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Calculus:

Chapter 9  Geometric Applications of Definite Integrals

I.
Area of Plane Curves

A.
Cartesian Coordinates

It is obvious that if f (x) > 0 on [a,b], then 
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dx will be equal to the area bounded by the      x-axis, the curve y = f (x) and the lines x = a and x = b.

In general, area should be given by 
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Consider two continuous curves y = f (x) and y = g(x) on [a,b] such that f (x) ( g(x) for all x.  It is obvious that the area bounded by the two curves and the lines x = a, x = b is given by  
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Example 1
Find the area bounded by the curve y = sin x, the x-axis, and the lines x = 0 and    x = 2(.

Example 2
Find the area of the ellipse 
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Example 3
Find the area bounded by the parabola y2 = 2x + 4 and the straight line x ( y = 2.

Example 4
Find the bounded area between the curves y = x3 – 6x2 + 8x and y = x3 – 4x.

Example 5
Find the area bounded by the ellipse x2 + 4y2 – 6x + 8y + 9 = 0.

B.
Parametric Representation
Suppose a curve is given by the parametric equation x = f (t) and y = g(t), then we have y = g(t) and dx = f '(t)dt.

Assume that t = t1 when x = a and t = t2 when x = b.  Then the area bounded by the curve, the     x-axis and the lines x = a and x = b will be equal to 
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Example 1
Find the area of the ellipse whose parametric equations are x = acos t and

y = bsin t.

Example 2
Find the area of an arch of the cycloid x = a(t ( sin t) and y = a(1 ( cos t) where   0 ( t ( 2(.

Exercise

Find the area bounded by the curve x = acos3 t, y = bsin3 t for 0 ( t ( 2(. 
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C.
Polar Coordinates

Rectangular coordinates of P = (x, y).

Polar coordinates of P = (r, ()

where r2 = x2 + y2, 
[image: image6.wmf]x
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x = rcos(, y = rsin(.

Q = ((r, () or (r, ( + ().

Lemma

If a sector of a circle of radius r subtends an angle equal to ( radian at the centre, then the area of the sector is equal to 
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Theorem
Let a curve be given in polar coordinates by the equation r = f ((), where the function f (() is continuous and positive on [(,(].  Then the area bounded by the curve r = f (() and its radial lines ( = ( and ( = ( is given by 
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Proof
(exercise)

Example 1
Find the area of the lemniscate r2 = a2cos2(.

Example 2
Find the area of the cardioid r = a(1 + cos().

Remark

The cardioid is the curve described by a point P of a circle described as it rolls on the outside of a fixed circle of radius 
[image: image9.wmf]2
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Example 3
Find the area of one loop of the curve r = acos3(.

Remark

In above example, when n is odd, there are n leaves.  When n is even, there are 2n leaves.

Example 4
(Hung Fung Book 2  P.377  Ex.10D  Q.4)

Exercises
(Hung Fung Book 2  P.377  Ex.10D  Q.1-3, 5)

D.
Area Given by Improper Integrals

Example 1
Find the area between the curve 
[image: image10.wmf](
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 where a > 0 and its asymptote.

Example 2
Sketch the graph 
[image: image11.wmf](
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 and find




(a) the area of the loop,

(b) the area between the curve and its asymptote.

Example 3
Find the area in the first quadrant between the graph of y =
[image: image12.wmf](
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, the coordinate axes, and the vertical line x = 3a.

Homework
(Vision Calculus  P.242  Ex.6.1  Q.6, 10, 12, 14, 15, 18, 20, 21)

II.
Arc Length
A.
Cartesian Coordinates
Definition
The length of a curve is defined as the limit of the sum of the chords, obtained by joining adjacent points of division, as the number of division points increases without bound in such a way that at the same time each chord separately tends to zero.  If the limit exists, it is a measure of the length of some line segment.  The process of finding the length of a curve is called as the rectification of the curve.

Theorem
If a curve is given by y = f (x), where f (x) has a continuous derivative [a,b], then the length of the curve from x = a to x = b is given by 
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Proof
Let the interval [a,b] be subdivided by the points x0, x1, x2, …, xn,

[image: image55.png]


where a = x0 < x1 < x2 < … < xn = b, in such a way that as n increases, the length of each chord joining the adjacent points will tend to zero as a limit.

Let y0, y1, y2, …, yn be the corresponding values of y, and let Pi be the point (xi, yi).

Denote (xi = xi ( xi(1 and (yi = yi ( yi(1 for i = 1, 2, …, n.  Then the sum of the lengths of these n chords
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By the mean value theorem, there exists (i((xi(1,xi) such that 
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So, by the definition of arc length, arc length =
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As f '(x) is a continuous function, 
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 is continuous, too.

Hence, the above limit must exist and the arc length =
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Remark

We shall use (s to represent 
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 and ds to represent 
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Definition
A curve which possesses a length is said to be rectifiable.

Example 1
Find the circumference of a circle of radius R.

Example 2
Rectify the parabola y2 = (4x from (0, 0) to ((4, 4).

Example 3
Find the entire length of the hypocycloid 
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B.
Parametric Representation
Suppose a curve is given in parametric form x = f (t), y = g(t).  If f (t) and g(t) have continuous derivatives, and as t increases, the point (x, y) always moves in the same direction along the curve, a =
[image: image25.wmf](
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Example

Find the arc length of an arch of the cycloid x = a(t ( sin t), y = a(1 ( cos t) where  0 ( t ( 2(.

C.
Polar Coordinates
Suppose a curve is given in polar coordinates by the equation r = f ((), where the function is continuous in [(,(].  Since x = rcos( and y = rsin(, we have 
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Hence, arc length =
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Example 1
Find the total arc length of the cardioid r = a(1 + cos().

Example 2
Find the length of the cissoid r = 2atan( sin( from ( = 0 to ( =
[image: image32.wmf]4

p

.

Exercise

(Hung Fung Book 2  P.378  Ex.10E  Q.4)

Homework
(Vision Calculus  P.242  Ex.6.2  Q.3, 5, 7, 8, 12, 13)

III.
Volume
A.
Solids with Known Parallel Cross Sections
In lower forms, we learnt that the volume of a prism = base area ( height.

We can extend this concept and obtain the following theorem:

Theorem
If a solid extends from x = a to x = b, and if A(x) denotes the area of the cross section of the solid by the plane perpendicular to the x-axis and at a distance x from the origin, (such function will be called the area function), then the volume of the solid is defined to be the integral 
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Example 1
Find the volume of the solid whose base is a circle of radius a if all the plane sections perpendicular to a fixed diameter of the circle are equilateral triangles.

Example 2
A solid right circular cylinder of base radius r is divided into two parts by a plane passing through the centre of the base and inclined to the base at an angle (.  Express the volume of the smaller part in terms of r and (, assuming that the height of the cylinder is greater than rtan(.

B.
Solid of Revolution
Theorem
The volume of the solid generated by one complete revolution about the x-axis the area bounded by the curve y = f (x), the x-axis and the lines x = a and x = b, is given by the integral 
[image: image34.wmf]ò
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Example 1
The area bounded by the curve xy = 1 and the lines x = 1, x = 3 and y = 0 is evolved about the x-axis.  Find the volume generated.

Example 2
Find the volume of the solid generated by revolving about the line y = 8 the area bounded by the curve y =
[image: image35.wmf]2
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 and the lines x = 0 and y = 8.

Example 3
The smaller segment cut from the circle x2 + y2 = 4 by the line y = 1 is revolved about that line.  Find the volume generated.

Example 4
Find the volume generated when the area bounded by the lower half of the ellipse 
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2

2

2

b

y

a

x

+

= 1 and the straight line y = ((b ( h) where 0 < h < b, is rotated through one complete revolution about the y-axis.

Example 5
Find the volume generated by revolving about the line y = x the area bounded by the line y = x and the parabola y = x2.

C.
Hollow Solid of Revolution
Example 1
Find the volume of the solid generated by revolving about the x-axis the area bounded by the curve y =
[image: image37.wmf]2
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 and the lines x = 0 and y = 8.

Example 2
A solid of revolution is generated by revolving a circle of radius a about a line in its plane at a distance b from its centre, where b > a.  Find the volume of this surface of revolution.

Remark

The solid obtained in the example 2 is called a torus.

D.
Parametric Representation and Polar Coordinates
Example 1
Find the volume generated by revolving an arch of the cycloid x = a(t ( sin t),     y = a(1 ( cos t) where 0 ( t ( 2( about the x-axis.

Example 2
Find the volume generated by revolving the cardioid r = a(1 + cos() about the initial line.

[image: image56.bmp]E.
Shell Method
Lemma

The figure shows a pipe-shaped solid whose uniform cross-section is made by two concentric circles.  Then the volume of the solid is equal to 
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 where R and r are the radii of the centric circles and h the height of the solid.
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Theorem
An area lying on one side of the y-axis in the xy-plane, which extends from x = a to x = b, and is bounded above and below by curves y = f (x) and y = g(x) where both f (x) and g(x) are continuous.  Then the volume of the solid generated by revolving about the      y-axis is equal to 
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“Proof”

From the lemma, we have the volume of a “thin stripe” revolving about the y-axis
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(the volume of the solid generated =
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Remark

We shall call this method in finding volume the shell method.

Example 1
The area bounded by the hyperbola 16x2 ( 9y2 = 144 and the line x = 6 is revolved about the y-axis.  Find the volume generated.

Example 2
Find the volume generated by revolving about the line x = 2, the area bounded by the parabola y = 2x2 and the line 2x ( y + 4 = 0.

IV.
Area of Surface of Revolution

A.
Rectangular Coordinates
Lemma

The figure shows a frustum formed by cutting a right circular cone along a plane parallel to the base of the cone.  The radii of the upper face and the base of the frustum are r and R respectively.  If the slant height of the frustum is l, then the area of the curved surface of the frustum is ((r + R)l.

Proof

Suppose the slant height of the upper cone is L.

Note that 
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Now, area
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Theorem
If f (x) has a continuous derivative on [a,b], then the area of the surface generated by revolving about the x-axis the arc of the curve y = f (x) between   x = a to x = b is given by 
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Proof

Let the interval [a,b] be subdivided by the points x0, x1, x2, …, xn,

where a = x0 < x1 < x2 < … < xn = b, in such a way that as n increases, the length of each chord joining the adjacent points will tend to zero as a limit.

Let y0, y1, y2, …, yn be the corresponding values of y, and let Pi be the point (xi, yi).

Denote (xi = xi ( xi(1 and (yi = yi ( yi(1 for i = 1, 2, …, n.

When the arc AB rotates about the x-axis, the chord Pi(1Pi will generate the lateral surface Si of a frustum of a right circular cone.

By the lemma, we have Ai = ((r + R)l =
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By the mean value theorem, 
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 where xi(1 < ( i < xi.

(surface area
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Example 1
Find the area of the surface of a parabolic mirror 12 cm wide and 6 cm deep.

Example 2
Find the surface area of a torus which is generated by revolving a circle of radius a about a line in its plane at a distance b from its centre, where b > a.

Example 3
The area bounded by the y-axis and the curves whose equations are x2 = 4y and    x ( 2y + 4 = 0 is revolved about the y-axis.  Find the total surface area of the solid.

Example 4
Find the area of the surface generated when the loop of the curve 9ay2 = x(3a ( x)2 revolves about the x-axis.

Example 5
Find the area of the surface generated by revolving an arch of the cycloid

x = a(t ( sin t), y = a(1 ( cos t) where 0 ( t ( 2( about the x-axis.

B.
Polar Coordinates
The area of surface of revolution dS of an element ds of the curve about the initial line is given by

dS = 2(yds = 2(rsin(ds.

S
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The area of surface of revolution dS of an element ds of the curve about the line ( =
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Example 6
Find the area of the surface generated by revolving the curve

(a) r = 1 + cos( about the initial line,

(b) r = 2 + sin( about the line ( =
[image: image53.wmf]2
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Exercises
(Hung Fung Book 2  P.380  Ex.10F  Q.1(a), 2(a), 3)

Homework
(Hung Fung Book 2  P.302  Ex.8D  Q.4, 5 & P.381  Re.Ex.10  Q.4)
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