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Helen Liang Memorial Secondary School (Shatin)

Advanced level Pure Mathematics


Supplementary Lecture Notes

Matrix and Determinant

introducing a new kind of mathematics element

A. Matrix





[image: image1.wmf]A

m

n

m

n

 is a 

 real matrix having 

 rows and 

 columns

.

´



[image: image2.wmf] 

 is the element at the 

 row and 

 column.

th

th

a

R

i

j

ij

Î


Sometimes this matrix is written as 
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Special Matrices:

Zero/Null Matrix

a matrix where 
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Square Matrix

a matrix where m=n=(order of matrix)

Diagonal Matrix

a square of matrix where 
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Identity Matrix

a diagonal matrix where 
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B. Arithmetic of Matrices

Two general matrices are used in this section:   
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Equality
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i.e. the order and all the corresponding elements must be the same.

Example B1



If  

, find a, b, c and d.

Scalar Multiplication

Multiply a matrix by a scalar (real number)




Every element is multiplied by that scalar.

Addition

Only two matrices of exactly the same order can be added (or subtracted) together.




The corresponding elements are added together.

Example B2



Find 


Transpose

"Transpose" = Diagonal inversion




Example B3



Find 


Matrix Multiplication

Given 





Note the relation between the order of the three matrices.

Example B4



Find 


Example B5



Find 


Example B6



If 

,    find AB and BA.

Example B7



If   

  show by induction that  


Matrix multiplication is the major difference of a matrix from ordinary real numbers.

In general  
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 (see last example) another example is  


Example B8








Show that 


Inverse of square matrix
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1.
Not all matrices have inverse.

2.
Those which have one are called invertible or non-singular.

3.
The inverse (if exists) is unique.

4.
"Cancellation Law" works only for non-singular matrices.

Some properties:








Example B9 
Show that 
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C. Determinants

1.
For a square matrix 

. Define the determinant of A
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3.
In general:


A.  Method of Sarrus





Example C1




Evaluate 
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B. Cofactor expansion





(i) Minor:  
minor of 



(ii) Cofactor:
cofactor of 





checkerboard style 



(iii) Determinant:





  Expand the kth row.




  Expand the kth column.

Example C2
Evaluate 


Example C3
Solve for x if 


Example C4
Show that 

 if 

.

Example C5
Use second order square matrices to verify 
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Hence use MI to show 
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Note:   in general, 
[image: image17.wmf]det

(

)

det

(

)

det

(

)

A

B

A

B

+

¹

+


Example C6
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D. Operations on Determinants

Use third order determinants as examples
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 if any row/column is all zero. (consider co-factor expansion)
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 (The determinant of a matrix is equal to the determinant of its transpose.)

SYMBOL 167 \f "Wingdings" \s 12 \h
Exchange any 2 rows/columns change the sign of the determinant.


Example: exchange 2 columns:  
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SYMBOL 167 \f "Wingdings" \s 12 \h
Scalar multiplication: different from matrix scalar multiplication.


Example 


(Corollary: For a third order square matrix, 

)

SYMBOL 167 \f "Wingdings" \s 12 \h
Linear combination of 2 rows/columns.


Example 
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(Corollary: If a matrix has two identical rows/columns, then its determinant is zero)

Example D1
Find 
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Example D2
Without expanding the determinant, show that  
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Example D3
Factorize 


E. Finding Inverse using Determinants

Adjoint
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Adjoint of 

cofactor of 



i.e. to find the adjoint of a square matrix, 



replace each element with its cofactor and take transpose.

Inverse
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if 
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Example E1



Example E2



Summary of properties: (transpose, inverse and determinant)
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Exercise

B1



B2
Given 

.  Find 
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B3
If 

.  Show that 

.

B4
Let 

.
Find 
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B5
If 

, show that 
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B6
If AM=BM where A, B and M are 2x2 matrices and M is non-zero. Does A=B?


Give a proof or a counter-example to support your claim.

B7
Let 









What's wrong with it?

C1
Solve 
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C2
Solve 
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C3
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[Try to generalize this result to square matrices of odd order.]

C4
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C5
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D1
Factorize 
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D2
Show that 
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D3
a, b and c are distinct real numbers and 
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Show that 
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E1
Find the inverse of 


E2
If     

,    find A.

E3




Let 
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Find T and show that 
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