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Helen Liang Memorial Secondary School (Shatin)


Advanced level Pure Mathematics


Supplementary Lecture Notes

Polynomial and Related Topics

A. Polynomials

A polynomial (of real coefficients) P(x) is defined as:
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 are called coefficients;  
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, if not zero, the leading coefficient; n the degree; 
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 the constant term. Note that negative and fractional exponents are not considered as valid terms in a polynomial.

Example A1

The followings are polynomials:




The followings are not:




B. Matching Coefficients

Two polynomials are equal if and only if they have the same degree and all the corresponding coefficients are the same.




Example B1

If 

 can be written as 

,

show that 


C. Degree of a Polynomial

The degree of a polynomial is the index of the highest order term.




Some properties:

SYMBOL 167 \f "Wingdings" \s 12 \h
The polynomial of zeroth degree is a  non-zero constant. 

SYMBOL 167 \f "Wingdings" \s 12 \h
The zero polynomial does not have a degree.


(Sometimes we take it as -for sake of calculation.)
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D. Division Algorithm

F(x) divided by G(x) gives a Quotient Q(x) and Remainder R(x) means........
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The degree of R(x) is very important otherwise......




Example D1

Given two polynomials F(x) and G(x), show that there exist unique polynomials Q(x) and R(x) such that  


Other techniques:

SYMBOL 167 \f "Wingdings" \s 12 \h
Synthetic division or Long division to find Quotient and Remainder.

SYMBOL 167 \f "Wingdings" \s 12 \h
Horner's method to evaluate a polynomial at x=a.


(It is conceptually similar and procedurally identical to the technique of synthetic division)

Example D2 (Horner’s method)
Let 

. Evaluate 

.

E. Roots of Polynomial

The meaning of “root”




Example E1

2 is a root of 


Example E2



 and 

 are roots of 

. Factorize 

.

Complex Roots

SYMBOL 167 \f "Wingdings" \s 12 \h
Complex roots occur in conjugate pairs.

SYMBOL 167 \f "Wingdings" \s 12 \h
The occurrence of complex roots indicates that the polynomial contains quadratic factors.

Example E3

Solve 

, given that 1+i is one of the roots.

Number of roots

For a polynomial degree 

,

number of real roots 

,

number of real and complex roots together = n.

Exception: the zero polynomial (Identity Theorem):

If 

 is a polynomial of degree no greater than n but have more than n distinct roots, then 

, i.e. 

 is the zero polynomial.

Example E4

Show that 


Multiple roots

If F(x) is a polynomial containing a factor 

, then 

 is called a root of multiplicity k of F(x).



 is a root of multiplicity k of F(x) 



 EMBED Equation.2  
 is a root of multiplicity k-1 of F’(x)

Example E5



 has a triple root 1.

Find l, m, n and factorize f(x).

Example E6

If 

 is a double root of 

,

show that

 is also a root of 

.

Example E7

Show that the polynomial 

 does not have a multiple root.

F. Roots and Coefficients

In particular:







Other useful identities










Example F1

Let 

 be the roots of the equation 

.

Find an equation with roots 

.

Example F2

The roots of 

 are in A.P. if and only if 

.

Example F3

If 

 are the roots of 

, show that 

.

Moreover, if 

, what conclusion can be drawn?

Example F4

If 

 are the roots of 

.

(a) 


(b) 


 (c) 


G. Partial Fractions

Distinguish between Proper and Improper fractions. 

The following technique deals only with proper fractions.

Some basic forms in partial fraction:
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The next step is to find a common denominator and use the method of matching coefficients or substitutions to find those ABCDE's.

Partial fractions are useful in calculating certain limits and integration. (e.g. 90I2 and 89II2)

Example G1 Resolve into partial fractions




Example G2 Resolve into partial fractions



Example G3

Show that 



Practice

(1)

When 

 is divided by 

, prove that the remainder is 

.

(2)




(3)
(94I3)




(4)




(5)



 are roots of 

, find an equation with roots 

.

Hence show that if the product of two of the roots of 

 equals to the third, then 

.

(6)
(90I2)
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