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Helen Liang Memorial Secondary School (Shatin)

Advanced level Pure Mathematics


Supplementary Lecture Notes

Statement Calculus and Symbols of Sets

A. Statement

A statement is a sentence which one can meaningfully assign to it a truth value.

Example A1

The followings are examples of a statement:

“3 is larger than 1.”

“3 is smaller than 1.”
{False statement}
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{the trueness needed to be proved}

Example A2

The followings are invalid statements (or open sentences):

ousin of Exeter, what thinks your lordship?”
{questions are not statements}

riends, Romans, countrymen, lend me your ears.”
{requests are not statements}

his statement is false.”
{Paradox}

B. Operations on statements

	Operation
	
	Symbol

	Negation
	Not
	~

	Disjunction
	Or
	

	Conjunction
	And
	

	Conditional
	If...then
	


Example B1

The negation of  his shirt is white.”  is  his shirt is not white.”

SYMBOL 167 \f "Wingdings" \s 12 \h
Two statements are equivalent 

 if and only if (iff) they have the same truth table.

SYMBOL 167 \f "Wingdings" \s 12 \h
Note particular the De Morgan's Laws:

~(p揙)(~p)(~q)

~(p猱)(~p)(~q)

SYMBOL 167 \f "Wingdings" \s 12 \h
Difference between  "" and ""

To prove "p島" we need to establish "p煝"

Actually the conditional "" seldom appears in the examination papers. You can ignore it without any significant loss. But the "" is very important. {Because almost all of the time we are only concerned with a true conditional statement.}

SYMBOL 167 \f "Wingdings" \s 12 \h
Sufficiency and Necessity

Terminology Only

SYMBOL 167 \f "Wingdings" \s 12 \h
Prove by Contradiction

Sometimes it is hard to prove "p摭" , so we try to prove "~p慚" instead.

Example 1-12. This type of question is often put in this way:
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Example B2 (Pf by Contradiction)

Prove here are no integral solution to the equation x2-2y2=0. ”

SYMBOL 167 \f "Wingdings" \s 12 \h
 and 
Note their negation.

The negation of 


"All HLMSS students are girls."
{"HLMSS students, gender=F"}  
is not 


"All HLMSS students are boys."
{"HLMSS students, gender=M"}

but 


"Some HLMSS students are boys."
{"HLMSS students, gender=M"}

SYMBOL 167 \f "Wingdings" \s 12 \h
(Dis)prove by "counter-example"

It is one of the common methods to disprove a given statement which is claimed to be universally true. The argument of proof is actually the reverse of the "proof by contradiction":  to prove "p慚" , we try to prove "~p摭"

Example B3 (Pf by counter example)

Prove that "n2+n+17 is a prime number for all integers n." is not true.
Practice

Textbook Exercise 1
No. 2, 4, 5, 6, 7.

1.
Using the factor theorem or otherwise, show that if n is an odd integer, then 

 is a factor of 

.


Hence show that if 

 is a prime number, then n is a power of 2.


Is the converse of this statement true??

2.
Given real numbers a, b, and c, if 

, show that 

.

C. Set

A Set is a collection of well-defined objects.

Virtually everything can be related to sets.

D. Specifying a set 

SYMBOL 167 \f "Wingdings" \s 12 \h
Axiom of specification

Given any set A and any statement P(x) on elements x of A, there exists a set B whose elements are exactly those elements x of A for which 'P(x)' is true.

We write  


Examples




The set of all red cars, where V is the set of all cars.




The set of all natural numbers.




Empty set.




B={1+i, 1-i}.



The set of all the coordinate points on the unit circle.

SYMBOL 167 \f "Wingdings" \s 12 \h
Note the differences between elements and subsets.

E. Operations on sets

Union of sets:



Intersection:



Complement:



Practice

Textbook Exercise 2

No. 2, 4, 6.






F. The 

 and 

 notation

Related theorems:














(change of dummy variable)




Example F1

Show that 


Example F2

Show that 


Adopted from notes of Roy Li
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