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1. This paper consists of Section A and Section B.
2. Answer ALL questions in Section A.
3. Answer any FOUR questions in Section B.

FORMULAS FOR REFERENCE

sin(A+ B) =sin Acos B £ cos Asin B

cos(A+ B) = cos Acos B Fsin Asin B
tan A £ tan B

tan(A £ B) = 1 Ftan Atan B

2sin Acos B = sin(A 4+ B) +sin(A — B)

2cos Acos B = cos(A+ B) + cos(A — B)

2sin Asin B = cos(A — B) — cos(A+ B)

A+ B A—B
sin A +sin B = 2sin + cos

2 2
A+B . A-B

sin A —sin B = 2 cos sin
2 2

A+ B A

cos A+ cos B =2cos 5 cos

B

2
A+B . A-B

cos A —cos B=—2sin sin
2 2
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SECTION A (40 marks)
Answer ALL questions in this section.

1. Find the straight line in the Argand plane containing all the roots of the equa-
tion

(Z—|—1)5—|—Z5:0,
where z € C. (5 marks)

2. Prove that 2" > 1 4+ nv27~! for all n = 1,2,... by considering the arithmetic

mean and geometric mean of the numbers 1,2,4,...,2"71. (6 marks)
1 2 10
3. Let A= (_4 3> and [ = (0 1). Evaluate
A? —4A 4111

Hence find A* and A~'. (6 marks)
4. (a) By considering the coefficient of z”~" in the expansion (1 +x)**, show that

o o w o 2n(2n—1)...(n—r+41)
COCr —I_CICT—I—I—I_”'—I_Cn—rCn = (n—l—r)'

(4 marks)
(b) Hence find the value of

n—1
»ocrer,.
r=0

(4 marks)

5. Given that @,b are vectors and |@| = 2,|b| = 3 and the angle between @ and b
is cos™! g Prove that @ — 2b and —9d + 2b are perpendicular. (5 marks)

6. Let @ = 21 + yJ be a vector on R2. Find the matrix transformation M such
that Mv gives the projection of @ onto the line y = . (4 marks)

2 2 1 4 =2 —1 1
7T.Let A=-2 1 2|,B=|4 1 2 JandC=]-5
1 =2 2 2 2 =2 3

(a) Evaluate AB and AC. (4 marks)

(b) Hence solve the equations

de — 2y — =z = 1
dr + y 4+ 2z = =5
20 + 2y — z = 3

(2 marks)



SECTION B (60 marks)

Answer any FOUR questions from this section. Each question carries
15 marks.

8. (a) If z € Cand n = 1,2,..., prove by mathematical induction that, when

z#1,

1— 1)27 nt1
1‘|‘22—|—322—|-..._|_n2n—1: (n‘l‘ )Z + nz ‘

(1—2)?

(7 marks)
(b) Show that, when z # 0, the right hand side of the identity in part (a) may
be written as
zh—(n+1)z""t 4 2"
b4 =2 '
Hence, by writing z = cosf 4 isinf and using deMoivre’s theorem, or
otherwise, prove that

1+2cosf+3cos20 +---+ncos(n—1)0
_(n—l—l)cos(n— 1)0—ncosn0—cosﬁ‘
N 2(1 — cos §) ’
where n = 1,2,3,.... (8 marks)

9. Let p,q € R.
(a) (i) Show that the system (1) of linear equations
r + vy + =z =6
(1) 3v — y + 1llz = 6
20 + y + pzr = ¢

in x,y, z has a unique solution if and only if p # 4.
(ii) Let p =4 in the system (1). Find all ¢ such that the system (1) has no

solution.
(10 marks)
(b) Show that for all values of p and ¢, the system (2) of linear equations
r + vy + =z =6
(2) 3v + py + 1llz = 6
2 + y 4+ pzr = g¢q

in x,y,z has a unique solution. (5 marks)

10. Let A = (g _01 and let 2 denote a 2 x 1 matrix.
(a) Find the two real values Ay and Ay of A with A; < Ay such that the matrix
equation

Az = Az

has non-zero solutions. (3 marks)



(b) Let 2, and z, be non-zero general solutions of Az = Az corresponding to
A1 and A, respectively. Show that if

11
Xy =
T21

and

then the matrix

T11 T12
X =
T21 T2

is non-singular. (4 marks)
(c¢) Construct a particular X by finding particular solutions for z; and z,.

Using this X, show that
B At 0
wex(h )

n o__ )‘711 0 -1
vox (¥ )«

and hence

where n is a positive integer. (5 marks)
(d) Evaluate
3 —1\"
2 0 ’

(3 marks)

p qr
11. Let M = [ r p q |, where p,q and r are non-negative real numbers satisfying
q r p

p+qg+r=1.
(a) Show that

det(M) =1—3(pq + qr + rp)
=9+ lg=r)+(r—p)’
2
Hence deduce that 0 < det(M) < 1. (4 marks)

(b) Using mathematical induction, or otherwise, show that for any positive
integer n, M™ is of the form

Pn Gn Ty
" pn Gn
4n Tn Pn

where p,,, ¢,, T, are non-negative real numbers satisfying
(5 marks)



(¢) Suppose at least two of p,q and r are non-zero. Using (a) and (b), or
otherwise, show that
(i) limy—eo det(M™) = 0.
(i1) limyseo(3pn — (Pn + ¢u + 1)) = 0.
(6 marks)

12. (a) Given a polynomial P(x) with real coefficients, show that if « is a root of
P(x) — 2 =0, then « is also a root of

P(P(z)) —ax=0.
(3 marks)
(b) Let P(z) = 2* + ax + b, where a,b € R.
(i) Using (a), or otherwise, resolve P(P(x))— x into two quadratic factors.
(ii) Find a relation between a and b which is a necessary and sufficient
condition for all roots of P(P(x)) —x = 0 to be real.

(8 marks)
(c¢) Using (b)(i), or otherwise, solve the equation

(:1;2—3:1;—|—1)2—3(:1;2—3:1;—|—1)—|—1—:1;:0.

(4 marks)
13. (a) Let @1, 22,..., 2, be positive real numbers such that
Z 2} = Vna?.
k=1
Prove that
x> |al.
k=1
(8 marks)

(b) Hence, or otherwise, prove that
3
(14 VA+ Vo4 + Vi2) <
(7 marks)

n3(n + 1)2.

=
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