[image: image1.png]



Helen Liang Memorial Secondary School (Shatin)


Advanced level Pure Mathematics


Supplementary Lecture Notes

System of Linear Equations

Application of Matrices

A. Matrix Representation of a Linear Equation System

Consider a pair of simultaneous linear equations:







It can be represented by the following matrix equation:








It is called the matrix representation of the system (#).

In general, for a system with n equations and n unknowns:



   in matrix:     




or simply, 


Example A1
Represent in matrices:








B. Solving System of Linear Equations




Unique solution


Consistent

 


Infinitely many solutions

The system 



Inconsistent
No solution

(I) Inverse Matrix

Solve the solution vector by:



(Note: 

 is incorrect!!)

Advantage:
Straight forward.

Disadvantage:


 not always exists. What is the condition for 

 to exists??

Example B1
Solve the system in Example A1 using inverse matrix.

(II) Crammer Rule




where 

 is the matrix formed by replacing the kth column of A with B,

and 

 and 

 are the corresponding determinants.


Unique solution:




Infinite solution:


  (unless A=0)


Inconsistent:



Example B2
Solve the system in Example A1 using Crammer Rule

Example B3
Solve the general simultaneous linear equations in two unknowns.

(III) Gaussian Elimination

Use elementary row operations to convert the argumented matrix to echelon form.

Echelon Form: A matrix (not necessarily square) in the following form:





     where  "?" is any real number (can be zero)

Examples:

Argumented Matrix: Appending the constant vector to the coefficient matrix.

Elementary Row Operations:
SYMBOL 167 \f "Wingdings" \s 12 \h
Exchange any two rows

SYMBOL 167 \f "Wingdings" \s 12 \h
Multiply any row by a non-zero constant

SYMBOL 167 \f "Wingdings" \s 12 \h
Add the multiple of one row to another

Example B4
Solve the system in Example A1 using Gaussian Elimination

Different Cases

1.
n unknowns, m (>n) equations


Redundant equation 




Inconsistent equation 


  where 



If and only if the system is consistent, the excess equations are redundant.


If and only if there are more non-redundant equations than unknowns, the system is inconsistent.

Example B5






Example B6






2.
n unknowns, n non-redundant equations


There exists a unique solution.

Example B7






3.
n unknowns, m (<n) non-redundant equations


For each equation in deficit, there is one degree of freedom (or free variable)

Example B8






Example B9






C. Homogenous Equations






Always consistent since 

 is always a solution (trivial solution)

For a homogenous system to have a non-trivial solution:





  if A is a square matrix.

Example C1






Example C2






Exercise

B1
Solve:





B2
Find c if the system is consistent. Then solve the system. (90I1)





B3
If the system is consistent, find the possible value(s) of q.


Solve the system for each value(s) of q.





B4
Find constants h and k so that the system has infinitely many solutions (89I4)





B5
Solve the system for different values of q. (91I3)





C1
Determine k and solve the system if there are non-trivial solutions.





C2
If (#) has non-trivial solution and 

 is an integer, solve (#). (94I9)





(Try to) Attempt other past paper questions 90-95 (esp long Qs)

Adopted from Roy Li’s notes at SPCS
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