallel planes intersect at a line,

(a line can be represented by a system of two general equations of the first degree.

i.e. L:
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And this representation is usually called the general form of a line.

Theorem
If (, (, ( are the direction angles of the line L:
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, then 
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Proof

(the normals of (1 and (2 are both perpendicular to L,

(
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 is a vector parallel to the direction of L.

i.e. this vector is parallel to icos( + jcos( + kcos(.

Hence, the result follows.

Remarks
1.
The direction ratio of the line is 
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2.
The symmetric equations of L is 
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 where    (x1, y1, z1) is a point of L chosen by inspection.

Example 1
Find the direction ratio of the line L:
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Example 2
Transform the equation of the line L:
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 into symmetric form.

Remark

The symmetric form of the line is not unique.

From example 2, let the direction ratio of L be [a : b : c].

Then 
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Put z = 0 into 
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.  Then x =
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Hence the required equation is 
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Example 3
Find the equation of the line passing through the point P(–4, 5, 3) and being perpendicular to the lines 
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and 
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Example 4
Show that the straight line L:
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í

ì

+

=

+

=

3

2

4

z

y

z

x

 lie wholly on the plane 2x + 3y – 8z = 17.

Example 5
Find the foot of perpendicular from the origin to the line 
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Exercise

Find the length of the perpendicular from (3, 9, –1) to the line
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E.
Intersection of a Plane and a Line
Theorem
The line l: r = r1 + tu and the plane ( : r(n = d intersect at a point with position vector r = r1 +
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Proof

If the line intersects the plane, then 
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Hence, r = r1 +
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Remarks
1.
If u(n = 0, then u ( n.



( either the line is parallel to the plane or the line lies on the plane.  i.e. either there is no intersection or the set of intersection points is the whole line.

2. In Cartesian form, the line x = x1 + lt, y = y1 + mt, z = z1 + nt intersect the plane ax + by + cz + d = 0 when t =
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F.
Distance from a Point to a Line
Theorem
The perpendicular distance of a point whose position vector is r2 to the line whose vector equation is r = r1 + t
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Proof
By definition, AQ ( PQ.

d
= APsin( =
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Example

Find the perpendicular distance from the point P(3, 1, 2) to the line 
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G.
Angle between a Line And a Plane
Theorem
The angle ( between the line L: r = r0 + tn1 and the plane ( : r(n2 = q is given by sin( =
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Proof

According to the above diagram and by the definition of scalar product, we have cos( =
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(sin( = sin(90( ( () = cos( =
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Remark

In Cartesian form, the angle between the line L:
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 and the plane ( : ax + by + cz + d = 0 is given by sin( =
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Example

Given a plane 3x + y – 2z – 1 = 0 and a line 
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H.
More Examples Concerning Lines and Planes

Example 1
Find the equation of the plane passing through the point P(3, 6, –12) and being parallel to the two lines L1:
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Example 2
Find the equation of the plane ( containing the line L1:
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Example 3
Find the equation of the plane ( containing the point (0 , 3, –4) and the line L:
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Example 4
Find the equation of the plane containing two intersecting lines L1:
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[image: image114.wmf]2

3

1

1

2

z

y

x

=

+

=

-

-

. 

Example 5
Find the equation of the plane containing two parallel lines L1:
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I.
Orthogonal Projection of a Line on a Plane
Definition
By the orthogonal projection of a line on a plane, we mean the line of intersection of that plane and a plane containing the line and perpendicular to that plane.

Example 1
(a)
Find the equation of the plane which contains the line 
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 and is perpendicular to the plane ax + by + cz + d = 0.


(b)
Find the equation in symmetric form for the orthogonal projection of the line 
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 on the plane x + y + z = 1.

Example 2
Given the lines L1: 15x = 5y = 3z and L2:
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.  If the line L2 is the orthogonal projection of L1 on the plane (, find the equation of this plane.

Example 3
Find the equation in general form of the projection of the line L1:

 on the plane (1: x + y + 2z = 4.

Find the projection of the point (–1, 2, 3) on this plane.

Theorem
The orthogonal projection of the line r = a + tb on the plane r(n = q is the line 
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Proof

For a fixed real number t, r = a + tb + (n is an equation of the line through the point a + tb and perpendicular to the plane r(n = q with ( being the parameter.  Then the projection of the point  a + tb onto the plane must satisfy both the equations.

i.e. (a + tb + (n)(n = q ( ( =
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Thus the projection of the point a + tb is 
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which is the equation of the required line.

J.
Mirror Image
Definition
A point A' is called the mirror image of a point A with respect to a plane ( if ( is the perpendicular bisector of the segment AA'.

Example
(a)
Find the coordinates of the mirror image of A(4, 0, 3) with respect to        ( : x ( 2y + 2z ( 1 = 0.


(b)
Find the equations of the mirror image of L:
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K.
Coplanar Lines and Skew Lines
Theorem 1
The necessary and sufficient condition for the lines L1: r = r1 + tu1 and

L2: r = r2 + su2 to be coplanar is 
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Proof

The lines L1, L2 are coplanar ( r1 ( r2, u1, u2 are coplanar (
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Corollary 2
The condition for two lines 
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 and 
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 which are not parallel to be coplanar is 
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Example 1
Show that the lines L1:
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 are coplanar and find the point of intersection.  Also find the plane containing L1 and L2.

Definition
Two lines are said to be skew if they are not coplanar.  i.e. they neither intersect nor they are parallel.

Example 2
Show that the lines 
[image: image131.wmf]1

1

3

1

2

2

-

+

=

-

=

+

z

y

x

 and 
[image: image132.wmf]4

2

2

1

1

1

-

=

+

=

-

-

z

y

x

 do not intersect and the perpendicular distance between them is 
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Example 3
Two lines are given by

r1 = 2i + 3j ( 5k + ((3i + 2j ( 4k) and r2 = 3i ( j + 4k + ('(5i ( 2j ( 4k)

where ( and (' are parameters.  Find the shortest distance between the lines and the position vectors of the points of closest approach.

Exercise

Show that the shortest distance between the lines 
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 and find the equation of the line along which it lies.
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